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[ABSTRACT] 

The  results  of  the  investigation  in  the  area  of  the 
hydrofoil  theory  are  systematized  in  this  monograph.  A 
great  deal  of  attention  is  given  to  the  mechanical-mathe- 
matical aspects  of  the  hydrofoil  theory  and  to  the  develop- 
ment of  the  effective  methods  for  solving  the  basic  equa- 
tions in  the  hydrofoil  theory. 

Thfe  book  considers  the  theory  of  steady  motion  of  a 
wing  with  ari  arbitrary  profile  in  a plane-parallel  flow; 
the  linear  theory  of  thin  hydrofoils  in  the  two-dimensional 
and  three-dimensional  flows;  the  theory  of  a hydrofoil  in 
an  unsteady  flow;  problems  of  the  interaction  of  hydrofoils 
and  motion  of  hydrofoils  near  the  interface  of  fluids  with 
different  densities.^ 

The  monograph  is  intended  for  scientists  and  engineer- 
ing personnel  at  scientific  research  and  design  organiza- 
tions specializing  in  the  area  of  hydrodynamics  of  the 
submerged  hydrofoil,  aerodynamics,  and  aerohydrodynamics . 

Chief  Editor:  Corresponding  Member  of  the  Ukr.S.S.R. 

Academy  of  Sciences  N.  A.  Kil ' chevskiy . 

PREFACE 

One  of  the  most  important  problems  in  the  area  of 
transportation,  set  by  the  Program  of  the  Communist  Party 
of  the  Soviet  Union,  is  to  increase  considerably  the  speed 
of  the  railroad,  sea,  and  river  transports. 

At  the  present  time  the  problem  of  building  high-speed 
ships  is  being  successfully  solved  through  the  extensive 


•Numbers  in  the  right  margin  indicate  pagination  in 
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use  of  hydrofoils.  As  a result,  an  intensive  development 
of  yet  another  area  of  hydrodynamics,  the  hydrodynamics  of 
the  hydrofoil,  is  being  pursued.  It  uses  widely  the  me- 
thods of  the  wave  and  aerodynamic  theories. 

The  general  state  of  studies  in  the  area  of  hydrody- 
namics of  the  hydrofoil  makes  it  possible,  as  early  as  now, 
to  start  using  the  analytical  methods  in  designing  lifting 
systems  for  high-speed  ships.  In  this  respect  hydrofoil 
ships  have  an  advantage  over  displacement  ships. 

In  spite  of  the  considerable  progress  made  in  the 
general  wave  and  wave  drag  theories , the  transition  from 
the  general  theoretical  solutions  to  the  analytical  methods 
of  determining  the  wave  drag  and  to  the  design  of  ship 
lines  still  involves  considerable  difficulties  due  to  the 
complexity  of  ship  forms,  large  relative  thicknesses,  maxi- 
mum errors  in  the  linear  wave  theory  for  the  speed  range 
used  and  the  viscosity  considerations.  The  hydrofoils  are 
easier  to  analyze  because  they  are  submerged  under  a free 
surface  and  are  of  relatively  small  thickness.  On  the 
other  hand,  the  analytical  methods  of  the  hydrodynamics  of 
the  submerged  hydrofoil  ere,  by  far,  more  complicated  than 
the  aerodynamic  methods  and  more  time-consuming.  For  ex- 
ample, in  order  to  obtain  the  information  on  the  lifting 
force  and  induced  drag  on  an  airplane  wing,  it  is  suffi- 
cient to  solve  one  integral-differential  equation  for  one 
set  of  initial  data.  The  corresponding  information  for 
the  hydrofoil  requires  20-30  sets  of  data  describing  the 
various  types  of  motion.  Naturally,  these  computations 
can  be  performed  only  with  the  extensive  use  of  computers. 

In  the  monograph,  the  questions  which  by  now  have  re- 
ceived considerable  attention  and  which  describe  basically 
the  subject  of  hydrodynamics  of  the  hydrofoil  are  analyzed 
in  sequence.  Analysis  of  motion  of  submerged  bodies  with 
circulation  under  a free  surface  began  almost  simultaneously 
with  the  wave  theory  studies.  The  first  major  theoretical 
investigations  of  the  hydrofoil  submerged  under  the  surface 
of  a heavy  fluid  were  presented  by  N.  Ye.  Kochin  [56], 

NI.  V.  Keldysh  and  M.  A.  Lavrent'yev  [4l]. 

In  1937,  N.  Ye.  Kochin  [56]  offered  a general  solution 
of  the  two-dimensional  problem  of  motion  of  a hydrofoil 
with  an  arbitrary  profile  submerged  under  a free  surface 
of  a heavy  fluid.  The  method,  developed  by  him,  played  an 
important  part  in  further  studies  of  the  two-dimensional 
problems  and  is  being  widely  used  at  present.  In  his 
study,  N.  Ye.  Kochin,  for  the  first  time,  introduces  the 
function  H(\),  which  subsequently  is  used  by  him  and  others 
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in  studying  the  hydrodynamic  grid  theory,  the  motion  of 
bodies  near  an  interface,  and  the  wing  motion  in  shallow 
water. 

M.  V.  Keldysh  and  M.  A.  Lavrent'yev  [4l]  present  a 
solution  of  the  linear  problem  of  motion  for  a thin  hydro- 
foil. They  obtained  a general  integral  equation  and  gave 
an  approximate  solution  for  the  case  of  the  deeply  sub- 
merged hydrofoil. 

In  1958.  the  solution  of  the  problem  of  the  deeply 
submerged  hydrofoil  was  offered  by  T.  Nishiyama  [209 J.  For 
the  special  case  of  thin  hydrofoils,  his  results  agreed 
with  those  obtained  by  M.  V.  Keldysh  and  M.  A.  Lavrent'yev. 

The  generalization  of  the  N.  Ye.  Kochin  solution  for 
the  case  of  fluids  of  finite  depth  was  presented  by  M.  D. 
Khaskind  [156],  while  that  of  the  M.  V.  Keldysh  and  M.  A. 
Lavrent’yev  solution  was  done  by  A.  I.  Tikhonov  [l4?] . 

On  the  basis  of  the  theoretical  results  obtained  by 

M.  V.  Keldysh  and  M.  A.  Lavrent'yev,  a practical  design 
method  for  deeply  submerged  hydrofoils  was  offered  by  A. 

N.  Vladimirov  [14].  After  World  War  II,  along  with  the 
development  of  high-speed  ships,  an  intensive  theoretical 
and  experimental  research  was  conducted  on  shallowly  sub- 
merged hydrofoils,  which  served  as  the  basis  for  our 
country’s  wing  configurations. 


The  experimental  methods  for  determining  the  wing 
lifting  force  near  a free  surface  were  developed  by  S.  D. 
Chudinov  [167],  M.  G.  Kulayev  [ll],  and  V.  T.  Sokolov. 

The  theoretical  studies  of  the  hydrodynamics  of  the 
wing  of  finite  span  were  initiated  in  1956  by  M.  D.  Khaskind 
[155].  The  problems  of  motion  of  the  submerged  hydrofoil 
in  the  three-dimensional  fluid  flow  of  infinite  depth  were 
also  investigated  by  T.  Nishiyama  [213-216],  Vu  [196], 

G.  A.  Goshev  [21,  22].  The  study  of  this  problem  in  the 
case  of  fluid  of  finite  depth  was  carried  out  by  Breslin 
[233]. 

The  questions  of  the  hydrodynamic  interaction  of  thin  [5 
wings  were  analyzed  by  Isay  [193*  19^].  The  problem  of 
the  unsteady  motion  of  the  hydrofoil  in  the  two-dimensional 
flow  was  considered  in  a number  of  studies  by  I.  T.  Yegorov 
[29-30]  and  A.  N.  Shebalov  [170-172]. 


A number  of  other  problems  of  the  hydrodynamics  of 
the  hydrofoil  have  been  solved  by  T.  Nishiyama,  A.  B. 


Lukashevich,  L.  A.  Epshteyn,  M.  B.  Maseyev,  G.  V. 

Logvinovich,  V.  S.  Voytsenya  and  others.  The  problem  of 
motion  of  the  vortex  under  a free  fluid  surface  of  finite 
depth  with  nonlinear  boundary  conditions  on  such  surface 
was  considered  by  N.  N.  Moiseyev,  A.  M.  Ter-Krikorov, 

I.  G.  Filippov  [88-90,  151,  152]. 

In  these  studies  particular  attention  was  paid  to  the 
existence  of  the  bifurcation  points  when  the  Froude  numbers 
are  close  to  unity. 

In  spite  of  a large  number  of  studies  available  on 
the  hydrodynamics  of  the  submerged  hydrofoil,  no  study  was 
ever  published  in  which  the  basic  questions  are  treated 
systematically  and  fully. 

This  monograph  is  the  first  attempt  to  fill  this  gap. 

The  problems  treated  in  the  monograph  are,  in  one  way  or 
another,  related  to  those  studies  by  the  author.  A number 
of  topics  such  as  the  study  of  finite-span  wings,  of  un- 
steady motion,  and  the  theory  of  the  wing  near  an  inter- 
face, are  being  published  for  the  first  time. 

This  monograph  also  includes  information  which  was 
obtained  by  the  author  in  cooperation  with  A.  I.  Yukhimenko, 

S.  V.  Koval’ chuk,  A.  V.  Miodushevskaya,  I.  P.  Tkachenko, 

P.  I.  Zinchuk  and  V.  A.  Stepanov  (see  Ch.  VIII). 

The  author  expresses  deep  gratitude  to  the  Correspond- 
ing Member  of  the  Ukr.S.S.R.  Academy  of  Sciences  N.  A. 

Kil ' chevskiy;  Corresponding  Member  of  the  Ukr.S.S.R.  Aca- 
demy of  Sciences  P.  F.  Fil'chakov;  Dr.  of  Tech.  Sciences 
I.  T.  Yegorov;  Dr.  of  Tech.  Sciences  M.  Ya.  Alfer'yev; 
Candidates  of  Phys.  and  Math.  Sciences  M.  M.  Sidlyar  and 
V.  I.  Merkulov;  Candidates  of  Tech.  Sciences  A.  V.  Vasil'yev, 

M.  G.  Starostin,  V.  I.  Putyata;  as  well  as  to  A.  I. 

Yukhimenko,  S.  V.  Koval ’chuk,  D.  V.  Rode,  A.  V.  Miodushevskaya, 
I.  P.  Tkachenko,  A.  G.  Gubish  and  V.  M.  Roman  for  the  dis- 
cussion of  the  results  obtained. 

INTRODUCTION  [? 

During  the  motion  of  a hydrofoil  under  a free  surface 
of  a heavy  fluid,  the  surface  of  the  fluid  undergoes  de- 
formations, producing  a system  of  waves  which  propagate 
behind  the  wing.  The  existence  of  the  free  fluid  surface 
changes  the  nature  of  the  flow  around  the  hydrofoil, 
which  results  in  the  change  of  the  lift,  the  induced  drag 
and  the  generation  of  the  wave  drag. 


Let  us  examine  the  potential  flow  of  an  ideal  fluid 
caused  by  the  motion  of  a submerged  hydrofoil  by  introduc- 
ing the  following  two  systems  of  coordinates:  a system, 

moving  together  with  the  wing  (x,  y,  z)  and  a stationary 
system  (x^,  y^^ , z.,),  which  coincides  with  the  axes  of  co- 
ordinates x,  y,  z at  time  t = 0.  The  free  surface  of  the 
fluid  at  rest  is  perpendicular  to  the  Oz  axis  and  lies  in 
the  Oxy  plane. 


to 


For  the  potential  flow  the  velocity  vector  is  equal 

v = v<Pi. 


and  for  the  incompressible  fluid  the  continuity  equation 

div  v=  0 leads  to  the  Laplace  equation  for  the  velocity  po- 
tential 


A<p,  = 0.  (1) 

To  determine  the  velocity  potentials  9i(x,  y,  z,  t) 
let  us  write  the  boundary  conditions. 

On  the  surface  of  the  wing  s we  have  the  following 
streamline  condition 


<P,„  = f,(Q.O.  (2) 

where  Q - a point  on  the  surface  s; 

vn  - the  normal  velocity  component  of  point  Q. 

The  normal  component  is  directed  into  the  fluid.  The 
second  boundary  condition  is  obtained  from  the  dynamic  and 
kinematic  conditions  on  the  free  surface  of  the  fluid. 

The  dynamic  boundary  condition  is  obtained  by  applying  the 
Cauchy- Lagrange  integral  to  the  points  on  the  free  surface. 

By  assuming  that  the  pressure  on  the  free  surface  is  [8 
constant  we  obtain  the  following  equation: 

£tj  4-  <Pi/  + j (VPi)s  = 0 • (3) 

The  kinematic  relationship  will  be  as  follows: 

<p.a+  vw  + nf-v  ' (4) 

Here  7)(x,  y,  z,  t)  denotes  the  elevation  of  the  free  sur- 
face. 
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The  problem  cf  determining  the  potential  from  rela- 
tions (3)  and  (4)  is  nonlinear  and  these  relations  are  sa- 
tisfied at  the  boundary  unknown  beforehand.  The  lineari- 
zation of  the  boundary  conditions  on  the  free  surface  re- 
sults in  the  corresponding  linear  conditions  being  satis- 
fied at  the  known  boundary  (at  the  unperturbed  level).  In 
this  case  the  statement  of  the  problem  corresponds  to  the 
classical  statement  of  the  problem  in  the  theory  of  poten- 
tial flow.  Only  a few  solutions  to  the  nonlinear  problems 
in  the  wave  and  the  hydrofoil  theories  exist  in  literature. 
Most  fully  treated  are  the  methods  dealing  with  the  theory 
of  small  waves.  At  the  present  time,  they  are  practically 
the  only  methods  which  permit  the  study  of  the  important 
practical  problems  in  the  submerged  hydrofoil  theory. 

The  ship  wave  theory  shows,  in  a number  of  cases 

‘ D 

(large  values  of  ^ and  Fr^),  the  inadequacy  of  linear  ap- 
proximations within  the  boundary  conditions  on  the  free 
surface.  The  hydrodynamics  of  the  hydrofoil  may,  however, 
give  more  accurate  results  in  the  linear  consideration, 
because  the  profiles  used  in  practice  have  small  relative 
thicknesses  (5-6$)  and  are  submerged  below  the  free  sur- 
face. 


The  linear  wave  theory  considers  the  infinitely  small 
movements  of  the  fluid  with  respect  to  the  equilibrium 
position.  In  this  case,  the  deviation  of  particles  from 
the  equilibrium  position  and  the  velocities  produced  will 
be  small  (of  the  first  order  of  magnitude).  Then,  by  dis- 
regarding the  insignificantly  small  quantities  of  the  sec- 
ond order,  let  us,  in  the  first  approximation,  replace  the 
total  derivatives  with  respect  to  time  by  partial  deriva- 
tives to  obtain  linear  conditions  on  the  free  surface  by 
satisfying  the  conditions  at  the  undisturbed  level. 

The  systematic  derivation  of  linear  boundary  condi- 
tions on  the  free  surface  can  be  made  by  expanding,  in 
terms  of  the  small  parameter,  the  solution  of  equation  (1) 
into  series  and  taking  conditions  (3)  and  (4)  into  account. 
For  a submerged  hydrofoil,  this  approach  leads  to  the 
evaluation  of  the  approximation  resulting  from  the  linear 
conditions  obtained  for  various  Froude  numbers  [113]» 

Let  us  consider  the  steady  motion  of  a submerged 
hydrofoil  with  a velocity  vq.  Equations  (3)  and  (4),  ex- 
pressed in  the  dimensionless  form,  will  be 


(5) 


^^-<p,  + -g-(v'P),=  0» 

Vi,  + <PA  -M,  = ip,,  (6) 


where  Frfc  = 

9 - 

b - 


Up  . 

vw 

the  velocity  potential  in  the  movable  coordinate 
system; 

the  chord  of  the  wing. 


By  writing  rj  and  <p  as  the  power  series  in  terms  of 
the  small  parameter  i we  have  the  following : 

= erj!  + e*ii,  + e3r)3  + . ..  (7) 

9 = e91  + e*cfc  + e,<p3  + ...  (8) 


Substitution  of  expressions  (7)  and  (8)  into  equa- 
tions (5)  and  (6)  produces  a series  of  boundary  conditions 


for  determining  <p.  ; however,  depending  on  the  order  of 
magnitude  of  these  conditions  will  be  different. 


Depending  on  the  order  of  magnitude  of  the  quantity 

— the  following  three  modes  of  motion  can  be  selected; 
Frb2 

I.  _J L - low  velocities. 

FrJ  6,1 

II.  -T5 — 1 - transitional  mode. 

FrJ 


III.  - high  velocities. 


Let  us  analyze  all  three  cases. 

I. 

• 1 1 ' • 

rTTf  . . ' Y 

i-  • % : - 0 

I.  rj,  = 0 

i • • k * l « ..••••••••• 
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n + 2.  -p-  e«nn+2  -T^  + 4 (V?i)*  “ V A*  - 0 

r*  (z  =»  0) . . . 

******  * .% 

n + k.  ieV-i  + Vi)D0 
rro 

1-  "Hi#  = 9u 

2-  = 'Pji  , . . • ( 

n+l»  TU+it.<“ 

n + 2.  tl„+j.  t =*  <Pn+Ji  f <P,,  ,\+i.  x + 

■F  <P|«TU+i  VI**  t 
• ••.••••***'  *.  * 
n + * TU+*,  “ ?«+*,  + G«+*-l  ' I 

‘ ~1  , ■ ■ ’ 

• F ri 

t 

1.  ^r^.^u-0 

2.  p^r  iij  — Tix  + 4 (vil)*  = 0 

• ' 1 .' 

• • ■ i • # • • » , • • • • • »'  *! 

«•  -prr.^--V  + .V'>“  0 : 

\ • * 

*1|f  ==  ^1* 

“ *Pj»“ * <Pu1u  ”F  'fii'Wi.i 

• •••••*••••••*** 

^ = »«  + C(n-0 
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(9) 


(10) 
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III.  ] 

1.  9U  = 0 

2. — <Pto  + -j(w/=0 


n+1'  ■pTf  e"T>,-<»’»+,,  + yV(-.)  = 0 
• • *•  = 

2-  n»  “ 9a  ■ ~ 9iJrtli*  + 9i«»ii  - <Pi»T)„ 


«•  n*  - <P„2  + G(n_„ 

By  determining  q>j  in  succession,  using  the  linear  bound- 
ary conditions  (9-10),  it  is  possible  to  obtain  an  asymp- 
totic solution,  in  the  form  of  the  series  (8),  for  the 
hydrofoil  with  nonlinear  boundary  conditions  on  the  free 
surface.  However,  this  method  does  not  make  it  possible 
to  obtain  the  general  solution,  for  any  Froude  number  and 
higher  degrees  of  approximations,  because  even  in  the  first 
approximation,  the  boundary  conditions  for  determining  po- 
tentials (jJ.  are  different  for  different  types  of  motion. 

From  relations  (9)  it  follows  that,  for  low  velocities, 
the  boundary  conditions  on  the  free  surface  are  as  follows : 

Fr b<Ve,  i)=.0,  rj,  = . (12) 

with  the  dropped  terms  being  of  the  order  of  t**1 . 


In  the  transitional  mode,  the  first  approximation 
gives  us  the  classical  linear  boundary  condition 

9,=  0,  ^=9,  (Fr6  — 1).  (13) 

At  high  velocities  the  boundary  conditions  in  the 
first  approximation  are : 

Frft>^=,  9,  = 0,  ri,  = 9,.  (1*0 
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The  dropped  terms  are  always  of  the  £z  order. 

J.  Stoker  derived  the  boundary  conditions  in  the  di- 
mensional form  without  evaluating  the  order  of  magnitude 
of  terms  in  equations  (13-14)  [142].  Specifically,  he  as- 
sumed that  the  value  <pt  in  the  expression  (3)  can  be  ex- 
panded into  the  following  series : 

»p,  = etp,,  -|-  e’cp,,  + rtyj,  -f  . . . 

The  boundary  conditions  of  the  type  given  in  (9-11) 
can  also  be  obtained,  without  any  major  complications,  for 
the  unsteady  motion.  Considering  the  unsteady  motion  of 
the  hydrofoil  with  a finite  constant  velocity  and  infinitely 
small  variations  of  this  velocity,  we  obtain  the  same  ap- 
proximations which  were  derived  for  the  steady  motion. 

The  boundary  conditions  (12)  and  (14)  and  their  core- 
sponding solutions  can  be  obtained  in  the  form  of  limiting 
conditions  from  equation  (13)*  The  linear  problem,  there- 
fore, will  be  formulated  using  the  general  terms  of  (13)* 

For  the  arbitrary  motion  of  the  hydrofoil  the  linear  con- 
ditions on  the  free  surface  can  be  combined  into  one  ex- 
pression and  can  be  written  as  follows : 

T»/  + g<p„  = 0.  (15) 

Conditions  (2)  and  (15)  are  not  the  only  solutions 
of  equation  (1).  The  unique  solution  of  the  problem  can 
be  obtained  by  considering  a series  of  additional  condi- 
tions which  describe  the  type  of  flow  at  infinity  and  near 
the  edges  of  the  wing.  The  condition  for  the  absence  of 
perturbations  at  infinity  can  be  satisfied  by  considering 
the  following: 


V<P  -*■  0 at  x oo,  z-+  ± go.  ( 1 6 ) 

Condition  (16)  excludes  from  computations  the  appear- 
ance of  the  free  waves  that  satisfy  equation  (1).  This 
can  also  be  accomplished  by  the  introduction  into  the  equa- 
tion of  small  dissipating  forces  which  are  proportional  to 
the  velocity  of  fluid  particles.  Designating  these  forces 
by  the  formula 


p = — m>, 

where  |i  is  the  positive  coefficient,  which  in  the  final 
solution  should  tend  to  zero,  one  can  again  assume  the 


x 


f 


existence  of  the  velocity  potential.  In  this  case  the 
boundary  conditions  (15)  will  take  a more  general  form: 

Via  + Ww  + 'Pit-0--  (17) 

The  problem  of  the  hydrofoil  motion  can  be  formulated, 
similarly  to  the  aerodynamic  problem  for  the  wing  moving  in 
the  three-dimensional  flow,  as  the  problem  of  motion  of 
lifting  surfaces.  During  the  motion  of  a lifting  surface 
in  a fluid,  a velocity  discontinuity  surface  is  produced 
on  which  certain  boundary  conditions  must  also  be  satis- 
fied. Let  s be  the  given  pressure  and  velocity  disconti- 
nuity surface  and  let  2 be  the  semi-infinite  velocity  dis- 
continuity surface  which  extends  beyond  the  surface  s and 
adjoins  this  surface  along  line  L. 

On  surface  s the  impermeability  condition  is  satis-  [l3 

fied  while  on  surface  2 the  following  two  conditions  have 
to  be  met  [126]: 

a)  pressure  continuity  in  the  transitional  zone  of  £; 

b)  coincidence  of  normal  velocities  of  points  on  the 
surface  with  the  corresponding  velocities  of  the  surround- 
ing fluid. 


During  the  motion  of  a lifting  surface  through  a fluid 
at  rest  these  conditions  will  be  expressed  in  the  following 
form: 


s ( x , y,  z,  t)  = 0,  s,  + VTiVS  = 0; 

2 ( x , y,  2,  t)  = 0,  2,  + V<pI±v2  = 0,  p+  = p_. 


(18) 

(19) 


Let  us  introduce  a surface  sp(x,  y,  z,  t),  which 

moves  in  a given  manner,  without  perturbing  the  fluid. 
According  to  equation  (18)  on  this  surface 

spt  vvsp  = (19') 

where  v is  the  velocity  of  points  on  the  surface  in  the 
fixed  system  of  coordinates. 


If  the  perturbations  caused  by  the  moving  surface  s 
are  small,  then  surface  s can  be  described  as  follows: 


s = 


Sn—s. 

P L 


= 0, 


where  sj,  is  infinitely  small. 
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(20) 


It  follows  that  if  the  small  values  of  the  higher 
order  are  neglected,  the  expression  (18)  can  be  written 
as  follows ! 


sp  (*.  y>  z,  0 = 0,  — su  + v yjsL  + ytpv5),  = 0.  ( 21 ) 

By  dropping  in  the  expression  (19)  the  terms  that  de- 
pend on  the  induced  velocities,  the  condition  on  the  sur- 
face Z can  be  rewritten  in  the  following  forms 


2,  — v y2  = 0. 


(22) 


From  relationship  (22)  it  becomes  evident  that,  in 
the  linear  theory,  the  shape  of  surface  £ is  independent 
of  the  velocities  induced. 

Based  on  equation  (22)  the  conditions  on  surface  £ 
can  be  written  as  follows : 


2 ( x , tj,  z,  t)  = 0,  (yq>+  — v<p J yZ  = 0, 

P+*r  P-  — °- 


(23) 


The  flow  pressure  will  be  determined  by  the  Lagrange- 
Cauchy  integral 

P = -0q>„-|-|VT1ls  + f(O. 

Neglecting  the  small  values  of  the  second  order  as 
well  as  value  F(t),  which  is  independent  of  coordinates, 
we  get 

P=-C<r,r  (24) 

The  boundary  conditions  on  surfaces  Sp  and  Z.  can  then  [l4 
be  set  by  the  following  relations : 

s,=  °-  + (25) 

£-0,  <p*+  = <p„_.  %,+  = %,-■  (26) 

It  is  necessary  to  add  to  these  conditions,  the  conditions 
which  determine  the  nature  of  the  flow  around  the  edges  of 
the  surface  s. 

The  flow  conditions  around  edge  L can  be  determined 
from  the  N.  Ye.  Zhukovskiy-S.  A.  Chaplygin  postulate.  The 
conditions  of  the  postulate  are  satisfied  if  7<p  is  finite 
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at  L. 


For  the  leading  edge  of  the  wing  let  us  assume  the 

following  condition:  vf ® < 1,  where  6 is  the  distance 

to  the  leading  edge.  Let  us  examine  a lifting  surface 
and  surface  Sp,  which  is  in  the  Oxy  plane,  both  moving  in 

the  positive  direction  of  the  x axis  at  a velocity  vq. 

In  this  case  the  boundary  conditions  (25)  and  (26)  will 
simplify  and  take  the  following  form: 

Sp  = 0,  % = s0u-v^>u,  (27) 

2 = 0,  <PI+=«P_.  (<P,  — "o'PxV"  (<P/  ~ (28) 


Now,  a combination  boundary  problem  for  the  Laplace 
equation  can  be  formulated.  To  formulate  this  problem, 
which  is  the  basic  problem  in  the  hydrodynamics  of  the 
hydrofoil,  is  to  find  a solution  to  the  following  equation 


A<p  = 0 (29) 

for  a region  confined  between  the  horizontal  plane  Oxy  and 
surface  s +£  with  the  following  boundary  conditions: 

— 2tW,  + <P,,  + g%  = 0 at  z = 0,  (30) 

9.+  “^  — ®o*l«  on  V (31) 

<P,+  =<P,_. 

(<P,  — »o<P*)+  = (<P,  ~ voV*)-  2 (32) 

and  conditions 

V<P  -►  0 at  x — oo,  z -*  ± oo,  (33) 

v<p  is  finite  at  the  trailing  edge  of  surface  s,  (34) 

V<P~^-,a<l  at  the  leading  edge  of  surface  s.  (35) 

Here  sj,  is  the  initial  distance  from  a point  on  the  lift- 
ing surface  to  the  x,y,0  plane. 

If  the  coefficient  of  the  dissipating  forces  is  in- 
troduced, conditions  (30)  and  (33)  are  substituted  by  a 
single  expression 
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<P«  — 2tVP IX  + t’o<P«  + MP,  — + 2%  = 0. 


(36) 


Other  generalizations  of  the  formulated  problem  will 
be  given  below. 
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PART  ONE 

THE  THEORY  OF  THE  SUBMERGED 
HYDROFOIL  IN  A PLANE- PARALLEL  FLOW 

CHAPTER  I.  LINEAR  THEORY  OF  A THIN 
HYDROFOIL  IN  A PLANE- PARALLEL  FLOW 

1.1.  Integral  Equations  for  a Thin  Hydrofoil 

For  the  steady  wing  motion  in  a plane-parallel  flow, 
conditions  (32)  change  into  conditions  which  are  satisfied 

at  all  points  in  the  flow  (%  = 0;  <pz+  = qp,_;  <p,+  — <p*_),  and  the 

formulated  problem  is  greatly  simplified.  The  solution  of 
this  problem  can  be  obtained  by  using  the  effective  methods 
used  in  the  theory  of  analytical  functions  [25,  91 ]• 

Let  us  examine  the  complex  potential  for  the  given 

flow: 


\V(z)  = -v02  + W(zy, 

W(z)  = y(x,y)  + i\\i(x<y)- 

Here  W(z),  <p(x,  y)  and  Y(x,  y)  are  the  complex  potential, 
the  velocity  potential,  and  the  stream  function  of  the  in- 
duced velocities,  respectively. 

For  the  W(z)  function  conditions  (30)  and  (33)  can  be 
written  in  the  following  form: 

ImlflT.W  — vir.WJ  =»0.  (y=0),  (I,1) 


where 


lim  W,(z)  = 0. 


(1.2) 


Expression  (1.1)  can  also  be  written  as  follows: 

Im[:UMz)-vU7(*)j  = 0.  (1*3) 

Let  C be  the  given  velocity  discontinuity  line.  Then  the 
boundary  condition  (31 ) on  line  C will  be  expressed  in  the 
following  form: 


[18 


Let  us  introduce  here  function  5(z): 

$(z)  = iWz(z). 

Then  expressions  (1.4)  will  become  the  boundary  conditions 
for  the  Dirichlet  function  5(z): 

Re  (x)  = Re<D_  (x)  = F (x),  ( I • 5 ) 

where  F(x)  is  the  given  function  for  C that  satisfies  the 
Gelder  condition  [15]- 

The  solution  of  equation  (1.5)  will  be  sought  in  the 
following  form: 

°(z)=4fY(s)[F^+*(s,2)]*’  (1.6) 

c 

where  k(s,  z)  is  an  analytical  function  in  the  lower  half- 
plane . 

From  the  Yu.  Sokhotsky  formula  for  the  limiting  values 
of  integral  (1.6)  we  have  the  following: 


(x)  =*  y Y W + 2jjY(*)^~  + 

<D_(x)  - — ~ Y (x)  + ^ j y (s)  + k(s,  x)  j ds. 


(1.7) 


from  which,  using  expression  (1.5) » "the  following  integral 
equation  is  derived: 


b|  t'wj-rb + 0(s-  *>]  *- F « 


(1.8) 


Cj  (s,  x)  = Rek  (s.  x). 

The  complex  potential  W(z)  will  be  in  the  form 
W (2)  = JL  f Y («)  [In  (z-s)  + k ! (s.  *)]  ds , 


with  ki(s,  z)  = kz(s,  z). 


(1.9) 
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If  the  function  ki(s,  z)  satisfies  the  conditions 

(1.1)  and  (1.2),  then  the  expression  (1.9)  satisfies  all 
the  conditions  of  the  problem  and  is  the  only  expression 
which  satisfies  these  conditions.  The  proof  of  this  is 
given  by  M.  V.  Keldysh  and  M.  A.  Lavrent'yev  [4l]. 

The  problem  examined  can  be  generalized  for  the  case 
of  a wing  with  the  discontinuity  of  normal  velocity.  For 
this  problem  the  complex  potential  can  be  expressed  in  the  [19 
following  form: 


W (z)  = gjjr  j*  [y  ( s ) [In  (z  — s)  + kv  ( s , z) J + ig (s) |ln(z  —s)  -J- 

' + kt(s,  z)])  ds,  (1. 10) 

where  g(s) — vn_(s)—vn+(s)  is  the  discontinuity  of  the  normal 
velocities. 

1.2.  Source  and  Vortex  Flow 


A convenient  method  for  solving  the  W(z)  function  by 
using  condition  (1.3)  belongs  to  M.V.  Keldysh  [4o]. 

If  the  imaginary  term  of  a certain  function  CL(z ) is 
equal  to  zero  on  the  OX  axis,  then  by  using  the  Schwartz's 
symmetry  principle,  it  can  be  determined  in  the  following 
manner  : 

Q(*)  = Y_(Z)  + ^_(Z).  (I.  11) 

Im  £2  (?)  = 0.  (y  = 0). 

where  Yl(z)  is  the  given  function  of  point  z in  the  half- 
plane s. 

M.  V.  Keldysh  introduces  a function  fl(z)  which  can 
be  determined  from  the  following  combination: 

Q(z)  = iWt(z)  — »W{z).  (1.12) 

According  to  conditions  (1.3).  function  H(z)  satisfies 
the  given  conditions  and  consequently  it  can  be  constructed 
on  the  basis  of  formula  (I. 11). 

For  the  moving  vortex  under  a free  surface,  the  func- 
tion V_(z)  will  have  the  following  form: 


3 


..  , * ,-»V 

i n in 


)+  i f!  .1 


(1.13) 


v In  (z  — C) 


and  the  relations  (I. 11)  and  (1.12)  will  result  in  the 
ordinary  differential  equation  of  the  first  order  with 
respect  to  function  W(z)  as  follows: 

By  integrating  this  equation  and  solving  for  the  ar- 
bitrary constant  in  equation  (1.2),  we  receive  the  follow- 
ing: 

■r  » = sar  ('"frf '+  2r"'4f/‘=T<i')  • ( 1 • 1 5 > 

For  the  source  the  differential  equation  will  have 
the  following  form: 

the  solution  of  which  is  given  by  the  following  formula:  [20 


!n[(2-S)(z-e)]-2<rv" 


I 


eyl1dt 

t-l" 


(1.17) 


The  solution  of  the  two-dimensional  problems  with  the 
condition  (I. 3)  taken  into  account  can  be  also  obtained  by 
the  Fourier  method.  The  Fourier  method  will  be  applied  to 
a number  of  problems  below. 

Let  us  introduce  some  additional  formulas  to  describe 
forces  due  to  the  moving  source  and  vortex  under  the  free 
surface : 


f.-  + er  [v.-^  + *£«-“&>  <**>]  I . 

q,  = QvrV-2'"1 

<*■*>]). 

Q„  = qQ  lQvc~2vh  + V0\ 


(1.18) 


(1.19) 


Here  En(x)  = ReEi(x); 

Ei(x)  - the  integral  exponential  function  [l8l]s 

h - the  distance  from  the  undisturbed  free  sur- 
face ; 

- lift  and  drag  of  the  disturbance. 

From  condition  (13)  follows  the  equation  for  the  shape 
of  the  free  surface  s 


n=  +^Re[H7,(*)J  (y  = 0). 


(1.20) 


The  remainder  computation  gives  the  followings 


dt  = 2 nfe‘vE. 


Using  this  expression  we  obtain,  for  large  negative 
values  of  x,  an  asymptotic  formula  for  the  wave  surface 
with  the  moving  vortex  as  follows : 

11  = fr'*sinv  (■*  — 6-  (1.21) 


With  the  source  in  motion,  the  shape  of  the  free  sur- 
face at  a large  distance  behind  it  will  be  determined  by 
the  following  formula: 

T]  = — — 6— COS  V (JE  “■  t)‘  (1.22) 

Wo 

Formulas  (1.21)  and  (1.22)  indicate  that  at  large 
distances  beyond  the  disturbance,  the  free  surface  has  a 
sinusoidal  shape. 

Solutions  (1.15)  and  (1.17)  determine  the  following 
functions  ki(s,  z)  and  k2(s,  z): 

A,  (s,  2)  - - In  (2  - s - 2ih)  + 2e~yu  ■ dt 

. J t — s—2ih 

j +«• 

kt(s,z)  - In(2  — s — 2ih)  — 2e  VI  t_s_2ihdt 


(1.23) 


from  which  it  follows  that  k2(s,  z)  = -ki(s,  z). 


1.3*  Formulas  for  Forces  Acting  on  a Thin  Hydrofoil. 
Deeply  Submerged  Hydrofoils. 

The  lifting  force  of  a thin  wing  is  determined  from 
the  expression 


p = ] (P_  — P+)ds, 


however,  for  a steady  motion  the  flow  pressure  will  be  de- 
termined by  the  following  formula: 


P = QV0<px. 


Then 


however 


P = n f (Ts_  - <ps+)  ds. 


^--<PX+  = YW. 

and  the  formula  for  the  lifting  force  will  acquire  the 
following  form: 


-fa 

= QVo  f Y ($)  ds- 


(1.24) 


The  moment  of  the  hydrodynamic  forces  relative  to 
the  center  of  a thin  hydrofoil  is  determined  in  the  same 
manner.  It  is  considered  to  be  positive  if  it  is  directed 
clockwise : 


M = qv0  sy  (s)  ds. 


where  a is  the  half -chord  of  the  wing. 


(1.25) 


The  asymptotic  expression  for  the  large  negative  val- 
ues of  x for  the  shape  of  the  wave  profile  has  the  follow- 
ing form : 


o ** a 

n = -Ree-V"  j"  [g(s)  +iy(s)lcvll,ds. 


(1.2 6) 


► u '*C»  -i  *****  • '* 


To  calculate  the  wave  drag,  one  may  utilize  the  well- 
known  formula  which  describes  it  by  means  of  the  plane 
wave  amplitude  as  follows  [47,  1 39 J * 

Q = -£-  Qga *.  (1.27  ) 

In  accordance  with  expressions  (1.26)  and  (1.27) 


Q = ^"2V',|  j [£(s)+  iY(s)lew,ds\ 


(1.28) 


Expressing  formulas  (1.24),  (1.25)  and  (1.28)  in  the 
dimensionless  form,  we  have  the  following: 


+i 


Q = QgWe 


P = Qavl  J V (s)  ds-, 

— I 

+ 1 

Af  = QazoJj‘  sy{s)dsr, 

i 

j fg'(s)  + iy(s)]e‘  sds 


(1.29) 

(1-30) 

(1.31) 


—1 


M.  V.  Keldysh  and  M.  A.  Lavrent’yev  have  derived 
formulas  which  can  determine  the  lift  P and  the  moment  M 
to  the  second  degree  of  accuracy  [4l]. 

Equation  (1.28)  can  be  written  as 


where 


■f  1 

J ^ ® [ J 1 s ^ s)  j d~s  = — 2nf ' (jt). 

(1.32) 

1 _ -2le~^\r~7ird^ 

x — \hl  2 .)  j — 4 hi 

(1.33) 

. and  h 


_h_ 

2a’ 


Equation  (1.32)  is  singular  with  the  main  expression 
containing  the  regular  part. 


The  theory  of  singular  equations  is  very  well  pre- 
sented in  the  monograph  by  N.  I.  Muskhelishvili  [91]. 


[23 
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The  singular  equation  does  not  contain  only  one  solu- 
tion, and  the  singularity  of  the  solution  is  determined  by 
the  additional  conditions  at  both  ends  of  the  interval. 

In  our  problem,  the  singularity  of  the  solution  will  be 
determined  by  the  conditions  postulated  by  N.  Ye.  Zhukovskiy 
and  S.  A.  Chaplygin,  which  require  that  the  solution  be 
restricted  to  point  x = -1.  Consequently,  we  will  seek  a 
solution  to  equation  (I. 32)  in  the  class  of  functions  li- 
mited at  point  x = -1. 

If  the  regular  part  of  the  main  expression  is  absent, 
then  the  solution  of  equation  (1.32)  is  a closed  one  and  is 

fiven  by  the  Cauchy's  integral  transformation  formulas 
15.  91 ].  The  presence  of  the  regular  part  in  the  main 
expression  complicates  the  equation  considerably.  To 
solve  the  equation  a number  of  various  approximation  meth- 
ods are  used  [4l , 112].  One  approximate  solution  to  equa- 
tion (1.32)  was  offered  by  M.  V.  Keldysh  and  M.  A. 
Lavrent’yev  [42].  They  seek  the  solution  in  terms  of  a 

power  series  l/h,  which  converges  for  deeply  submerged  hy- 
drofoils and,  therefore,  determines  the  characteristics  of 
the  latter.  Let  us  cite  certain  points  in  this  solution. 

Assuming  that  the  solution  to  equation  (1.32)  exists 
and  represents  the  regular  function  of  the  submerged  wing 
h,  let  us  seek  this  solution  in  the  following  form: 

Y(s)=  Yo (s)  + r (*)  + i Y,(s)  + . . . (1.34) 

ft  ft* 

The  function  (1.33)  can  be  expanded  as  follows: 


= T + W"  (1-35) 

X u 

f»™  0 

Relations  (1.34)  and  (1-35)  produce  a system  of  re- 
current equations 

+1  m=.n— I 

j 2 kn(x~'s)y  (m  =>1,2. . .).  (I. 36) 

—I  m—0 


+1 

a 


Y«  (s)  ds 


x—s 


8 


V ***  w nr . . 


•1 


The  problem  of  evaluating  each  function  yn(x)  reduces, 
therefore,  to  the  solution  of  the  singular  equation 


J x — s 


the  solution  of  which,  limited  at  point  x = -1,  is  de- 
scribed by  the  Cauchy’s  integral  transformation  formulas 

The  formulas  which  describe  forces  acting  on  a thin 
foil  and  which  were  derived  by  this  method,  have  the  fol- 
lowing forms 


P - [«  + />„  f + + Pn  y ) 1 + (<>.,«  + P*  T ) i] 

M,  - ma>p<  [ | + P>,fl ± + (m„p  + ^ j i 1 , 

[a2  / „ aa.  aj|  \ 1 

al+ffT  + rJ,a  +8*~r  + s”  j)t*  + 


(zua*  + 832  2 ° ) ftS  ] ’ 


• (1.38) 


(1.39) 


(1.40) 


where  Mf  is  the  moment  with  respect  to  the  point  located 
at  a distance  |a  from  the  leading  edge  of  the  wing: 

Mf  = M + |P; 

+ 2i-2X^£„W);  , • 

p3l  - j^l  + 2\  + j X*  - 2X>£„  (X)  «-»•  - j; 


9 


+ 2*  + wji 

^ [ 1 + 2X  - 2 Wri£„  (X)];  [ 2 5 

m„  = Jl  + 2X  + -|-X*  - 2X*r"x£/i  (X)  J ; 

m32  =—^ 

i 

g,  = — nXe~x; 

g21  = - j [ ' 1 + 2X  +.y  - 2X1e->'£/1  (X)  v 6rt«XV-»]; 

8*  = ^ [ * + 2*  “ T “*  »***«  <X>] ; 

_ X*  . 

823  ” 2*  ’ 


g31  = [-  8nJXse-2X  + 3 + 6X  + X»  - 6X*e-*£„  (X)j; 

832  = - [l  + 2X  + £ - 2X’e-\E„  (X)j ; 

. 2gft 

^ = ^r:  a = aK  + ao; 

u0 


where  - the  edge  angle  of  attack; 
ao  - the  angle  of  zero  lift. 

The  asymptotic  equations  for  the  hydrodynamic  charac- 
teristics of  the  foil  for  large  Froude  numbers  are  obtained 
in  the  following  form: 


P -- 


•'.Xjaojo^l 
M,  =»  — : 


16  h*  2 ha 

?aj_ 

jI  32/i*  ’ 


(1.41) 

(1.42) 


The  problem  of  a moving,  deeply  submerged  hydrofoil 
was  analyzed  by  T.  Nishiyama  [210,  213]-  In  particular, 
for  large  Froude  numbers  accurate  to  the  terms  of  the  first 
order,  the  formula  obtained  by  him  agrees  with  that  ob- 
tained by  M.  V.  Keldysh  and  M.  A.  Lavrent'yev  (I.4l). 
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1 «4.  Hydrofoils  Submerged  to  An  Arbitrary  Depth.  Expan- 
sion in  Terms  of  Parameter  T 

If  a certain  parameter  is  introduced  which  satisfies 
the  condition  T < 1 throughout  the  entire  lower  side  of 
the  half-plane  and  which  is  related  to  the  submergence  of 
the  hydrofoil,  then  one  may  attempt  to  seek  a solution  to 
equation  (I. 32)  in  the  form  of  a series  in  terms  of  this 
parameter. 

Let  us  analyze  the  function  reflecting  the  shape  of 
a cylinder  of  radius  R onto  the  shape  of  a thin  plate  and 
establish  the  relationship  among  points  located  on  the  im- 
aginary axis  of  the  cylinder  and  plate  planes.  We  have 
the  following: 


Assuming 


then 


:z)  = * + = 

4 H = H — ~=V  45* + 1 — 2k. 

H H ■ 


(1.43) 


It  is  clear  that  parameter  1/H  satisfies  the  pre- 
scribed conditions  and,  for  large  values  of  h,  is  of  the 
1 1 

order  of  ~ Let  us  look  for  the  solution  of  equation 

H 4h  H 

(1.32)  in  the  form  of  a series  using  the  even  powers  of 
the  parameter  r -V4A»+l  —2k: 


Y (s)  =>  Yo(s)  + T*Yi(s)  + T4  Y»(s)  + • 


(1.44) 


The  expansion  of  the  regular  part  of  the  function 
nucleus  will  be  written  as  follows: 


:(*)  = £ V 


(1.45) 


Then  equation  (I.32)  breaks  down  into  the  following 
system  of  recurrence  equations : 


+i_  _ 


fields  = / . 

J X — “ s 


+J- 


J "■  = - j ^ krn  (*' - ■ «)  Y*_ (s)  ds,  (m  = 1 ,2...), 


(1.46) 


the  solution  of  which  is  also  determined  by  formula  (1.37). 

The  expansion  of  the  regular  nucleus  k(x)  in  terms  of  [27 
powers  of  parameter  T is  formed  without  any  difficulties : 


k (x)  = nose  cos  ^ + £,  (x); 


(1.47) 


n-2,4  *-0 


(ft — 1 — *)...(*+  l/(_ 

(rt—l—  2A)l 

x[l+2ReF„, _(£)];,  ,• 


; © = Jj-;  Fr,=i-S=. 

* |A2ga 

Here  Fn(X)  is  a function  which  is  determined  by  the  fol- 
lowing formulas 

f"  (x)  " K |tT  + n{n — 1)  + n(n—  l){n-2)  + * ' ‘ 

...  — (X)  — (1.48) 

The  integral  form  of  the  function  is  as  follows : 


#• 

’J 


It  is  not  difficult  to  establish  the  recurrence  rela- 
tionships for  ReFn(X)  and  ImFn(X)  as  follows: 


ReF„(X)  +ReFB_|W]; 


Re  Fq  — — Xe  Eh  (X)  j 

lmFn(\)  Fn_{(\y, 

\ 

ImFo(X)  = Xe“*n. 
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With  X •»  0,  Fn  ( X ) -*  0 , and  with  X -»  00 , Fn(X)  -1. 

The  values  of  the  first  six  functions  Fn  ( X ) are  listed  in 

Table  1,  while  Figures  1 and  2 show  curves  plotted  using 
these  values. 


Table  1 
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X j 

r. 

I 1 

1 * 1 

F, 

i Re 

| Im 

Re 

| Im 

Re 

| lm 

Re  | 

0.00 

0,0000 

0,0000 

0.0000 

0,0000 

0,0000 

0,0000 

0,0000 

0,01 

0,0399 

0,0311 

0,0104 

0,0003 

0,0051 

0,0000 

0,0034 

0.02 

0,0650 

0,0616 

0,0213 

0,0012 

0,0102 

0,0000 

0,0067 

0,03 

0,0844 

0,0914 

0,0325 

0,0027 

0,0155 

0,0000 

0,0102 

0,04 

0,1000 

0,1207 

0,0440 

0,0048 

0,0209 

0,0001 

0,0136 

0,05 

0,1126 

0,1494 

0,0556 

0,0075 

0,0264 

0,0002 

0,0171 

0,06 

0,1229 

0,1775 

0,0674 

0,0107 

0,0320 

0,0003 

0,0206 

0,07 

0,1312 

0,2050 

0,0792 

0,0144 

0,0378 

0,0005 

0,0242 

0.08 

0,1379 

0,2320 

0,09.0 

0,0186 

0.0436 

0,0007 

0,0278 

0,09 

0,1430 

0,2584 

0,1029 

0,0233 

0,0496 

0,0011 

0,0314 

0.1 

0,1468 

0,2843 

0,114? 

■0,0284 

0,0557 

0,0014 

0,0352 

0,2 

0,1346 

0,5144 

0,2691 

0,1029 

0,1269 

0,0103 

0,0748 

0.3  . 

0,0673 

0,6982 

0,3202 

0,2095 

0,1980 

0,0314 

0,1198 

0,4 

-0,0281 

0.8425 

0,3888 

0,3369 

0,2778 

0,0674 

0,1704 

0,5 

—0,1378 

0,9527 

0,4311 

0,4764 

0,3578 

0,1191 

0,2263 

0,6 

—0,2535 

1,0345 

0,4479 

0,6207 

0,4344 

0,1862 

0,2869 

0,7 

-0,3702 

1,0921 

0,4409 

0,7644 

0,5043 

0,2676 

0,3510 

0.8 

—0,4843 

1,1293 

0,4125 

0,9034 

0,5650 

0,3614 

0,4 '73 

0,9 

-0,5938 

1,1496 

0,3656 

1,0346 

0,6445 

0,4656 

0,4844 

1,0 

—0,6972 

1,1557 

0,3028 

1,1557 

0,6514 

0,5779 

0,5505 

1,2 

—0,8826 

1,1355 

0,1408 

1,3625 

0.6845 

0,8175 

0,6738 

1.4 

—1,0382 

1,0846 

—0,0535 

1,5184 

0,6626 

1,0629 

0,7759 

1.6 

—1,1647  • 

1,0149 

—0,2635 

1,6238 

0,5892 

1,2990 

0,8476 

1,8 

— 1,2645 

0,9347 

—0,4761 

1,6825 

0,4715 

1,5143 

0.8S29 

2,0 

— 1,3410 

0,8504 

—0,6820 

1,7007 

0,3180 

1,7007 

0,8787 

2,2  • 

-1,3974 

0,7658  . 

-0,8742 

1,6842 

0.1384 

1,8532 

0,8348 

2,4 

-1,4371 

0,6840 

-1,0491 

1,6416 

—0,0589 

1,9699 

0,7529 

3,6 

— 1,4632 

0,6067 

— 1,2044 

1,5774 

—0,2657 

2,0506 

0,6364 

2,8 

—1,4778 

0,5349 

— 1,3379 

1,4977 

—0,4730 

2.0969 

0,4919 

3,0 

— 1.4837 

0,4692 

-1,4511 

1,4077 

—0,6767 

' 2,1115 

0,3233 

3,2 

— 1,4828 

0,4098 

— 1,5444 

1,3113 

—0,8710 

2,0981 

0,1376 

3,4 

— 1,4765 

0,3565 

— 1,6199 

1,2120 

— 1,0539 

2,0603 

—0,0611 

3,6 

-1,4662 

0,3090 

— 1,6785 

1,1125 

-1,2212 

2,0025 

-0,2655 

3,8 

— 1,4532 

0,2671 

— 1,7223 

1,0148 

-1,3723 

1,9282 

—0,4716 

4.0 

-1,4382 

0,2302 

-1,7526 

0,9206 

-1,5053 

1,8413 

—0,6737 

4,2 

— 1,4220 

0,1979 

— 1,7722 

0,8310 

-1,6216 

1,7451 

—0,8702 

4.4 

— 1,4050 

0,1697 

— 1,7818 

0,7467 

—1,7200 

1,6428 

-1,0560 

4.6 

-1,3878 

0,1453 

— 1,7840 

0,6682 

-1,8031 

1,5368 

-1,2315 

4,8 

— 1,3706 

0,1241 

— 1,7791 

0,5956 

— 1,8698 

1.4294 

—1,3916 

5,0 

— 1,3538 

0,1060 

-1,7690 

0,5300 

-1,9225 

1,3225 

-1.5375 

6 

— 1,2814 

0,0467 

—1,6885 

0,2804 

—2.0653 

0,8410 

-2.1307 

7' 

— 1,2224 

0,020! 

—1,5569 

0,1404 

— 1,9490 

0,4913 

-2,2144 

8 

—1,1818 

0,0084 

— 1.4547 

0,0675 

— 1,8189 

0,3098 

-2,1837 

9 

— 1,1528 

0,0035 

— 1,3753 

0,0314 

— 1,6888 

0,1413 

—2,0665 

10 

-1,1315 

0,0014 

-1,3146 

0,0143 

-1,5729 

0.0713 

-1,9097 

11 

— 1,1154 

0,0006 

— 1,2698 

0,0063 

— 1,4841 

0,0349 

-1,7752 

12 

-1,1030 

0.0002 

—1,2360 

0.0028 

-1,4160 

0.0163 

— 1,6647 

13 

— 1,0930 

0,0001 

— 1,2092 

0,0012 

— 1.3597 

0,0078 

— 1,5586 

14 

—1,0849 

0,0000 

— 1,1836 

0,0005 

— 1,3199 

0.0036 

— 1,4929 

15 

— 1,0781 

0,0000 

— 1,1717 

0,0002 

— 1.2874 

0,0017 

— 1.1569 

OO 

— 1,0000 

0,0000 

-1,0000 

0,0000 

— 1,0000 

0,0000 

— 1,0000 
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1 H 

! _ 1 

1 '• 

| Im 

i Rc 

| lm  i 

Re  | 

Im 

Rc  | 

lm 

0,0000 

0,0000 

0,0000 

0,0000 

0,0000 

O.GOTiO 

0,0000 

0.0000 

0,0025 

0,0000  . 

0,0020 

0,0000 

0,0017 

0.0000 

0,0000 

0,0050 

0,0000  < 

0,0040 

0,0000 

0,0033 

o.ouuu 

0,0000 

0,0076 

0,0000 

0,0060 

0,0000 

0,0050 

0.0000 

0,0000 

0,0101 

0,0000 

0,0081 

0,0000 

0.0067 

0,0000 

0,0000 

0,0127 

0,0000 

0,0101 

0,0000 

0,0084 

0,0000 

0,0000 

0,0153 

0,0000 

0,0122 

0,0000 

0,0102 

0,0000 

0,0000 

0,0179 

0,0000 

0,0143 

0,0000 

0,0148 

0,0000 

0.0000 

0,0206 

0,0000 

0,0163 

0.0000 

0,0136 

0,0000 

0,0000 

0,0232 

0,0000 

0,0184 

0,0000 

0,0153 

0,0000 

0,0000 

0,0259 

0,0000 

0,0205 

0,0000 

0,0170 

0,0000 

0,0007 

0,0537 

0,0000 

0,0421 

0,0000 

0,0347 

0,0000 

0,0031 

0,0840 

0,0002 

0,0650 

0,0000 

0,0533 

0,0000 

0,0090 

0,1170 

0,0009 

0,0894 

0,0001 

0,0726 

0,0000 

0,0199 

0,1533 

0,0025 

0,1133 

0,0003 

0,0929 

0,0000 

0,0372 

0,1930 

0,0056 

0.1416 

0,0007 

0.H42 

0.0000 

0,0624 

0,2364 

0,0092 

• 0,1731 

0,0013 

0,1369 

0,0001 

0,0964 

0,2835 

0,0193 

0,2054 

0,0031 

0,1607 

0,0004 

0,1397 

0,3340 

0,0329 

0,2401 

0,0059 

0,1802 

0.0009 

0,1926 

0,3876 

0,0482 

0.2775 

0,00% 

0,2129 

0,0016 

0,3270 

0,5021 

0,0981 

0,3605 

0,0235 

0,2721 

0,0047 

0,4960 

0,6216 

0,1736 

0,4540 

0,0486 

0,3393 

0,0113 

0,6928 

0,7390 

0,2771 

0,5565 

0,0887 

0,4151 

0,0238 

0,9086 

0,8473 

0,4089 

0,6650 

0,1472 

0,4995 

0,0412 

• 1,1338 

0,9393 

0,5669 

0,7757 

0,2268 

0,5919 

0,0756 

1,3591 

0,9174 

0,7475 

0.8437 

0,3289 

0,6760 

0,1206 

1,5759 

1,0517 

0,9456 

0,9848 

0,4539 

0,7939 

0,1815  ■ 

1,7772 

1,0637 

1,1552 

1,0731 

0,6007 

0,8983 

0,2603 

1,9571 

1,0485 

1,3700 

1,1472 

0,7672 

1,0020 

0,3580 

2,1115 

0,9925 

. 1,5836 

1,1955 

0,9502 

1,0978 

0,4751 

2,2380 

0,9101 

1,7904 

1,2275 

1,1459 

1,1853 

0,6111 

2,3351 

0,7981 

1,9848 

1,2227 

1,3497 

1,2595 

0,7618 

2,4030 

0,6811 

2,1627 

1,1960 

1,5571 

1,3176 

0,9343 

2,4424 

0,5020 

2,3202 

1,1415 

1,7634 

1,3563 

1,1168 

2,4550 

0,3263 

2,4550 

1,0610 

1,9640 

1,3740 

1,3094 

2,4432 

0,1363 

2,5653 

0,9545 

2,1549 

1,3681 

1,5084 

2,4094 

-0,0616 

2,6503 

0,82.58 

2,3323 

1.3389 

1,7)04 

2,3564 

—0,2662 

2,7099 

0,6757 

2,4931 

1,2843 

1,9114 

2,2870 

—0,4700 

2,7444 

0.5088 

2,6346 

1,2071 

2,1077 

2,2084 

—0,6719 

2,7606 

0,3281 

2,7605 

1,1068 

2,3004 

1,6820 

— 1,6960 

2,5231 

—0,8292 

3,0277 

0,1708 

3,0277 

1,1465 

-2,1253 

2,0056 

—2,5754 

2,8088 

—0,6712 

3,2769 

0,8252 

—2,3674 

1,6523 

—2,1878 

2,6437 

— 1,5837 

3,5249 

0,4243 

-2,3995 

0,9548 

-2,5190 

1,7184 

—2.27.86 

2,5775 

0.2377 

-2,2742 

0,5943 

-2,5483 

1,1.885 

—2,5806 

1,9808 

0.1280 

—2.1317 

0,3520 

—2,4898 

0,7744 

—2.7312 

1,4198 

0.0653 

— 1,9940 

0,1958 

-2.3856 

0.1700 

n ; n 

0.9101 

0,0333 

— 1,8154 

0,1099 

—2,1199 

0,2859 

—2.1:  • 

!»  }0'> 

0,0  ICO 

— 1,7242 

0.0594 

—2,0278 

0,1662 

• . ’ * 

* V*7S 

0,0083 

—1,6782 

0,0309 

— 1,9176 

0,0927 

2,<.'  ■ 

• ♦ • ^ 

0,0000 

— 1,0000 

0,0000 

— 1,0000 

C,0000 

— I.OuOO 

iM  V<*  ‘ 
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If  function  f'(x)  is  given  in  the  polynomial  form, 
the  computations  become  quite  simple.  The  integrals,  which 
are  dealt  with  in  computations,  are  reduced  to  three  jypes 
determining  them  in  a closed  form  [147]:  ’ 


V ..  V . 1-3  5. ..  (2*—  1)  _ 

T“  — r”-' ¥ki 


1-3-5. ..(2ft—  1)  _ 

2*ftl 


Tin  — Tu-\  — rrr: -t 


Tn  — xo  T'n—i  + ^n>  T0 n. 


To  = n; 
To  = n; 


Let  us  examine  the  motion  of  a thin  hydrofoil  section 
with  a central  angle  g.  In  this  case  f'(x)  = a - gx. 

After  performing  simple  but  cumbersome  computations 
we  obtain: 


V.W  — 2[(«  -t-  P)—  P*I  . 

* w - - 2 {[(. + | p)  (|  - >]  [ i + 2 r«  f . (£)]+ 

- (t  - T ')  P ] + 334  - 3?  + T ^ S + 

+ t)(“  + ^)]-«4520“,[(“  + tP)(?  + 4?  + 

• — + ?»-?!  + f)  - f-^  +P  ~ 


+ 2Rcf,(”jj,-2[(»  + iP)(|- 


1 + 


[32 
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* . ■»  . 


i T • 


-Tp 


i T 4 *\c  * ; 


f 


-?+T?-7 


\ / J L \ 


3 - 9 

-rX* =■ 


8 


L5\l 

i6J  J 


-1# 


x3  + 


\ \ 

■+2*'4“»)]I/S 

f.W--2j[(a  + |p)  (j— |-J,)-TP(T-i)_ 

x[1+2R.F,(g)]‘-4[(«-|p)(4-j)- 

— X l+2ReF2^jj^l+2Re/?1^' 

|)lx[l+2R,ft(£)][l  + 

wr3[(°+4|,M4-i)- 

1+2R«f,(^)]-4[(a+ipjx 

+ ^X*~YX  ~^rX  ■ 

*(£)MK>)H 


+ 


5 - 13-  , 55> 

+ 2 x'  2 X + 8 

+ 2Ref*(r,)l+3 


<(- 


p 


+ != 

+ 16 


O' 


+ 2 
15 


1 +2R  ef4( 

*»  4 + 8 


x 
8?  + 


- L45) 
X + 16 


(I. 


The  hydromechanical  characteristics  of  the  submerged 
hydrofoil  are  determined  by  the  strength  of  the  vortex 
layer  y(s)  from  formulas  (I. 29),  (1-30)  and  (1.31)*  Spe- 
cifically, the  following  expression  was  obtained  for  the 

Pn 

y = p-  function: 
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ft  . ••  %..•  < *a 


^Jl1+2Ref 

1 + 2Ref,(£M’- 


X | 1 + 2ReF 

3 g0  \ 

4 ao  + a J 

“ 64-720  “*  1 


Jx^l  + 2ReF 

[l+2R«F,(^ 

‘ + 2R'f.(j 

1 +2ReF4f^- 


16  a„  + a 


where  clq  = is  the  angle  of  zero  lift. 

For  ajj  = 0,  the  formula  will  have  the  following  form 


T=1_;[1  + 2RsPl(-)],!+i|[1  + aReFl(»; 
-p+SRef.(^)]  + 4[l  + 2ReF,(^)||tJ- 
-[i[,  + 2ReAl(^)]’-[,  + 2Refl(^)][,4 

- 2 ReF- (sT.)  ] + II  [ 1 + 2 Re  (h)  ] x [ 1 + 2 Re  F’ (5 


l + 2ReF-iJ  > + 


+ 2Ref-(2T1)l  + re[1  + 2ReF‘ 


I + 2Refs  £ + 


if  I + 2ReFafp^-3ri  + 2ReF4f^-N)l  + 


+ 2-5 
+ 16 


1 +2  Ref, 


(S) 


T®  — .tCD 


—2hu 


'-S--Tx 


J_  4 J 1_  S3  , 

384  a 64' 720' 32  “ 


+ 


(1. 5D 


Of  interest  is  the  submerged  hydrofoil  motion  at  high 
speeds  (cj  0 ) . In  this  case  formulas  for  y q,  y^  and  y2 

will  be  in  the  form 


x 

■x 


Yo  (*)  = 2 1 (o  + P)  — P*1  ]/" 

Y1W  = -2[(a+lp)(|-^-lp]  ]f  ~ 


Y*W  = 2 


(a + tp)(t~§-* + t *-*')- 


YsW  = — 2 


(“  +TP)(re  ~T'+T  * - 5?+fi‘  - ?)  - 


(1.52) 


Accordingly,  formula  (1.50)  will  change  into  the  fol- 
lowing formula 


Y “ * 

ft 

1 °°  ' \ T2  I ( 1 a°  \t* 

V' 

2 «o  + °«)  ‘O  ao+aJ  ‘ 

3 

4 

(' 

(I. 53) 

which , for  a k 

= 0, 

may  be  written  as 

(I-5*+) 

Formula  (1.5*0  produces  results  which  agree  closely 
with  those  obtained  experimentally.  By  way  of  example, 
Figure  3 shows  three  curves : 1 - obtained  from  formula 

(1.5*0;  2 - the  experimental  curve  obtained  by  S.  D. 
Chudinov  [167];  3 - curve  plotted  from  the  results  derived 
by  M.  V.  Keldysh  and  M.  A.  Lavrent'yev. 


[35 
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It  should  be  noted  that  the  angle  of  the  zero  lifting 
force  for  the  hydrofoil  section  depends  on  the  relative 
submergence  of  the  hydrofoil,  with  ocq  = ccq-  This  fact  was 

originally  noted  by  A.  B.  Lukashevich.  The  experiments 
carried  out  by  him  comfirmed  this  dependence.  The  exper- 
imental methods  offered  by  V.  T.  Sokolov  and  S.  D.  Chudinov 
[167],  and  M.  T.  Kulayev  [10],  missed  this  point  and, 
strictly  speaking,  these  methods  are  wrong.  However,  con- 
sidering the  motion  of  actual  hydrofoils  with  small  edge 
angles  of  attack  (when  ot^  is  exactly  zero),  we  obtain  for- 
mula (1.54),  which,  in  respect  to  the  assumptions  made,  is 
similar  to  the  experimental  formulas  obtained  by  the  above 
authors.  It  is  not  difficult  to  demonstrate  that  the  dif- 
ference between  the  results  obtained  by  these  methods  and 
formulas  and  those  obtained  by  the  methods  based  on  the 
consideration  of  the  above  factor  will  be  negligible  for 
small  edge  angles  of  attack,  while  the  amount  of  effort 
required  for  computations  is  lower  when  using  the  former 
approach.  Based  on  these  considerations  a theoretical 
method  of  analyzing  hydrofoils  is  given  in  [101,  102,  107 
and  109].  It  is  easy  to  isolate  terms  in  formulas  (I.50) 
and  (1-53)  which  determine  the  effect  of  a free  surface 
on  the  zero  lift  angle  of  the  hydrofoil  section. 

By  writing  function  y in  the  form  of 

Y-H) (1. 55) 

“O  + 


we  obtain 
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i 


1 + 2RcF,(h)]''  + )t  [ 

-2|l+2Ref1(^j  + |-[l  + J 


i + ^Ms  - 


l + 2ReF,  ^ K- 


Hrf 1 1 + 2 WhIM1  + 2Re^fS)ll 1 + 2R'f‘(£)]+ 


+ 3 1 + 2 Re  F, 


+ 3 1 + 2 Re  F8 


‘ (£)]*[* + 2 *^‘(2^ 
(»)]_9[1  + 2Refl(“)|  + 


+ f l+2ReF,(|j)  J-rf  — now  “ >~re' 


5376  737280 


(l)®+.. 


*~|[l+2ReF,(g)jli  + j-I[l+2ReF,(g)],+ 


l+2ReF,(^)]-|-[l+2Ref,(»)]|t)- 


1+2R.F,  £ | +2I1+2R.F,  i 1 + 2R.F,  J - 


-T|l  + 2Re',*(s)]x[1  + 2Ref‘(s)  - 


3_  ■ 
2 


l + 2ReF8(£)  +6  l + 2ReF4(£)  ~ 


-it  1 + 2ReM£ 


T*  — noie" 


7 , , 259  , , 

768“  + 1474360“  + 


(1.56) 


(1.57) 


Function  X determines  the  effect  of  the  free  surface 
on  a.0.  For  a thin  plate  y = y.  With  oJ  -*  0 functions  + 

and  x,  are  determined  by  the  following  formulas: 


^ i—  t*  + t4— + •§■***• 


(1.58) 

(1.59) 


V,  ^V-'  . ' ••  ■+■  ' 


Graphs  of  Y and  x plotted  from  formulas  (I. 58)  and 
(1.59)  are  shown  in  Fig.  4. 


The  solution  of  this  problem  is  given  in  [113]  in  the 

form  of  a power  series  of  parameter  Xi  = V2h2  + 1 — V2  h • 

With  <3  0 the  formula  for  y of  a thin  hydrofoil  section 

is  obtained  in  [113]  in  the  form  of 


Y 


1 q0  \ 

2 a0+aKJ 


49  a0 
128  a0  + aR 


(1.61) 


With  the  submersion  to  a considerable  depth  the  T and 
T1  parameters  will  be  determined  by  the  asymptotic  formulas 

1 _ 1 
X'4h'  X'~2V2  h 

By  retaining  in  formulas  (1.58)  and  (1.60)  the  first 
terms  only,  for  a deep  submersion  we  obtain  the  formula 

ijj=  1 L_,  which  agrees  with  an  accuracy  to  the  first 
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order  terms  with  the  asymptotic  formula  (I.4l)  obtained  by 
M.  V.  Keldysh  and  M.  A.  Lavrent'yev- 

1.5.  Regularization  of  the  Singular  Integral  Equation. 
Solution  of  the  Regular  Integral  Equation 

By  regularizing  the  singular  integral  equation  (I. 32) 


22 


it  becomes  possible  to  analyze  and  solve  the  new  regular 
equation  by  means  of  the  Fredholm  equation  methods.  Equa- 
tion (I.32)  can  be  reduced  to  a regular  form  most  easily 
by  using  I.  N.  Vekua's  method  [91 ]• 


Let  us  examine  the  equation 


+ G(x  — s) 


ds 


= -/'(«). 


where  G(x  - s ) is  the  regular  function  along  the  line  of 
intersection.  Let  us  write  the  equation  in  the  form  of 


f v(s,*-.2n 

J s 

+1 

— /'(*)  — 2^  f Y (s)G(x  — s)ds) 

— 1 

The  solution  of  this  equation,  limited  at  a point,  is 
given  by  formula  (1.37): 


-i  f (s) 


+ S S — X 


—I 

-1  -1 


Since 1 f f ]/  . - J:. IJlL ds  c y (x)  is  the  solution  of  the 

n V 1 — J V 1 + s s — x 

—1 

equation  for  a thin  hydrofoil  in  an  infinite  flow,  the  re- 
gular equation  may  be  written  as 

.+} 


+ s S — X 


-1 


■ds 


(1.62) 


or,  by  changing  to  function  <p(jc) 


-ymj/  r 


— x. 

T~x' 


[39 
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.a 


i V 


<p(*)  = <M*)  — jjt  \ v(p)k(p.x)dp 


(1.63) 


i. 

+1 


r -i 


1 — s G(s  — p) 
+ s s — x 


ds. 


Evidently,  if  G(s  - p)  is  assigned  by  the  expansion 
(I. 4?)  and  a finite  number  of  terms  is  retained,  then  the 

nucleus  k(x,  p)  will  be  singular  and,  in  solving  equation 
(I.63),  we  may  treat  it  as  an  equation  with  a singular 
nucleus. 

Let  us  write  the  G(s  - p)  function  in  the  form  of 


G(s  — p)=  2 0n  (p)  i|>n  (s). 


nmtO 


Then 


(qH*  (x). 


-1 


(1.64) 


and  equation  (I. 63)  will  be  equivalent  to  a system  of  al- 
gebraic equations 

* 

<P/(1  + ^i4/')  + ^ VnA,n  = B,  /'  = °.  !•••*;  (1.65) 

+1 

Ain  “ i J V TTT0/^* {x)dx' 

B,  - j ]/~  TTT  <p°  w gi  {x)  dx'  ' 

while  the  function  will  be  determined  by  the  formula 

k 

vw -?,(*)-!■  V*;  (*)<?„.  (1.66) 


n«0 
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Equation  (I. 63)  may  also  be  solved  by  the  iteration 
method. 


Let  us  examine  equation 
<p  (x)  = <Po  (*)  + 


(1.67) 


[40 


where  /e<p  = l" tp (s) k (x.  s) ds  is  the  Fredholm's  operator. 


By  introducing  a resolvent,  let  us  write  the  solution 
of  the  equation  in  the  form 

<P M = <Po(*)  + i f r(x,  5,  i)<p0(s)is. 


-1 


OO 

r ( X , s,  A.)  — 2 \m-'km(x,  s), 

m* ■! 


where  k^x,  s)  is  the  iterated  nucleus  [82]. 

Let  us  determine  y(x)  in  the  formulas  for  forces  (1.29) 
and  (1.30)  from  equation  (I.6l).  After  transformations 
the  formulas  for  P and  M will  be  written  as 


P = coog  j (Yo  M — Y (*)  (*)1  dx. 

(1.69) 

Af  = — Qa2vl  j [xy0  (x)  — y (x)  M0  (*)]  dx, 

(I. 70) 

where 

r~\ 

= J V l+"G(a  X)d° 1 

-1 

M0  (x)  = + JL  j ]/~l  — olG(o  — x)do. 

— I 


Formulas  (I. 69)  and  (I. 70)  have  an  advantage  over 
those  given  in  (1.29)  and  (I. 30)  because  in  the  approximate 
determination  of  y(s)  they  make  the  values  of  P and  M more 
accurate  by  one  additional  approximation  step. 

However,  if  the  value  of  y(x)  is  found  in  terms  of 
the  resolvent,  then  for  determining  forces  one  may  obtain 
the  following  expressions : 
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• H ,-.4‘ 


4 


(1.71) 


P = oav*  J Yo  (s)  ^ — 2 Nn  (*)  (—  **' 

M = - Q a'v\  j'y, (s)  Js - £ M„  (s) ( - 1)"J  dx. 


(1.72) 


where  functions  Nn(s)  and  Mn(s)  are  determined  by  the  re- 
currence formulas 

'v.ls>-irj  ]/  TT70(o-s,j  ]f  (1-73) 

w ■ - i J l/4W  0<‘-  s»  J 


Af, 


(1.74) 


Thus,  if  there  is  a resolvent  of  the  equation  (1.67), 
then  the  quantities  in  the  problem  which  present  the  great- 
est interest  will  be  determined  from  formulas  (I. 69 )- (1. 73 ) • 

Let  us  write  G(c  - s)  in  the  form  of  a series 

G (c  — s)  = £<P,  (a  — s)-K*(p2  (a,  — s)  + !*q>s  (a,  — s)  + . . . , (1.75) 

where  ( is  a certain  small  parameter. 

In  representing  G(o  - s ) in  the  form  of  a series  of 
functions  with  small  parameters,  G(o  - s)  may  also  be  pre- 
sented in  the  form  of  (1.75) 


G(a  — s)  = S,q>, (a  — s)  + ^<p'(a;  s)  + *)  + .... 

With  5,-5.  5,-g*.  L.-E" 

<fn(a-s)  = kX{^  s),  -jj  . *,-l. 

As  a result,  the  function  is  presented  in  the  form  of 
series  (1.75). 

Let  us  find  the  solution  with  an  accuracy  of  up  to  tn. 

Then 


A'o  (S)  = M>0,  (*)  + £%  (S)  + . • • + Won  W + • • • 

+1  , 

%.(»)-— |?jV  TT^q,'«(a;  s)d0 
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MM 


H ,4 


A\  (S)  = 53ij>i*(s)  + 6N»«  (S)  + . . . + 1N>14  (s) 

+1  

♦„(*)=*  J*T  J ]/  tt^  (9,  (*  *>  (®>  + 92  («•  (o)  + 

—1 

+ • ••  + <}>,_,  (o.  5)\, (°)lda 


i + / 'Mo 

T-7'o-/ 


dr 


W = £*+V*+1  (°)  + C+29*,a+2  (0)  + . • • + £>*,„  (a) 
+1 

9*,s(s)  - j*  ]/  T^7l91(a;  (o)  + 

+ <P2  (a;  S)  (o)  + . . . + q>_t  (a;  s)  (a)] da 

(«)-  5 *+‘/*,*+1  (a)  + S*+2/*,*+t  (o)  + . . . + 17*. „ W. 


/*.S  (S) 


—1 


— a 


+yl9,(o:  «) («)  + 


+ 92(°;  s)?*_,._2  (a)  + ■ • • + <P_*(0.  *)?*_,„ WJdd 


l 


n>p 


w-|/ « 

—I 


-H 


a— I 


p = Qau0  j YoW  p — 2 ty(5)  ( — J/J  <&* 
S- sV(s)(-  1/ 


M=  — ca2^  f Y0(«) 

-i 


/= o 


ds. 


(1.76) 


(1.77) 

(1.78) 

(1.79) 


It  is  seen  that  the  given  ordered  iteration  for  the 
function  in  the  form  of  (1.75)  shortened  computations  con- 
siderably as  compared  with  the  direct  computation  of  the 
resolvent  with  the  aid  of  the  iterated  nuclei.  It  may  be 
shown  that  the  method  discussed  is,  to  some  extent,  equi- 
valent to  the  small  parameter  method  (p.  11). 

Let  us  examine  a case  in  which  function  cp j_(o,  s)  is 
given  in  the  form  of  a polynomial  in  s : 
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■'o.kst 


(°)  — B0,n+\*>dp-''*~m-1  4"  B0pn+2pndp-\,k-m-r2  4“ 
4"  • • • "I"  ^o,*— Pimdp—  M 

Kk  - 7T  J \f  T^T  iC*m  + + • • • + 


(1.85) 


Thus,  when  function  <pj_(a,  s)  is  given  in  the  form  of 
(1.80)  the  problem  is  reduced  to  the  determination  of  co- 
efficients C^p  and  C^p  from  formulas  ( I.  80  )- ( I.  85)  • 

The  method  discussed  may  be  extended  to  other  types 
of  nuclei  k(x,  s)  as  well.  In  Chapter  VI  it  will  be  used 
for  studying  the  unsteady  motion  of  a submerged  hydrofoil. 


Let  us  examine  a special  case  of  motion  of  a thin 
plate  under  the  surface  of  a fluid.  In  the  preceding  sec- 
tion the  expansion  of  the  regular  part  of  the  nucleus  was 
used  in  the  form  of  expression  (1.47).  The  expansion  of 
the  same  function  may  be  written  in  the  form 


Qn,P 


K (x)=  2 T"  2 X^'Qn*. 

n— 1,2,3  o—l>2,3 


— O' 

(p-l)i(^jl 


[1  + 2 ReF^-,  (i)]; 


for  even  n and  p 


for  odd  n and 


P 


2(-l)^  (^-O1 

Q«.p  1 ™Fp-M. 


(1.86) 
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By  calculating  function  (f  = — , we  obtain 

Poo 

If  = 1 — tCoio  — J^Com ^ — Ctfoj  — 

•»f r r i r C<wi  , Ci3t  , 1 

— r*  (-<030  — u 130  + (-230 2 — 1 — 2 — — 2~  — 

< r . r r C041  Cl41  + C24I  . 

— r (-040  — U140  1 (-240  — (-340  2 r 

, C042  — C142  3 „ "1 

~'  + 2 8"Cm3J  • 


(1.87) 


After  determining  the  coefficients  from  formulas  (1.80) 
and  (1.81),  formula  (1.87)  may  be  written  in  the  following 
forms 


Here 


*f  - 1 TQ|,I  T*(^2,2  <?«>  T*  ^1,1^"  2 ^3’3  ^.Qm  + QJ,.) 

- **  (t««  + «u-T  — 2«?,. + «!.. ) + 

+ ... 


(1.88) 


Qu  = 2 Im  F0  (i);  QM  = 1 + 2 Re  F,  (1); 

Qo.3  = - 21m  Fa(X);  Q4.4  = - [1 +2  Re  F,  (X)J. 


With  Fr^^oo,  equation  (I.83)  gives  the  first  three 
terms  in  formula  ( 1 . 58  ) . 


Curves  [formula  (1.88)]  in  Fig.  5 illustrate  the  ef- 
fect of  the  Frb  number  on  the  Y function. 
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CHAPTER  II.  THE  THEORY  OF  THE  SUBMERGED  HYDROFOIL  [46 

OF  AN  ARBITRARY  PROFILE  IN  A PLANE -PARALLEL  FLOW 

2.1.  Basic  Relationships.  Formulas  for  Determining  Forces 

The  two-dimensional  problem  dealing  with  the  steady 
motion  of  a submerged  hydrofoil  may  also  be  solved  for  the 
case  of  a solid  profile  using  the  boundary  conditions  [2]. 

The  method  of  solving  this  problem  was  suggested  by  N.  Ye. 

Kochin  [56].  This  is  a general  method  which  may  be  used 
for  solving  a number  of  problems  in  the  hydrodynamics  of 
the  submerged  hydrofoil. 

Let  us  examine  a two-dimensional 
profile  of  an  arbitrary  shape , submerged 
to  a depth  h under  a free  surface  and 
moving  at  a constant  velocity  V0. 

Let  us  consider  a point  z in  the 
lower  half-plane  and  draw  two  contours 
C ^ and  C2  so  that  the  point  z would  be 

located  outside  of  the  but  within 

the  C2  contour  (Fig.  6).  The  C2  contour 

can  be  changed  in  such  a way  that  it 
will  fully  envelop  the  lower  half-plane. 

Let  us  introduce  a complex  velocity  of  the  flow  being 
considered  which  is  calculated  as  follows: 

v(z)  =W,(z)  = vx  — ivy. 

Let  us  use  the  Cauchy  integral  for  the  two-link  area 
obtained  in  which  v(z)  will  be  an  analytical  function. 


a(z)  = 2 3 


2-S 


2-1 


(II. 1 ) 


Let  us  denote 


C, 


P(t)<g 

2 — t • 


Vi{)  2ni  z — ;■ 


(II. 2) 


The  v^(z)  function  is  an  analytical  function  on  the 
outside  of  the  C^  contour  and  its  magnitude  at  infinity 
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is  of  the  order  of  l/z,  while  the  v2(z)  function  is  analy- 
tical within  the  C2  contour. 

The  (1.1)  condition  indicates  that  the  single-valued 
function 

Qi  (z)  = ivt  (2)  — vv  (2)  ( 1 1 . 3 ) 

assumes  real  values  along  the  Ox  axis.  According  to  the 
Schwarz  symmetry  principle  it  can  be  extended  into  area 
D' , which  is  symmetrical  with  respect  to  D.  Then^^(z) 

will  be  an  analytical  function  within  the  area  confined 
between  the  C and  C'  contours,  with  the  latter  being  sym- 
metrical with  respect  to  the  Ox  axis.  The  integral  in 
equation  (II. 3),  which  converges  to  zero  when  x-*-°°,  is 
in  the  following  form: 


Z 

v (2)  = — ierl'n  [ e'vlQ,  (2)  dz. 


(II. 4) 


Let  us  examine  the  function 

X S 

| Qi  ( z ) dz  = i [v  (z)  — v (0)]  — v (z)  dz. 

This  function  may  become  a many-valued  function  if  the 
velocity  circulation  is  different  from  zero.  However,  the 

Z 

j F{z)dz,  F{z)  = Qj(2)  — Q2(2)  function  will  be  single-valued  even 
0 

within  the  area  between  the  C and  C’  contours. 

Since,  according  to  the  condition,  the  v(z)  and  v^(z) 
functions  are  limited  in  modulus  in  the  lower  half-plane 

X 

when  /z/  -*  00,  it  is  clear  that  when  /z/-»°°  the  £ F{z)dz 

0 

function  cannot  increase  in  modulus  at  a greater  rate  than 

k/z/  does,  where  k is  a constant.  This  means  that  f F(z)dz 

0 

may  have  a pole  only  of  the  first  order  when  z =00  and, 
therefore,  the  F(z)  and  SI ^(z)  functions  are  regular  func- 
tions at  the  point  z = oo.  Moreover,  at  this  point  they 
vanish,  since  otherwise  it  would  follow  from  equation 
(II. 3)  that  when  y = 0 and  x-»  + «°,  vz(z)  tends  to  a 
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V.  rv- 
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certain  limit  which  is  different  from  zero  and,  therefore, 
v(z)  increases  in  modulus  without  limits.  The  v^(z)  func- 
tion consists  of  terms  of  type  (where  B is  a complex 

constant  and  £ is  a point  in  the  lower  half-plane ) . How- 
ever, for  the  singularity  of  such  type  the  U(z)  function, 
which  satisfies  the  condition  (1.1),  may  be  determined 
from  formulas  (1.15)  and  (1.17) « 

■ * 

B r - C eiyH 

<*(Z)=  + j (II.  5) 

09 

But  assuming  = - ^rw(S)dC.  we  arrive  at  the  follow- 

ing formula 


v'(z)= 


2ni 


(?) 


2 

I ' T eiv‘ 

— 2 ive“Zvi  \ = dt 

*-?  J t-i 


<*?• 


(II. 6) 


If  the  contour  of  integration  with  respect  to  t is 
assumed  to  be  located  entirely  in  the  lower  half-plane, 
then  the  v’(z)  function  will  be  analytical  in  the  region 
located  between  the  contour  and  the  OX  axis,  limited  in 

the  lower  half-plane  when  /z/  -*■  ■»,  and  will  tend  to  zero 
when  x + «>.  In  such  a case  the  function  v'(z)  - v(z) 
will  become  analytical  in  the  entire  lower  half-plane, 
will  satisfy  the  boundary  condition  (1.1),  be  limited  in 
the  lower  half-plane  when  /z/  — * <*>,  and  will  tend  to  zero 
when  x ~*  + oo. 


Then,  by  using  formula  (II.4),  in  which  function 
ft^(z)  should  be  assumed  to  equal  zero  because  it  has  no 

singularities  in  the  entire  plane  of  the  complex  variable 
and  is  vanishing  when  z = oo,  we  will  obtain  an  identity 

v'(z)  - v(z)  = 0. 

Thus,  we  have  obtained  another  representation  for  the 
function  v2(z ) : 


U*(2)=2 *\V® 


f v (£)  — _ 2ive-«v*  f JlI L dt 

X z~?  J * — ? 

L -f-CO 


di. 


(II. 7) 
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Formula  (II. 7)  may  be  reduced  to  the  form 


C, 

In  order  to  determine  the  flow  forces  acting  on  a mov- 
ing contour  we  will  use  the  first  formula  derived  by  S.  A. 
Chaplygin : 

where  v0  (z)  = — vQ  + vL  (z)  + o,  (z). 

Calculating  the  force,  we  obtain  [^9 

P — iQ  = — C J v (z)  (z) £^2’  ( 1 1 • 9 ) 

where  r=  jy(z)dz  is  circulation  along  the  contour  which  in- 
i' 

eludes  the  contour  C’. 

Let  us  introduce  N.  Ye.  Kochin’s  function  H(X): 

= {«-*■©(*)*.  (II. 10) 

c 

Then,  the  expression  (II. 8)  will  look  as  follows 

CO 

u2  (z)  = JL.  j*  dX  + fvr-A*re  • ( II.  1 1 ) 

0 

Determining  V2(z)  in  formula  (II. 9)  by  using  formula 
( II. 11 ) we  obtain : 

CO 

p = + (11.12) 

6 

where  gQS  is  the  archimedean  lifting  force; 

Q = VQ  | //  (v)  1*.  (11.13) 

In  determining  the  v2(z)  function  from  formu3a  (II. 7) 

N.  Ye.  Kochin  obtained  another  formula  for  the  lifting 
force  [56] ! 
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co 

■f 


giK(z-S) 


X + v 
X — v 


dX  — 2nve-<v<*-t) 


(II. 8) 


(II. 14) 


p = eur--^- Jltf  M + ^ + ges- 

which,  after  simple  transformations,  may  be  written  in  the 
form  of  (11.12). 

In  applying  formula  (II. 7)  the  following  integral  re- 
presentation is  utilized 


oo 


e-iM*-OdK, 


(11.15) 


if  the  z and  £ points  are  in  the  lower  half -plane. 

We  will  determine  the  hydrodynamic  moment  from  the 
second  formula  by  S.  A.  Chaplygin: 


zvldz, 


.VI  = Rc  f : 
b 

which,  after  transformations,  will  become 

M = — qv0  Rc  j zv  (z)  dz  + q Re  f zv  ( z ) vt{z)  dz.  ( 1 1 1 6 ) 

c*  c 

dH  C 

Taking  into  account  that  = — i 1 c~‘Xzz  v (z)  dz  , we  obtain 

c 

the  following  formula  for  the  total  moment: 

M2  = — Qtf0  R e[t7/'  (0)]  — q Re 


+ \H'  (v)  H(y) 


— gQSxe. 


(11.17) 


where  gQsxc  is  the  moment  which  maintains  the  archimedean 
lifting  forces. 

Formula  (11.17)  may  be  transformed  into  a form  given 
by  N.  Ye.  Kochin: 


Mi  = — qv0  Re  (iH'  (0))  — e Re 


2-^  jV  (X)H(K)  d\+ 
0 
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— gQS* c- 


(11.18) 


i 


(V  — A.  v)  H (V  — \ v)  ~ + v//'  (v)  H (v) 


The  integrals  in  formulas  (11.12)  and  (11.17).  and 
the  second  integrals  in  formulas  (II. 14)  and  (II. 18)  are 
determined  as  the  main  Cauchy  values.  Let  us  determine 
the  shape  of  the  free  surface.  The  profile  of  the  waves 
will  be  determined  from  formula  (11.20). 


We  have 

limi/!  (z)  = 0. 

Ul-koo 

From  formula  (II.  7)  ..  . 

Iimct(x)  = 0, 

lim  (t>,  (x)  + 2 iv  f v (£)  erlv*  = 0, 

hence  it  is  seen  that  waves  are  not  formed  in  front  of  a 
moving  body  and  that  the  sinusoidal  waves  are  formed  far 
behind  that  body: 


n = 2£^Im(//(v)e-'«).  (11.19) 

g 

The  amplitude  of  the  waves  formed  is  [51 

a~~\H  (v)|.  (11.20) 

vo 

Thus,  all  the  unknown  values  of  the  problem  are  de- 
termined through  the  H(X)  function.  Since  the  e~iU  vt(z)  func- 
tion is  analytical  within  the  C-j_  contour,  then  the  contour 

integral  containing  this  function  will  be  equal  to  zero. 

The  H(X)  function  will  be  determined  by  the  complex  velo- 
city v^  ( z ) only: 

H (A.)  » J e-iUWi  («)  <k-  (11.21) 

c, 

Let  us  examine  a problem  of  motion  of  a circular  cy- 
linder with  a radius  R,  a depth  h and  a circulation  velo- 
city along  the  contour  r.  Let  us  determine  the  H(\)  func- 
tion in  the  first  approximation  by  the  complex  velocity  of 
the  moving  cylinder  in  an  infinite  fluid. 
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_ 4 /?»  , r 

Vco(Z)  (z  + hi)*  +2ni(z  + hij 
ff(k)  = e-**(T  + 2no0k&). 


(11.22) 


From  formula  (II. 13)  we  derive  the  expression  for  the 
wave  drag  of  the  cylinder : 


Q = ev  + e-*. 


(11.23) 


From  equation  (11.12)  the  expression  for  the  lifting 
force  is  in  the  form  [56] 

P . Qv0r  - 4nR*tPaQ  (I J+  (^)a  v + si v’_' Eu  (2 vft)  - 

[4HS  7F  (2v^)  j (11.24) 

- Cuor  (x  )*+' HT  “ W&er-™Ety  (2v/t)J  + ngC/?*. 

The  formula  for  the  cylinder  moment  will  be 
M = — q\H  (v)  H'  (v), 

Since 

//'  (X)  = - hti  (k)+  2 

then 

M = /iQ  — 2r.Qu0A?-ve-'lvtf  (v).  (11.25) 


then 


2.2.  The  Effect  of  the  Free  Surface  on  Circulation  of 
the  Submerged  Hydrofoil 

Function  T,  which  appears  in  formulas  (11.12),  (11.13). 
(11.17)  and  (11.18),  determines  both  explicitly  and  impli- 
citly the  value  of  circulation  along  the  contour  through 
the  function  H(\).  The  value  of  circulation  T is  deter- 
mined from  the  N.  Ye.  Zhukovskiy  and  S.  A.  Chaplygin  pos- 
tulate and,  naturally,  the  free  surface  causing  changes  in 
velocities  of  fluid  particles,  leads  to  changes  in  the 
circulation  value  along  the  hydrofoil  contour.  Let  us  ex- 
amine the  problem  of  determining  the  effect  of  the  free 
surface  on  circulation  along  the  hydrofoil  contour.  Let 
us  represent  conformally  the  shape  of  the  contour  C on  the 
circle  with  radius  R in  the  plane  of  the  complex  variable 
so  that  the  infinitely  distant  point  in  the  z plane  would 
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show  as  an  infinitely  distant  point  in  the  u plane  and 


(SL- 


Function  v^(z)  at  the  infinitely  distant  point  may 
be  expanded  as  follows : 

t,i(2)  = i+S'  + ? + --* 

In  the  u plane,  the  v^(z)  function  will  be  analytical 

outside  the  circle  with  radius  R and  will  be  determined, 
in  this  entire  area,  by  the  expansion 

v (z)  — r 4-  + 5?  4. 

1 ( ) ~ 2mu+  u'+  u3  + "■ 

Since  the  relative  velocity  has  the  same  direction  as 
that  of  the  contour  element,  the  boundary  condition  along 
the  C contour  [56]  may  be  written  in  the  form 


Im  [Ut  (z)  + vt  (z)  — y0]  dz  = 0 Ha  C, 


(11.26) 


For  the  entire  area,  may  be  expressed  by  the  ex- 


pansion 


dz  -\  Yi  4 Yj  _ 

du~  a*  + u3  ’•;* 


since  the  expansion  of  z is  in  the  form 


z = u + Yo  + £ + £+• 


The  function  v2(z)  is  a single-valued  analytic  func- 
tion of  z in  the  entire  lower  half-plane.  As  a function 
of  u,  it  will  be  single-valued  and  analytical  at  least  in 
the  area  of  a circle  with  R < u < R^ . The  function 

f(u)  = [t»* (z)  — u0) will  also  be  single-valued  and  analytical 

• • dy 

in  a certain  circle,  while  the  function  g{u)=Vi{z)^u  will  be 

analytical  outside  the  circle  /u/  = R and  can  be  expanded 


into  a series 


oo 


!»■■  I 


In  the  plane  u,  in  which  the  C contour  corresponds  to 
the  circle  k,  conditions  along  k will  be 


u = Re'9 , du  = ireiedQ=  iudS, 

and  the  boundary  condition  (11.22)  may  be  written  in  the 
following  form; 


Ret;, (2)^0=  — Re[tf,(z)  — va]  ^a  on  k.  (11.27) 


The  condition  (II. 2?)  is  a boundary  condition  of  the 
problem  of  determining  the  function  which  is  analytical 
outside  the  circle  in  terms  of  its  real  part  in  the  circle. 


N.  Ye.  Kochin  solves  then  the  problem  by  considering 
the  Yu.  V.  Sokhotskiy  formulas  for  the  limit  values  of  the 
Cauchy  type  integral. 


Let  us  present  a solution  with  the  aid  of  the  Schwarz 
formula.  This  method  was  used  by  N.  Ye.  Kochin  in  study- 
hydrodynamic  grids  [6l].  According  to  Schwarz's  formula 
which  determines  the  analytical  function  F(u)  outside  the 
circle  in  terms  of  its  real  part  k in  the  circle 

f(«)=  2H-  )*'(°>S=Sd9  + a 

— n x 

we  obtain 


4-J> 


, dz 


4ju  \ ^ ~ a + [u2  (2)  — vt]  ~ a x 


da 


da 


x«+_or  da 
, u — a a 


Let  us  transform  this  expression: 


j*  I»J  (*)  — Bo)  U~ra  d2=  f [»,  (2)  — dz  + 

h k 


+ 


j*  [ 11.(2)  — V0]dz  — 2u 

k 


I u — a 

•J 

k 
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Then 


J; — ,dz  - U + O do  f: r-r + ° 

lU* (z)  -^do'^o-o-  -J  [v' « “ c * 

■=  Jl  y*  (2)  — 1»0]  dz  — J [»,  (z)  — w0J  u^~  dz  = 


— 2 


u — a 


(u8(z)  - v,]dz  = - 2 ? \ tP,(g)— K?oldz. 


“ » O — — 

u 


'«£-&  & W8***  UI.29) 


a 

u 


By  expressing  v2(z)  through  functions  H(x)  and  (II. 11) 
and  introducing  functions  G(X,  u) 


G(X.«)-  Jc-(5“  dz. 


(11.30) 


we  obtain  the  following  from  formula  (11.25)  [ll4]s 


(2)  = S {-  + y1 + r + 5sv  J [*  w c (X* u)+ 

+ ^W°(x,f)  [-=-v^  + 2^[^C(v’m)- 


-^wo^S)] 


(11.31) 


For  the  v(z)  function  N.  Ye.  Kochin  obtained  the  fol- 
lowing expressions 


. . r i du  uu  , — . 

0 <*>  - ET  u di * + + 


du 

dz 


Up/?*  du 
u*  dz 


+ 


oo 

ij[( 


1 du 
2m  dz 


e-^+s^Gfr.  u) ) // (X)  + 


dX  + 
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4o 


. WAfc,.  • * ; 


r*  .4 


+ 'v|['_" + 25TEG(v. 

-S?Ss°FI)"(v) 1“ 

— J l^e-'vxd-W  + JL  ^ G (v  — Xv;  u)  j //  (v  — Xv)  + 

+ J-r^G  ( v - Xv;^  ff  (v-  Xv)]dX.  (11.32) 

^ 2ni  u*  dz  \ u)  \ 


Formula  (II. 31)  contains  an  arbitrary,  purely  imagi- 
nary constant  Ci,  which  is  determined  from  the  condition 
at  the  trailing  edge. 


Let  us  assume  that  point  u0  = Re‘*»  corresponds  to  the 

angular  point  of  contour  C.  The  finite  velocity  require- 
ments at  this  point  may  be  satisfied  by  the  condition 

v{z)uTu  = 0 • (11.33) 


Moreover,  let  us  consider  that  at  this  point  also 

vanishes.  The  arbitrary  constant  C is  not  equal  to  the 
value  of  circulation  r along  the  contour,  since  the  inte- 
gral terms  in  formula  (II. 31)  may  be  expanded  into  Laurent 
series  and  these  expansions  will  contain  terms  with  the 
first  power  of  u.  Therefore,  it  is  not  necessary  to  deter- 
mine the  values  of  the  purely  imaginary  quantity  Ci,  but 

one  should  isolate  the  terms  containing  u“l  in  the  expres- 
sion (11.31)  and  determine  the  value  of  the  new  constant 
r0.  For  this  reason  it  is  not  yet  possible  to  apply  con- 
dition (11.33)  "to  the  expression  (11.31).  I n order  to  use 
this  condition  formula  (II. 31)  should  be  presented  in  the 
form  of  the  expansion 


t>i(z)  = 


du 

dz 


(II.  3*0 


A further  study  of  the  problem  may  be  performed  only 
for  a certain  type  of  transforming  function,  since  for  ob- 
taining the  expansion  (11.34)  it  is  necessary  to  find  the 
G(\,  u)  function.  For  determining  the  G(\,  u)  function 
the  transforming  function  must  be  assigned. 
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2.3.  Motion  of  a Thin  Hydrofoil 


Let  us  consider  motion  of  a hydrofoil  as  obtained  with 
the  aid  of  the  N.  Ye.  Zhukovskiy  transforming  function 


, # 

Z = U+u>- 


We  obtain  the  following  expression  for  functions 


G(\,  u)  and  G 


G (i,  u)  = e-** 


“a(t+Tj/'] 

l' 

l“pJ 

|a|—  K 


Let  us  use  the  following  identity 
1 111 


dt. 


c*  (C  — u)  U*(l  — U)  UK  «P' 

r"(t+T)i 


1 f,  *»\  . & , 

u»J  + pu+&t,J 


Then 

G (i,  u)  = c~w‘  j*  e 
i«T— « 

from  which 

G (X,  u)  - fl  (X.  u)  % + 2ni7„  (2X*)  J + 2a/t  (2XK)  - J , 

-a(c+f)  ' (11.35) 

fl(*.  «)  = «-»*  f C c-  — 


-dC. 


|ul=R 


G = e~u  B S j 2«y, (2\R) ~ + 2 nJl  {2\R)  ~ . ( n . 36 


Here,  in  determining  the  G(\,  u)  function  an  integral 
representation  of  the  Bessel  functions  was  used  in  the 
following  forms 


/*_,(2XK) 


C wi 

= — * 
2ni  :«r=R 


/* 


(11.37) 


42 


:r:_  _.t  2 


After  determining  function  G(\,  u)  from  formulas  [57 

(11.35)  and  (II.36)  the  formula  for  v^(z)  may  be  written 
in  the  form 


du 


00 

00  + k j e“w‘  * (X)  {2XR)  dk  ~ 


u» 


— i\e~vl'J0(2\R)  H (v) 

+ \ier-vhJ0(2vR)H  (\) 


(X)  Jo  (2XK)  ^ cIX  + 

K — V 


2n iu 


+ 


1 

4n*i 


j e-»  '^(X.  u)  H (X)  + (X.  i’)  ff 

® L « 

B(,.u)H(y)  + f)«M 

u 


X + v 

r=“v 


(II. 38) 


Let  us  assume  that  the  condition  (II. 33)  is  satisfied 
at  a point  u0  = -R;  then,  from  formula  (II. 38),  we  obtain 

[114] 


T = 4nR  Im 


OO 

* + (X)  J0  (2 Xtf)  d\  - 


— yie-^Jo  (2 v/?)  //  (v) 


(II. 39) 


To  determine  the  H(\)  function  let  us  write  a function- 
al equation.  Let  us  multiply  both  parts  of  the  equation 

(11.34)  by  e1^2  and  integrate  along  the  Gj_  contour.  Then 

the  functional  equation  will  acquire  the  form 


H (n)  =*  e~^ 


r Jo  (2fiR)  — 4 inR  Im 


Vo  + 


+ -2~  [ <r»H  (X)  Jo  M 4X  - 


X + v 
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— her*J0(2vR)H[y) 


JlPuR)  + 


[58 


where 


+ ik  f [H  W N° (A”  •*>  + H W Ni  ^ I*)  + 


vg — ^ 

+ -gjp  [#  (v)  N0  (v,  n)  + H (v)  jVx  (v,  n)] 


jV0  (X,  n)  = e*4*  J (X,  a)  dz; 


(11.40) 


*i(X.  |i)  = **  j e-'^B^X.^jdz. 


By  comparing  expressions  (3*39)  and  (3-40)  [sic]  we 
determine  that  the  co-factor  at  J^(2qR)  is  exactly  equal 

to  T.  Taking  this  into  consideration,  let  us  rewrite  equa- 
tion (II. 40)  in  the  form 


H(  n)  = e~>* 


f (^0  (2(i#)  — U i (2ji/?)] + 


+ 4^-  f [H{\) N0 (X,  p)  + H (X)  JV, (X,  |x)]^ dX  + 


o' 


V .rr 


+ 2 n[H  (v)  N° (v>  •*)  ~ H (v)  Hi  <v>  I*)! 


(II. 41 ) 


Function  H(p,)  may  be  determined,  in  the  first  approxi- 
mation, by  the  first  two  terms  only* 

H (n)  = e-^r  [J0  (2  n/?)  - iJl  (2  \iR)].  (11.42) 


Then,  the  value  of  circulation  T will  be  determined  from 
equation  (11.39)* 


r 


f» 

co  • 

1 + 2R  J e-^J0(2XR)J1  (2X/?)^^dX  + 4nR\<r^J0(2yR) 


(11.43) 


Here  r^,  is  the  circulation  of  a hydrofoil  in  an  infinite 
flow. 
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'im  »•  ^ ' 


[59 


However,  N.  Ye.  Kochin  [56]  showed  that  one  may  ob- 
tain a satisfactory  approximation  if,  instead  of  the  com- 
plex velocity  v^z),  a complex  velocity  corresponding  to 

the  motion  of  a hydrofoil  in  an  infinite  flow  is  used  in 
determining  the  H(x)  function.  Calculations  show  that  the 
H(x)  function  determined  in  such  a way  will,  at  high  velo- 
cities, provide  results  which  are  closer  to  the  experimental 
results  than  those  calculated  by  formula  (11.42).  The 
H(\)  and  r functions,  which  correspond  to  this  approxima- 
tion, will  be  determined  with  the  aid  of  the  following 
formulas  : 


H (X)  = e-wr»[y0  (2 kR)  - U , (2 X/?)]; 


(11.44) 


r = r. 


1 - 2 R j <r-™>j0  (2kR)  J,  (2Xfl)j[i-^dX — 4n/?ve-2vV„(2v/?)  . ( 1 1 . 45 ) 


Let  us  consider  the  following  functions: 

A^^rJ  e~^Jn  (2kR)  Jm  (2kR)  dX; 

0 

1 

Bnm  = j*  'erW-Mjn I2v(l  — X)  R)Jm (2v (1  -k)R}~. 


(11.46) 


After  transformations,  the  expressions  for  P and  r 
may  be  written  in  terms  of  functions  AnmBnmt 


Pn = Qt»or 


2n R\ 


(oB.a 

Aoo g — **  ^ 

r. 


11  — y fill)1 


where 


1 + 2^4*  — ’ 
r=  r»  -2  - 4no*-**/g  (fJJ  , 

o)  = 4 vR.  , . 


For  hydrofoil  motion  with  large  Fr^  numbers, 
(II.  47  )- ( II.  49  ) will  be  in  the  form 

. pH, 

P*  — Qv  — 2iiR  (“^oo  + 

r 

r = 


1 + 2A01  • 

r«r.(i-2A01). 


(11.47) 

(11.48) 

(11.49) 

formulas 

(11.50) 

(11.51) 

(11.52) 
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For  hydrofoil  motion  with  small  Frb  numbers,  the  terms  [60 
containing  A^  functions  in  formulas  ( II. 50  )- (II. 52  ) will 

reverse  their  signs.  This  follows  directly  from  the  type 
of  boundary  conditions  for  which  Fr  = 0 (the  hydrofoil  is 
near  a solid  wall).  It  will  be  formally  shown  by  consider- 
ing the  extreme  values  of  the  Amn—  ^ Ban  combination. 

The  Aoo»  Aqi  and  A^  functions  may  be  expressed  di- 
rectly through  the  Legendre  functions  of  the  second  kind. 

From  the  general  formula  [8] 


it  follows 


jr'J.W.Wdt-  ( *"  +2K&-~) 

0 

Aoi  = ^ Q--1-0  + 8A*),  An  = ~ <M  1 + 8ft*). 


By  using  the  relation  J5(t)  = J^(t)  and  integrating 
by  parts,  we  have 

For  Re(n  + 1)  > 0 and  any  arbitrary  n,  with  the  ex- 
ception of  negative  integers  in  the  region  /z/  > 1 and 
/arg  z/  < tt,  the  expansion  given  below  is  valid 

Q, M - f (t » + T rn+u  ” + T;  ?)■ 

H)  V-  ' 

In  our  case  /z/  = 1 + 8h2  > 1 and,  therefore,  the  ex- 
pansion is  valid  in  the  entire  lower  half-plane : 

Q-^z)c=]hvWTTFv 

Qt(z)==  Wfmi+'f*Fv 


where  — F 


(L.  1. 

1-  1 ) and  F f/3  • — • 

o 1 \ 

\4  ’ . 4 V 

’ ■ (8ft*  + 1 )*/  ■ ~ ^ \ 4 - 2* 

* (8 h-  + i )*/ 

are  the  hypergeometrical  functions  whose  values  may  be  de- 
termined by  the  expansion  into  a hypergeometrical  series 
[73] 


• H V , , a-p  _ . g(g+  1)P(P+  1)  . 

F(a,  (J,  Y.«)— 1+  nY  z+  21  y (Y  + I)  + 

, a (a  + 1) . . . (a  -f-  n — 1)  P (P  + 1) . . . (ft  + n — 1) 

+ "'  nlY(Y  + l)...(Y  + «—  1) 

The  final  expressions  for  the  Aqo>  Aqi  and  A^  func- 
tions may  be  written  in  the  form 

1 1 


A<X)  — 


2 I/" 2 ]/ 8A*  + 1 1 

. -A.  ; i Q 
4 v V 2 y*wTT  V 

l 


An  — 


1 


8 ]/2  (8/i*  + 1 fn 


F, 


(11.53) 


Taking  into  account  expressions  (11.53).  let  us  re- 
write formula  (11.48)  in  the  form 
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r = r.fi  -ifi — ■ 4fl_  1 . 
L 2 \ )/2  K 8/r*  + 1 / J 


(11.54) 


The  results  obtained  from  formula  (11.54)  are  close 
to  those  produced  by  the  linear  theory  of  a thin  hydrofoil 
and  experimentally;  in  the  limit,  when  E -*■  0,  they  provide 
the  circulation  values  for  a gliding  plate. 

It  follows  from  formula  (II. 50)  that  its  second  term, 

containing  rj; , gives  a value  of  a of  the  second  order  of 

smallness.  The  main  effect  of  a free  surface  on  the  lift- 
ing force  is  determined  by  the  variation  of  circulation 
along  the  contour  and,  in  the  linear  approximation,  the 
lifting  force  will  be  calculated  from  Zhukovskiy's  formula 

P-e^r.  (11.55) 

The  function  cannot  be  expressed  through  hyper- 

geometrical  functions.  However,  they  can  be  expressed  ef- 
fectively by  an  expansion  with  respect  to  T-parameter. 
These  expansions  are  more  effective  than  the  hypergeomet- 
ric series  and,  therefore,  it  is  practical  to  determine 
Ahju  also  in  the  same  way  [113]  • 

The  function  f(x)  = Jn(x);  Jm(x)  may  be  represented 


KV'Hjk’  u *•  •*  - 
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by  a convergent  series  [23] 


J n (■*)•  W 


(—  l)5n  (m  + n + 2s) 


(m  + s) « («.+  s) « (s)  + 


7^(2) 


X \m+/i+2* 


After  performing  the  computations  for  the  combination 

Anm  - i^rrn  we  obtain 


. to  a V 2«+i  V (-  H'2»»  (£  + «)!_ 
A*°  — Y°°°~  / I slsLlol  (n  — s)l  22>+l 


Zj  - 

n=0  s-»0 

X [ 1 + 2 Re  / 


'■'"+*  (2^)  _ 


*4 10  — 2"  : 


CO  00 

-2>-X 

n=0  s=0 


( — l)*(2s  + l)l(s  + n + l)l["l+2ReFn+j+i 


s!sl(s+  1)1  (s  + 1)1  (n  — s)I 22s+2 


-y~y^ 


A ^ a _ 

^11  — ~2  °n 

(-  l)s(2s  + 2)l(s  + n + 2)\ 


1 + 2 Re  F n+s+a 


(s  + 1)1  (s  + 1)1  (s  + 2)1  (n  — s)l  22s+3 


«=o 


5=0 


(11.56) 
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where  Fn(x)  is  a function  introduced  in  Chapter  I. 

With  X -*■  0,  ReFn  0,  and  with  X -+  Fn  -*  - It 
follows  then  that  the  combination  in  limiting 

cases  changes  signs : 


lim 

Vb+Q 


lim 


A _^_R 

2 D °0 

A --R 

™nm  2 D 00 


— Aren't 

==  Anm 


Let  us  write  another  expression  for  the  function  A^ 
and  combination  A01  - ^B01 , retaining  several  terms  in  each 
of  the  (II.56)  expansions: 
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V 


™00  : 


1 


1 , 1 
TX+  T* 

1 


g 

-L  T4  + _ r»  JL 
8 ^ 128  •' 


4<n 


- 1*  - 


- — w 

_L  i*  + — T*  4 L_  -C*  4.  9-t10  — -25-  T12  + 

16  + 16  + 256  ^ 256  1024  +'" 


T,’  + S,’  + mx“+-" 


‘loi FT  So: 


"2 

_ 9 
16 


1 


...  : . 

.T.1[1,+  2Ref1(|)j+x‘(ifl  + 2RaF,(g 

1 +2Re/J[2“)lj  + (7-lI  + 2Ref2^"l- 


(11.57) 


(11.58) 


If  only  the  first  term  is  retained  in  the  expansion  [63 

A01 , then  from  formula  (11-52)  we  obtain  y = 1 — ^-t2,  which 

agrees  with  the  equation  (1.5*0  in  the  linear  theory  of  a 
thin  hydrofoil. 

To  evaluate  the  obtained  expansions  quantitatively, 
calculations  of  the  function  F^  were  carried  out  by  using 

20  terms  in  the  hypergeometric  series  and  taking  into  ac- 
count the  results  of  calculation  of  the  A^  function,  based 

on  three  terms  in  the  expansion  (11.57).  Calculations 
with  an  accuracy  to  the  fifth  digit  after  the  period  pro- 
duced very  close  results. 

One  may  write  two  new  formulas  for  the  F^  and  F2  func- 
tions which,  in  terms  of  convergence,  have  an  advantage 
over  the  hypergeometric  series  [112]: 


F 


1 3 . \ 
4 ’ 4 ’ 1,Zj 


+ 


*+‘Y  (—  1 )32sl  (s  + ft)! 

si  si  si  si  (n  — s)l  2JS+‘  ’ 

SasQ 


(II. 59) 
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■ 


Lp» 

Ik 


i.j.-tfvi/JEui- 


1 ./  _±  \2n+JV^  (—  n»(2s  + 2)1  (s  + n+  2)1 

-~7tV  2 2 ) 


, sl(s  + l)l(s  + 1)1  (s  + 2)1  (ft  — s)l  22*+3< 


N.  Ye.  Kochin  determines  the  Aj^  and  functions  in 

the  form  of  a series  in  ascending  powers  of  ^=: 


A0o  — 


V 


(-l)"(2m)l(i 


M2" 


/ | . 24m+1  .-t:'.; 


m 

i 


l 


ftl  k\  (m  — k)\(m  — k)\  ’ 


m—0 


OO  f 1 \*W+*  m 

Y,<-l).(S»+l>t(s)  Y' 

*»I0  = ▼ " y 


1 


iwi 


24m-f-3 


>/jfc!(/vT-i- 1)1  (/n  — A)l(m  — k)\’ 

*•» o 


\ 


i(—  l)m  (2m  -f  2)! 


(4) 


2m +2 


0 


X 


X 


rn 

1 


l 


A!  (6  + 1)  !(m  — A)  !(m  — A -f-  1)1  ’ 


/£= 0 


i 


k\  k\  (m  — k) I (m  — k)\ ' 


Bio  — 


[kY"1™  m s a (•*  + O' (m -W-  w 


m=0 


k=0 


B 


o* 

-2 


(_l)m  / 1 \2m+2 


2<m+4  \2fi)  f 2m +2  X 


1 


*=0 


£!(£+  l)!(m  — 6)l(m— £+ 1)1’ 
b = vA, 


(II. 60) 


where  fn  M = j*  «“  (i  — u)n 
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rffliw  rin  j 


[64 


J 


Function  fm(x)  is  related  to  ReFn(l)  as  follows: 

91 

Re  Fn(\)  = 

n\ 

In  deriving  the  functional  equation  for  the  H(\)  func- 
tion and  determining  circulation  T,  N.  Ye.  Kochin  assumed 
the  purely  imaginary  constant  Ci  = Ti,  did  not  isolate 
terms  of  the  1/u  type  from  the  integral  terms  in  the  ex- 
pression (I.32),  and  obtained  different  results  concerning 
the  effect  of  a free  surface  on  the  circulation  of  a hydro- 
foil. In  particular,  the  formula  for  T obtained  by  him 
may  be  written,  in  the  linear  approximation  when  Fr^  -* 
in  the  form 


_ 1 ~ 2An 
^ 1 + 2Aol 


(II. 61  ) 


This  formula  produces  considerably  lower  results  than  those  [65 
obtained  experimentally  and  by  means  of  formulas  (II. 51) 
and  (II.52). 

The  wave  drag  of  the  hydrofoil  can  be  determined  eas- 
ily with  the  aid  of  the  H(X)  function  using  formula  (11.13). 

For  a thin  hydrofoil  we  determine  the  wave  drag  from  the 
formula 

Q = 1 6 n2fl2eg  sinW^Y  Ul  (2v£)  + A (2 yR)  ].  (11.62) 


and  for  CJ  <#c  1 


Cxt  ~ -?r 


2.4.  The  Approximate  Method  of  Solving  Problems  of  Motion 
of  a Hydrofoil  with  an  Arbitrary  Profile 

The  results,  which  are  close  to  those  obtained  in  the 
first  approximation  by  N.  Ye.  Kochin's  method,  may  be  ob- 
tained more  easily  by  using  a method  based  on  the  intro- 
duction of  the  first  approximation  assumptions  directly 
into  the  formulation  of  the  problem  [ll3]« 

Let  us  first  note  one  point  related  to  the  N.  Ye. 
Kochin  function.  If  the  function  H(\)  is  determined  from 
formula  (II. 10) 


//(*.)  = { e~a‘v(z)dz, 
c 

then  the  value  of  the  function  remains  the  same  for  the 
complex  velocity  of  the  absolute  and  the  relative  motions, 

because  i’e-^  dz  0.  For  practical  purposes  it  is  convenient  [66 
<: 

to  determine  the  H(\)  function  using  another  formula. 

By  introducing  a function  z = f(u),  which  maps  con- 
formally the  plane  of  a cylinder  (u)  on  the  plane  of  a 
hydrofoil  (z),  we  obtain 

dw ( z ) _ dw[f(u)]  du 
dz  ~ du  dz 

°r  v (z)  dz  = v (a)  du. 

Then,  for  the  hydrofoil  function  H(X)  we  obtain 

H(k)=  ^e~,M{u)v  (u)  du.  (11.65) 

c 

This  expression  makes  it  possible  to  simplify  the  problem 
of  determining  the  function,  since  the  complex  velocity  of 
the  cylinder's  motion  is  represented  by  the  Laurent  series 

and  finding  the  expansion  of  into  the  series  does 

not  present  any  difficulties.  The  H(\)  function,  deter- 
mined from  formula  (11.65).  is  different  for  the  complex 
velocity  of  the  absolute  and  relative  motions  of  the  cyl- 
inder. This  follows  from  the  condition  that 
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fe-‘x,Mdu*0. 

c 

since  the  transforming  function  f(u)  for  the  hydrofoil  of 
an  arbitrary  profile  may  be  represented  by  the  expansion 


/(«)“«  + 


<*i 

u 


Substitution  into  expression  (11.65)  of  the  complex 
velocity  of  the  relative  motion  of  a cylinder  in  the  first 
approximation  resulted  in  formula  (11.44).  For  the  complex 
velocity  of  the  absolute  motion  the  result  is  different: 

H (k)  = [/„  (2 kR)  + 2nRve~laJl  (2kR)].  (11.66) 


Let  us  assume  that  the  unknown  density  of  the  layer 
v(£)  in  the  integral  expressions  v1(z)  and  v2(z)  is  equal 

to  the  density  of  the  layer  during  motion  in  an  infinite 
flow.  Then 


c,  ' 

V (Z)  = Voo  (z)  + V2  (2); 


Vi  (2) 


(11.67) 

— 2~f  j1  v*>  (S)  ^ dk  — 2jx\e~iv  <*-&  jdj  (11.68) 


By  performing  computations  using  the  formula  by  S.  A. 
Chaplygin  we  obtain 

(11.69) 


P — t'Q  = cuofoo—  Q [ V*  (z)  vt  (z)  dz. 
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We  then  obtain  formulas  for  the  lifting  force  and  wave 
drag.  Let  us  determine  the  H(X)  function,  which  is  part 
of  the  formula  for  the  lifting  force,  in  terms  of  the  com- 
plex velocity  of  the  absolute  motions 

00 

p = fi»0r.  <M  I*  dk  + 

(ii. 70) 

Q = VQ  I //  (v)  I*. 

Let  us  examine  the  motion  of  a thin  hydrofoil. 

In  this  case  function  H^_(X)  will  be  determined  by 
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formula  (11.66)  and  the  formula  for  P will  be  as  follows: 


P = wJ*.  trVo  (21/?)  + 4n RJ0  (21/?)  J,  (21/?)  + 

+4nV/?(2W?)]£±^x  + ges.  (11.71) 

The  third  term  in  brackets  is  determined  by  the  mutual 
effect  of  dipoles.  The  moment  of  the  cylinder's  dipole 
with  the  axis  directed  along  the  Ox  axis  may  be  written  in 
the  form 

M = mAe, 


where  A£  is  an  infinitely  small  distance  between  the  source 
and  the  run-off  which,  in  combination,  produce  a dipole. 

In  the  conformal  representation  the  value  of  A £ will  change 
and  will  be  equal  to  Ay,  while  the  power  of  the  source  and 
of  the  run-off  will  not  change.  Then  the  moment  of  the 
hydrofoil  dipole  will  be 

M*  = rnX?‘ 

, „ ■ A£  . 


Let  us  determine  the  ratio  in  terms  of  finite 
values : * 

Ax  _ i>  _ 4Sj  _ r- 

AS  ~ 7?  “ B ~ °1' 


where  6^  is  the  thickness  of  the  profile  above  the  chord. 

Consequently,  the  third  term  for  a thin  hydrofoil  is 
assumed  to  be  equal  to  zero,  while  for  a hydrofoil  with  a 
solid  profile  we  will  multiply  it  by  6.  The  above  reason- 
ing is  not  rigid.  However,  the  formulas  obtained  in  this 
way  provide  results  close  to  those  obtained  experimentally. 
Particularly  good  congruence  was  observed  for  large  Froude 
numbers  [102]. 

Let  us  determine  the  final  results  for  certain  types 
of  hydrofoils. 


Thin  plate: 


Pn 


sinct*  1 F cosa,f 

V 5 Vy?  + i 1 2 l 


4ft  1 

V2  VW+~i 


(11.72) 
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This  formula  up  to  the  terms  of  the  first  order  agrees 
with  formula  (11.54). 

Thin  hydrofoil  section* 


v-  I—  sinK+aK)  P cosa,  f,  Ah  1 „ 

V2V8hz+  lcosa0  ‘ 2 cos 2a0  [ V2V'&  + \ (II,73) 


The  N.  Ye.  Zhukovskiy  hydrofoil < 


v = 1 _ sin  K + °k)  f _ cosaK(l  + (x)*  t _ 
V2\f  Sh2+  1 cos  a0  1 2cos2  a„ 


-A.  1 g 1 

V2V^+\  J 4j/2(8/t: 


F 

2+  l)3/2(a0  + aK)  ” 


(11.74) 


where 


K - the  ratio  of  the  curvature  of  the  suction  wall 
to  the  total  thickness  of  the  profile; 

6 - relative  thickness  of  the  profile. 

Hydrofoil  consisting  of  two  intersecting  circular  arcs 


Y=l- 


sin(a0+  a*) 


V2\/  8 h2+  lcosa0j/" - 

4 hFt  \ 

V2  V&?+  1 j 4} 


p x 

T-  1 2-2a{^) 


V2V  8l?+l  J 4/2(8A1+ l)3/2(a0+a)  *’ 


(11.75) 


where  x = 2 — 

n 


0 - angle  between  the  tangentials  to  the  circular 
arcs  at  the  extreme  points  of  the  hydrofoil. 

If  we  consider  the  effect  of  the  free  surface  as  both 
the  change  in  the  angular  coefficient  in  the  expression  • 
P = f(a)  and  as  the  variation  in  the  zero  lift  angle,  as 
was  done  in  Chapter  I,  then  for  the  Zhukovskiy  hydrofoil 
functions  Aag  and  V will  be  determined  by  formulas 


= 1 sin  (a0  + q„)  p (1  + p^cosa, 

YlV  8^+T  cos  a,  ,C  2cos2a0 


:os  a r 


V 2.V  Oh2  + 1 J 


/-St t.'  w 


(11.76) 


kbFt 

" 4/2(8 h2  + If** 

These  formulas  can  be  expanded  in  t=/4£j+1— 2 h: 

. , , ,_.(!  + h^cosok^ 

* = 1 -sm(“o  + °")T  + 2cos2o,~T‘ 

l Kbr3  (11.77) 


Aa„ 


2 t|> 


For  the  arbitrary  Froude  numbers  the  formula  for  Actn 
was  obtained  in  the  following  forms 


a * n 


1 I <0 

T3  — y 0)ae  2 T £, 


(11.78) 


The  computed  results  with  the  use  of  formulas  (11.76) 
and  (11.77)  agree  well  with  the  experimental  data*. 


♦Some  of  the  material  in  this  section  was  published 
in  other  studies  by  the  author  [102,  104-108,  113,  114]  in 
which  the  practical  problems  were  also  examined. 


2.5.  Solution  of  a Two-Dimensional  Problem  with  the  Aid 
of  Integral  Equations 

N.  Ye.  Kochin  also  suggested  a method  for  solving  a 
two-dimensional  problem  with  the  aid  of  integral  equations. 
Below  are  given  some  results  of  his  studies. 

Let  us  assume  that  a contour  C ./as  formed  bya  simple 
contour  which  envelops  some  region  e-  and  which  has  a con- 
tinuous curvature.  Let  us  place  a vortex  of  intensity  r 
at  some  point  £q  in  region  s.  Let  us  distribute  the 

sources  with  a density  y(a)  along  contour  C,  where  a is 
the  length  of  contour  C between  a fixed  point  and  a vari- 
able point  on  the  contour.  Accordingly,  let  us  attempt  to 
represent  function  W(z)  in  the  following  way 

r(z)  = 2^1n(2  — Co)  + ^-  fY(<r)ln(2  — i)dc  + F(z).  (11.79) 

c 

where  F(z)  is  the  regular  function  of  z in  the  lower  half- 
plane. Function  F(z)  is  selected  from  conditions  (II.l) 
and  (II. 2). 
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1‘- 


It  is  easy  to  show  that  functions 
In  (2  — £o)  — In  (2  — Co)  + 2<r'v* 


r 

2 ni 


y (a)  da 


2n 


+oo 
2 

In  (2  - 0 + In  (2  — C)  — 2e-,w  j‘  & j 


satisfy  both  the  conditions  on  the  free  surface  as  well  as 
the  conditions  at  infinity. 

Let  us  seek  W(z)  in  the  form 


W«-ET 


_ r eivz 

In  (2  - Co)  - In  (2  - Co)  + j ^ dz 

CO 
2 

+ k \y  (o)  f ln  {z  ~ 0 + ln  {z - U - 2g-/Vi  f dz 


+ 


^ca 


(11.80) 


Let  us  assign  C = 5 + lYl<  Co  = io  + tTlo  isolate  the  real 

part  in  (s,  u): 

r/D  Q,  , o f(f  — Co)sinv(/— x)—  [y— ti0)cosv(*— x)At\, 

» <*■  *>  - s\'  - 9 + 2 j - — -v-a>-+  (irniS’ r 

90 

+ ^fY(0)(lnZ  + lnr,“ 

c 

2 ^ (f  — Qcosvtf  — x)  + (y+  TQsinv(<  — X)  ^ 1 (11.81) 


where 


(>-C)*  + (y  + n)a 
fl=arctg|=-^;  9'  = arctg-|^jj-; 


)• 


r=/(^-5)a  + (y-n)1;  r'  - V (* - C)a  + 0/  + n)’- 

The  boundary  values  of  <pn  from  the  outside  at  a point 
on  the  contour  are  determined  by  formula 

«P«-  *2"Y(*)+  2'  j*  y(o)K(o,s)do+  2 h (s),  (11.82) 


where 


/( (a,  s)  = ^ cos  (n,  r)  — -[  cos  (n,  r')  — 


[71 
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! ****  * 

1— ...ini... 


J 


(11.83) 


- P 


sin  [ v (/  — x)  — (rtn){^_ 
nr, 


r<  = /(/-C)J+(y-ri)a. 


*. 


Vectors  r and  r'  are  directed  from  points  | + ivj  and 
£ - irj  to  point  x + iy,  while  vector  r^  is  directed  from 

point  £ - i7)  to  point  t - iy,  with  (r-t;  n)  measured  in  the 

positive  direction  from  the  direction  of  the  perpendicular 
to  vector  r-^ : 

h(s)  — sin  ( r0n ) P sin  ( r'n ) — 

nr0  nr0  0 ' 


— 2v 


* cos  [ v (/  — x)  — 

nrt. 


M)dt> 


(11.84) 


and  vectors  tq  and  r q are  directed  from  points 
and  £0  + i 7)q  to  point  x + iy,  while  vector  T^0 
going  from  point  £0  - i??o  "to  P°int  t - iy. 


^0  + i770 

is  a vector 


Thus,  for  determining  function  y(a)  we  obtain  the  in- 
tegral equation 

V(s)  = — J K(s,  a)'y(a)ds  + g{s).  (11.85) 

c 


It  is  easy  to  show  that  j K(s,  a)ds=  1,  ^g(s)ds  = 0 and  that 
under  such  conditions  ^y(s)ds  = 0. 

With  both  large  and  small  values  of  the  parameter  v 
the  solution  of  equation  (11.85)  may  be  obtained  by  the 
method  of  iteration.  Let  us  examine  the  more  general  in- 
tegral equation 

Y (s)  = k \ y (a)  K (as)  da  + g (s).  (11.86) 

c 


The  nucleus  of  the  equation  depends  on  parameter  v, 
and  therefore  the  characteristic  values  k of  this  equation 
will  also  depend  on  this  parameter.  With  the  large  values 
of  the  parameter  v the  characteristic  values  will  differ 
little  from  those  in  the  equation  with  a nucleus  K5g(c,  s). 
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With  v -*  oo  the  nucleus  is  determined  by  the  formula 


K„(„.5)_S£(2d)+££(2A  (11.87) 

nr  nr 

With  v -*■  oo  the  integral  equation  may  be  written  in 
the  form 

Y(s)  = X I*  y (g)  C°S  da  + g (s),  (11.88) 

c+c- 

where  C'  is  a contour  which  is  symmetrical  with  C with  re- 
spect to  the  OX  axis. 

The  characteristic  values  in  equation  (11.88)  are  all 
real,  simple,  and  with  respect  to  the  modulus  are  not  less 
than  unity.  In  this  case  X = -1  is  not  a characteristic 
value  of  the  equation,  while  X = 1 is  a characteristic 
quantity  in  this  equation.  For  X = 1,  y(a)  is  the  only 
independent  solution  for  the  conjugate  homogeneous  integral 

equation.  Under  the  condition  of  jg(s)  ds  = 0 , the  solution 

y(s)  is  a meromorphic  function  of  X,  with  X = 1 not  a pole 
of  this  function. 

For  the  nucleus  K(c,  s)  it  can  be  asserted  that  with 
sufficiently  large  values  of  parameter  v a circle  for  which 
/x/  < R and  R > 1 will  contain  only  one  characteristic 
value.  For  the  conjugate  homogeneous  integral  equation 

Y (s)  = X £ y (o)  K (s,  ct)  da.  (11.89) 

c 

X = 1 is  a characteristic  value  with  its  respective  solu- 
tion being  y(a)  = 1. 

A necessary  and  sufficient  condition  for  solving  equa- 
tion (11.86)  when  X = 1 is 

J g(s)ds=0,  (II  .90) 

c 

which  in  this  case  is  satisfied.  Therefore,  the  solution 
y(s)  of  the  equation  (11.86)  is  a meromorphic  function  of 
X,  for  which  X = 1 is  not  a pole  and  the  solution  of  the 
equation  may  be  obtained  by  the  method  of  iterations 


y{s)  =g(s)+  f XnYn  (S). 
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(11.91) 


n=  l 

Y„(s)=  J‘Vfl_1(o)K(ff.s)d<T. 
c 


Since  the  radius  of  convergence  of  this  series  with 
sufficiently  large  values  of  the  parameter  y is  larger 
than  1,  we  may  assume  the  value  of  X = -1.  Function  H(\) 
is  expressed  simply  through  the  intensity  of  sources.  We 
have 


//(*)  = 


_r i_ 

2m  z—  £0 


y (cr)  rfo 


[73 


and  simple  calculations  give  us 

H (X)  = re~a  + i J Y (o)e~ada. 


(11.92) 


For  small  values  of  the  v parameter  the  nucleus  of 
equation  (11.86)  is  in  the  following  forms 


/Co  (cr,  s) 


cos  (n,  r)  cos  (n,  r') 


nr 


nr 


(11.93) 


and  the  equation  corresponding  to  this  nucleus  may  be  writ- 
ten in  the  form 


Y(s) 


c+c 


, , cos  (n,  r)  , 
V(a)  — rr -do- 


nr 


g(s). 


(11.9^) 


if  we  assume  that  the  values  of  function  y(s)  and  g(s)  at 
the  points  on  the  C'  contour  are  different  in  sign  from  the 
values  of  these  functions  at  points  on  the  contour  C sym- 
metrical with  respect  to  the  OX  axis.  Repeating  these  ar- 
guments we  again  come  to  the  conclusion  that  series  (11.91) 
also  provides  a solution  to  the  problem  when  the  values  of 
v are  small. 
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CHAPTER  III.  THEORY  OF  THE  HYDROFOIL  IN  A 
PLANE- PARALLEL  FLOW  OF  FLUID  OF  FINITE  DEPTH 


[74 


In  problems  investigating  motion  of  a solid  body  in  a 
fluid  of  finite  depth  the  potential  of  velocities  should 
satisfy  an  additional  boundary  condition  which  equates  to 
zero  the  expression  for  the  velocities  perpendicular  to 
the  surface  of  the  channel.  If  the  fluid  has  a constant 
depth  ho.  this  condition  will  be  in  the  form 


qv  = 0 


y = —h0. 


(III.l) 


Let  us  examine  a two-dimensional  problem  dealing  with 
the  steady  forward  motion  of  an  arbitrary-shape  hydrofoil 
submerged  under  a free  surface  in  a channel  of  finite 
depth.  This  problem  can  be  formulated  mathematically  in 
the  following  way:  in  an  area  limited  by  straight  lines 

y = 0 and  y = -hQ  and  a contour  (C^  is  the  contour  en- 
veloping hydrofoil  profile  C)  it  is  necessary  to  determine 
the  analytical  function  W(z)  = <p  + iy  which  satisfies  the 
following  conditions: 

1 ) with  0 > y > -ho  in  the  region  occupied  by  the 
fluid  the  derivative  W2(z)  is  limited: 


lim  \VZ  (z)  = 0; 

x-*4_oo 

2)  on  the  free  surface 

Im(:IF„(z)-vIFt(z))  = 0; 

3)  on  the  hydrofoil  profile 

<Pn  = v0cos(ri,x); 

4)  on  the  bottom  of  the  channel 

Im  Wt{z)  = 0 ( tJ=—ha ). 


(III. 2) 


(III. 3) 


(III. 4) 


(III. 5) 


3*1.  Motion  of  the  Vortex  and  the  Source  Under  a Free 
Surface  of  a Fluid  of  Finite  Depth 

Solution  of  the  problem  dealing  with  the  motion  of 
the  vortex  in  a fluid  of  finite  depth  was  given  by  A.  I. 
Tikhonov  [l4?],  and  of  that  of  the  source  by  M.  D.  Khaskind 
[156].  Let  us  examine  a problem  of  the  vortex  motion  in 
a fluid  of  finite  depth  more  thoroughly.  The  complex  po- 
tential of  velocities  caused  by  the  motion  of  a vortex 
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located  at  point  y = - h will  be  sought  in  the  form 

w (z)  = 2^r ln  (z  + t7t)  — 2sr ln[z  + ‘ (2A°— *)i + F (*)>  ( hi  . 6 ) 

where  F(z)  is  an  analytical  function  within  the  whole  band. 
According  to  condition  (III.3),  when  y = 0 

Rc(F„+tvF,)=— Rej^-(z+  (z  + t ^ - h))*  + 

vT  vT  1 1 

+ 2 n(z  + ih)  2n  [z+  i(2h0 — ft)]  J'  (III- 7) 

With  y + h > 0 the  following  relations  are  valid: 


rnr— 

OO 

Z + i(2h7-/t)-  ‘Je  ^ 

0 


[2  4-  / (2A0  — ■ A)P 


CO 

— ?tefX[*+'(2V^JdX. 


Then  condition  (III. 7)  may  be  written  in  the  form 

CD 

Re (Fu  — i\Ft)  = — |'(^  + v)e-w,-shX(/i0  — h)s\n\xdX.  (HI.  8) 

0 

Conditions  (ill. 5)  and  (III. 8)  define  the  problem  of 
finding  the  analytical  function  F(z)  according  to  condi- 
tions for  its  real  part 

co 

FIX  + vFj„  = — jV  + v) e~^> sh X (h0  — h) sin \xdk  (III.  9 ) 


Fiv=  0 (y  = — ft0).  (y  ==  0). 


(III. 10) 


Let  us  solve  this  problem  by  the  Fourier  method.  Let  us 
look  for  a solution  in  the  form 


Fi  (x.y)  = j"chX((/  4-  (X)cosXx  4-  C,(X)sinX*]dX, 
6 

which  satisfies  condition  (III. 10). 

According  to  condition  (III. 10) 

C,(X)  = 0. 


Then, 


clW  — !(,  + » 

function  F(z)  will  be  determined  by  the  formula 


(*.  y)  = — 


L fv  + * 
n J X 
0 


w shX(/t0  — 4)sinX.tch  X(y  + /t0) . 
v sh  X/i0  — X ch  X/t0 


Let  us  write  function  F(z)  in  the  form 


(III. 11 ) 


F(z)  = - 


L f v + *■  _>j..  sh  X (ftp  — h)  sin  X (z  4-  t'A0)  ,, 
n J X 6 v sh  X/t0  — X ch  X/z0 


o 


(III. 12) 


The  integrand  function  of  the  expression  (III. 12)  is 
a meromorphic  function  of  X.  The  poles  of  the  function 
are  determined  as  the  real  and  positive  roots  of  the  equa- 
tion 


v sh  Xh0  = X ch  XA0.  (III.  13) 

With  Vq  > ghQ  this  equation  has  only  imaginary  roots. 

By  adding  to  the  solution  the  terms  which  determine 
the  system  of  free  waves  on  a free  surface  we  can  write 

W (?)  — -T-in - + 

[ ) 2ni  In  z + i(2h0  — h) 

T f v 4-  X sh  X (/i0  — h)  sin  X (z  4-  ihn)  ^ , 

-n}~jre  ’ vshXft0 — XchX/i,,  ' 

6 

4-  /li cos X0 (z  4-  t/i0)  4-  A2 sin X0 (z  4-  /i0)>  (III.14) 


V (z)  = 


r i r i 

2m  z 4-  ih  2 ni  z 4-  i(2/i0  — ^) 
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r 7 . ..  e-^ sh K (h0  — /i)cosX(z  + iho)  ^ 

“«  J (V  + X) 7ThJK;^ichW0  dA~~ 

0 

— /I^O  sin0  (z  4-  i^o)  4-  ^2^0  cos  Xq  (2  "t  ^0)* 


(III. 15) 


i.,  where  Xq  is  a root  of  the  transcen- 

" *°  l “*  dental  equation  (III.  13).  Constants 

2 A^  and  A2  are  determined  from  condi- 

Fig#  7 tion  (III. 2). 

Let  us  examine  the  sum  of  two  line  integrals 


‘ 1 f,  , XAsh\(h0  — h)e‘W').l 

H (z)  = -5-  (V  + X)  e-**'  — -dX  + 
w 2 J vshX/io  — XchXA0 

u 

e -Wl«  sh  X (/i0  — ft)e~a<  *+'*) 


, 1 (\  . 2 \ e-**«shX(ft0  - /i)e-'M2+«) 

2ji  J V v sh  X/t0  — X ch  X/io 


(III. 16) 


where  contour  passes  over  the  special  point  Xq  and  con- 
tour L2  passes  under  that  point  (Fig.  7). 

By  determining  the  values  of  integrals  along  the 
half-circle  of  small  radius  i we  obtain 


09 

"H 


- I (v  + X) dx  + 
-j(v  + X)e-  v sh  X/io  — X ch  XA„  ^ 

0 

sh  >w0(h0— ft)  sin  k0(z+ ih0) 

+ 3tv  [vA0  — ch*Xo/i0]  ~ ' 


(III. 17) 


parts 


Let  us  integrate  one  of  the  integrals  (III.16)  by 

f(v  + x)^^^-A)-^dx  = 

) vshX/t0  — XchX/i0 


= |Q(X)^dX  = -^|ij  + l je^Q(X)dX. 


however,  when  Q(X)  = 0 


1*00 

lim  f Q (X)  c'^dX  = 0. 

X-+00  J 
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A similar  result  will  also  be  obtained  for  the  second  [78 
integral : 


lim  H (z)  = o.  (III.  18) 

x -H-« 

By  combining  expressions  (III. 15).  (III. 17)  and 
(III.18)  we  obtain 


Ax 


Tv  sh\0(h0 — h)  , _ 

K v/io-ch^oA,’  2-u' 


and  the  formula  for  the  complex  velocity  of  the  vortex 
will  be  in  the  form 


0(2)- 


1 


1 


2ju  2 + ih  2 ni  z + i(2h0  — h) 

Tv  sh  A.p  (/t0  — h)  sin  X0  ( z + ih0) 

\h0  — ch2Xo/i0 


_ I f (v±M£^l(5j- cos! (i  + ih,) dh. 
.-x  ) vshifto  — ichi/io 


(III. 19) 


When  vq  > gh0»  there  are  no  free  waves  which  satisfy 

conditions  in  the  problem  and  there  is  no  third  term  in 
expression  (III. 19).  The  forces  of  the  flow  acting  on 
the  vortex  will  be  determined  by  the  following  formulas 


where 


We  have 


p + iQ  = .eoOTar, 
fdw  r i ) 

t’°™  ~V>  [ dz  2ni  2 + ih 


(III. 20) 


P = Qt,r--^is-L7-  + -^  f (v  + 1)  e~Ul*  <&.  (hi. 21) 

^ 4jc  /i0  — h 2jx  j 7 v sh  Wt0— *cn  A/z0 

0 

q = giVh*V(*B-ft>  (hi.  22) 

v v/i0  — ChJ  kah 

When  vjj  > ghg  the  wave  drag  is  equal  to  zero. 

It  was  established  [l47]  that  the  integral  in  expres- 
sion (III. 21)  has  a discontinuity  at  point  v§  = ghQ. 

The  asymptotic  expression  of  the  complex  velocity 
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W(z)  with  x is  in  the  form 


2rvlr^w8lnl"(J+“'>- 


(III. 23) 


For  the  source  located  at  point  £ = i + i r),  the  ex- 
pression for  the  complex  velocity  may  be  obtained  in  the 
same  way  as  for  the  case  of  the  vortex.  Below  is  the  for- 
mula for  the  complex  velocity  of  the  source  v(z)  obtained 
by  M.  D.  Khaskind: 

Q Q 

v(z)  = 2 Ji(z-K)  + 2n (2  -f-  £ -t-  2ihg)  + 

, Q ?/..  , ch\(ri +A0)sini(2-S  + i/i0)  „ 

+ -J(v  + A-)c  Vshkh^-kchhha dX— 


\shkh0  — kch  kh0 


(III. 24) 


The  asymptotic  expression  of  the  complex  velocity  for 
the  source  is  in  the  form 


3.2.  Motion  of  a Thin  Hydrofoil  in  a Fluid  of  Finite  Depth 

For  a thin  hydrofoil,  instead  of  condition  (III. 4), 
we  have  a linear  condition  (1.4). 

9„  = — »/(*)• 

The  principal  general  formulas  discussed  in  Chapter  I 
remain  the  same  also  for  the  hydrofoil  in  a fluid  of  finite 
depth.  The  complex  potential  W(z)  for  the  hydrofoil  in  a 
fluid  of  finite  depth  may  also  be  sought  in  the  form  (1.9). 


W (z)  = 2^7  f Y (s)  [ln  (2  ~ s)  + * (s>  Z)1  ds, 
Z 


(III. 26) 


where  K(z,  s ) is  an  analytical  function  in  the  band  0 > 

> y > -h0. 

The  integral  equation  of  the  problem  is  also  determined 
by  formulas  (1.8) s 


■ZrJvW[j“  + 0(*.*)  ds  = F(xy, 


(11.27) 


F (*)  = - vj'  ( x ),  G (s.  x)  = Re  K,  (s,  x). 


Functions  K(s,  z)  and  G(s,  z)  will  be  determined  by 
the  complex  potential  and  complex  velocity  of  the  vortex: 

ao 

Ms.  *)  = — ln[  2—s  + 2i  (/!„  — h))  — i f — e-01*  x 

* 6 

sh  X (hn — /:)  sin  X (a+  i (hn — h)  — s)d\ 

X v sh  i/z„  — ichX/z0 


+ i,  vii.-cVyl10”'’12  s+l<hi  ,1>1-  • 


-2‘I 


. r (v+Xje-^0  sh  X (h0  — ft ) cosXfx — 5+ 1 (h0— h)] 
1 J v sh  A,/z0  — i ch  khQ 

0 

_ 2;u-v  sh  X0  (h0  — h)  sin  \£x  + i (ftp  — A)]1 
v/i0  — ch2  Vz0 


(III. 28) 


(III. 29) 


In  a dimensionless  form,  function  G(s,  x)  is  deter- 
mined by  the  expression 

I"  _ 


G(s,  a:)  = Re 


J-(x_s)+2i(l-p) 

h 


+ wnn)e  u oh  ^ ( 1 — P)cc©(i[  — s)+i{l— P)] 

L f * i,+ 

1 sn  fi  — o)rtji  ch  \x  ^ 

0 

p shno(l  — P)sinn0  -?L  (x  — s)  + l (1  — P) 

+ 4iu‘T  aTcb  1 • (HI. 30) 


where  &=,—■ 
ho 


°n  gh  0 ''ho’ 


A.  I.  Tikhonov  [l46]  solves  the  integral  equation  of 
the  problem  by  the  method  of  M.  V.  Keldysh  and  M.  A. 
Lavrent'yev  by  solving  the  problem  in  the  form  of  a series 


2 

in  the  positive  powers  of  — . In  expanding  the  regular 

h 

part  of  the  nucleus  in  the  form  (1.35)  the  system  of  re- 
currence equations  for  determining  yn(s)  is  also  in  the 

form  (I.36).  For  a thin  plate  moving  at  a small  angle  of 
attack,  A.  I.  Tikhonov  obtained 


where 


y(x)  = a 


2 


+ +(2Gl-3Gl+2Glx) 

h 


(III. 31) 


Go  = 


— 2rf 


P 

(1  — P)a 


+ a H)e  **sh2n(l  — P) 
sh  ch  n 


dli. 


The  wave  drag  of  a thin  hydrofoil  may  be  determined 
by  the  amplitude  of  a plane  wave  far  behind  the  moving 
hydrofoil  from  the  formula  [47] 

(m.32) 


The  asymptotic  expression  for  the  complex  velocity 
far  behind  the  hydrofoil  is  determined  by  the  formula 


t/te) 


+a 


y(s) 


sh  X0  (ho  — h)  sin  \a(z  + i(h0  — h)  — s ) 
v/t0  — ch*  Vz0 


ds. 


(III. 33) 


tain 


Using  the  formula  for  raising  the  free  surface  we  ob 


•fa 


” - T _f  * M*.  - *)  iin  X.  (.  - 4 y M *. 


— • 2/tt 

Thus,  sinusoidal  waves  with  a length  of  t—  and  an 

K0 


amplitude  of 


a = 2v°v  ch  ip h0 

g vA0  — ch*  Xo/to 


-fa 

J 


shM/to  — y(s) 


|4s| 


are  also  formed  in  a fluid  of  finite  depth  behind  a hydro 
foil. 


Then,  the  wave  drag  will  be  determined  from  the 
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f ormula  Q - Cv  | J e*'v  « * 


(III. 3*0 


The  lift  and  the  moment  will  be  determined  by  formu- 
las (1.24)  and  (1.25).  For  determining  forces,  A.  I. 
Tikhonov  obtained  the  following  formulas : 


„ a2v\  ( 2/?,  4R*  \ 

+#)• 


2r;  , 

4 Rl\ 

1 H 

h*  )' 

(111. 35) 

(111. 36) 

(111. 37) 


where 


R0  = - 2nG0;  R1  = j—  4nGo;  R*=  — 2nG0  (3Go  - 2GL); 

Ro  = 2ji;  R[  = 2nG0;  ^ = 2n  (Go  — G,); 

Ro  = n;  Ri  = jtG0;  R2  = n ^Go y- j. 

The  curves  for  the  coefficients  for  a number  of  values 
of  0 are  illustrated  in  Figures  8 and  9 [l46] : 

rn  n ^ 2*?i  , 4/?,  ■ 2R\  4R2 

GQ=Ro+jr  i*-’  Gp-Ro+  h h*  ‘ 


[82 


The  regular  integral  equation  of  the  problem  will  be 
determined  from  formula  (I. 58).  By  assigning  the  corre- 
sponding functions  <pj(o,  s)  in  the  form  given  in  (1.75) 

one  may  determine  coefficients  cnmp  and  cmp,  These  may 

then  be  used  to  determine  the  hydromechanical  character- 
istics of  the  hydrofoil  in  a fluid  of  finite  depth.  Let 
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us  examine  the  motion  of  a hydrofoil  with  large  Frb  num- 
bers. In  this  case  the  regular  part  of  the  nucleus  may 
be  transformed  as  follows : 


G(x)  = Re 


+ 1') 


x — 4i  + 


x — 4 i 


* + tL 


x + Ai 


k +t\_  ^-4‘(~Sx  + -^-L/)  • 


x+  4i  ^ — h + k * -/j  * — 4‘  (~T^j 


(111.38) 


where  t = 4h0; 

/i,  = — relative  distance  between  the  hydrofoil  and 
a the  bottom. 

For  the  function  Re — ^-rr-  the  expansion  in  powers  of 

z ± Aix 

the  parameter  ti  = V Ax'1  + 1 — 2x  is  in  the  form 

— 1 

1 ..  V (n — 1 — p)---(p  + 1)(  — 1)T~P  ,«-i-2o  (III.  3 9) 

C z ± Aix  (n  — 1 — 2p)\ 

^Tj  ■ e\ 


n=2,4  p=0 


Then 


G«  = yy  (2x~  + XI - T»t - 2*1' - t;t  + Tjy  X 


J 

V V (W  — 1 — P)  . . . (p  + l)„f_  M2  0~*-\—2p  (III.  40) 

*2j  (n  — 1 — 2p)l  ' ' 

ri,=V(k+  I)*7»+~1— (*  + 1)7. 

t*.  - 1/4  r* + 4 1 - ■ 2 (*  + * 1 )■ 


[84 


and 


'..=]/  < (*.+ 47 )‘+ 1 - 2 (*• + -I7  )• 

V=  |/~  (‘  + 4)  p+  1 — (*  )r> 

- / *(^7-i.)‘+l-  2 (*£±7  - 4 
,.  = /4(^7-^2(^7-Sj 


<Pi  (a  — s)  = 0 
(p2(a  — s)  = (a  — s) 
qj3  (a  — s)  = 0 

ft  (a  — s)  = fc4  [2  (a  — s)  — (a  — s)3] 
q)6(a  — s)  = 0 
<Po  (a  — s)  = 6,  [3  (a  — s)  — 4 (a — s)3+(cr — s)6]J 


(III.41 ) 


tions 


For  a thin  hydrofoil  section  we  obtain  after  computa- 


rn 

3 

«o  \ 

1 

a°  k,  \-( 

1 

3 

Go  ^ k,} 

IA2~ 

8 

°0  + °K  / 

4 

®0  + °K  \ 

4 “ 

16 

«0+«K  J J 

(III. 42) 


where 


b — _li*  b — • 

«4  — ^2 1 * — J3  • 


1,-2  + 'I'-il'-H-' t-'Z+ W 


(III. *3) 


*-0 


In  the  same  way  as  in  Chapter  II,  by  representing  y 
in  the  form 


V = 'i>  + 


xa0 


ao  ‘I*  °K 


we  obtain 


1-5,  + 


4+14 


(III. 44) 


[85 


we.\,  - 


71 


The  values  of  the  function  are  given  in  Table  2. 

Curves  for  y and  x.  obtained  according  to  formulas  (III.40) 
and  (III. 45)  are  illustrated  in  Fig.  10  and  their  values 
are  given  in  Tables  3 and  4. 

The  problem  for  any  arbitrary  values  of  the  Fr  number 
may  be  investigated  in  the  same  way. 

3-3-  Motion  of  an  Arbitrary- Profile  Hydrofoil  in  a Fluid 
of  Finite  Depth 

The  problem  of  motion  of  a hydrofoil  with  an  arbitrary 
profile  may  be  solved  by  generalizing  the  results  discussed 
in  Chapter  III  for  a fluid  of  finite  depth.  Formulas  for 
determining  forces  acting  on  a hydrofoil  for  this  problem 
were  obtained  by  M.  D.  Khaskind  [156]  using  the  N.  Ye. 

Kochin  functions.  Khaskind  also  examined  certain  simple 
cases  of  motion.  The  formulation  of  the  problem  for  a 
hydrofoil  of  an  arbitrary  profile  is  given  at  the  begin- 
ning of  this  chapter. 

As  was  done  in  Chapter  III,  by  using  the  Cauchy  for-  [88 
mula  for  the  region  between  the  C^  and  C2  contours  (ccontour 
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i 

i 


: 


i 


Table  3 


Values  of 

y for 

h0 

0.05 

1 0,1 

| 0,2 

| 0,3 

| 0.4 

j 0.6 

0 

2,4442 

2,1646 

1,2019 

0,8740 

0,7149 

0,4102 

0,05 

2,5040 

1,9492 

1,2949 

1,0969 

0,7253 

0,5578 

0.1 

2.5076 

1,9817 

1,3469 

1,0,539 

0,9010 

0,6194 

0.2 

2,5051 

1,9869 

1,4405 

1,1602 

1,0138 

0,7723 

0,3 

2,5543 

2,0802 

1,5032 

1,2543 

1,0980 

0,8.539 

0.4 

2,5516 

2,0793 

1,5335 

1,2911 

1,1451 

0,9179 

C.G 

2,5587 

2,1047 

1,5965 

1,3548 

1.1882 

0,9975 

OO 

2,5689 

2.1257 

1,6355 

1,3967 

1,2680 

1,1407 

Table  4 

L 

Values  of 

x for 

h0 

ft 

0,05 

| 0,1 

| 0.2  ' 

0,3 

0,4 

| 0,6 

0 

—0,7729 

—0,6569 

—0,1857 

—0,1235 

—0,0905 

+0,1369 

0.05 

-0,7849 

—0,4716 

—0,1960 

—0,1704 

—0,021 1 

+ 0,0621 

n.i 

—0,7943 

—0,4845 

—0,1938 

—0,1007 

—0.0582 

+0.0450 

(» :? 

—0,7894 

—0,4753 

—0,2070 

—0,0981 

—0,0477 

+0,1.446 

1 

—0,8233 

—0,5320 

— 0,2286 

—0,1455 

—0,0598 

+0,0406 

> 1 

- -0,8207 

—0,5287 

—0,2390 

—0,1321 

—0,0704 

+0,0275 

in, 

—0.8356 

—0,544.1 

—0,2722 

—0,1548 

—0,0046 

+0.091  a 

vV 

— 0,8328 

—0,5577 

—0,3795 

—0,1814 

—0,1236 

—0,0604 

about  the  hydrofoil  profile  can  be  as  close  to  it  as 
desired,  while  contour  C2  may  be  deformed  toward  the  band 
0 > y > -ho)  we  obtain  an  expression  for  the  complex  velo- 
city of  the  flow 

v(z)  = v^(z)  + v2(z),  (III. 46) 

where  vx  (z)  = f — — - function  which  is  analytical  out- 
m J 2 6 side  the  contour; 

v2(z)  - function  which  is  analytical  with- 
in the  band  0 > y > -h. 

Using  the  expressions  (III. 19)  and  (III. 24)  it  is  not 
difficult  to  obtain  the  expression  for  the  complex  velocity 
of  the  vortex  source  which  is  located  at  point  h in  the 
lower  half-plane* 


:-{  (z-l+2ih,) 
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[86 


[87 


[88 


A 


CO 


(V  + X)  flsin  X (z  — £ + 2ih0)  — Bsin  X (z  — Q ,, 

v sh  X/i„  — X ch  Xh0  ^ 


Bcos\0(z  — Z + 2ih0)  — B cos  X0  (2  — £)  (III.  47) 

\/t0  — cha  Xo/io 


Assuming  that  B = v(£)d£  and  integrating  along  the  con- 
tour C]_  we  can  obtain 


* 


»*(*) 


(0 


+ 


2 — S 4-  2i/t0 

+ J (v + ^ th^r-^hu!  **  - - 

4rp®  [ J <v  + x>  vra^riS:d5- 

COS  Xp  (2  — Q 1 

vAo-cMWio1 


-C, 


(III. 48) 


The  expression  (III. 48)  satisfies  the  conditions  in  [89 
our  problem.  As  was  done  in  Cha.pter  III,  one  may  show  that 
this  is  the  only  expression  which  satisfies  these  condi- 
tions. After  simple  transformations,  function  V£(z)  may 

be  written  in  terms  of  N.  Ye.  Kuchin's  functions.- 


5?{J[ 


//(—  X)e 


iA(z+2/)iJ 


+ 


+ 


(v  + X)  e ^ (_  X)  etU*+uh)_  H(\)e-‘^z+2ih'> . 


2(vsh  X/i0  — Xch  X/i„) 

-tf(X)<?a*+ff(-X)e“a*) 


d\- 


ruv 


.[H(-\0))e‘ 


iK,‘,z+7lh,) 


+ 


2(v/t  — c^Xq/Io) 

+ H (X0)  e-lK*+2th')  - H (X0)  e,u  -H(-  X0)  e-'^j. 


(111.49) 
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Forces  acting  on  the  contour  are  also  calculated  by 
S.  A.  Chaplygin's  formulas.  The  lift  and  wave  drag  will 

be  determined  from  formula  (II.  9)-  Determining  j u,(z)  vt{z)dz 

and  separating  the  real  and  imaginary  parts  we  obtain 
[156]: 

oo 

P=  C"oT  — [|  H (-  X)  |»  e-2Wl*  + (v  + X)  e”1*  X 


X 


| H (—  X)  \2e~VJl’  — | H (X)  |» 

2 (v  sh  X/i0  — X ch  XA0) 

+ C 2(v/t0 — chaXo/i0)  Vgos; 


d\  + 


(III. 50) 


Q=- 


QV  | H (Xo) |,e2X*/l*  + 1 n (- ^o) | v“*-2  Re [//(X0)//(— X0)l  (HI.  51) 


4 v/t0  — ch*Xo/i0 

Formula  (III. 51)  may  also  be  written  in  the  form 

q_  4 >’/:»-  chu'o/io  • uiioz; 

Let  us  examine  the  type  of  free  surface  far  behind 
the  hydrofoil.  The  asymptotic  expression  of  the  v(z)  func- 
tion is  in  the  form 


iv 


xHiZ2~  2 (v/i  — ch5  X0/i) 


[//(-Xo)e' 


X«(2-{-2//to) 


+ 


[90 


+ //  (X0)  _ H (X0)  e‘v  — //  ( _X0)  ea**]. 


From  formula  n = — Rew(z)  we  will  easily  find  that  when 

S »= 0 

2rr  • • 

-00  sinusoidal  waves  - — m length  are  formed  and  their 

^0 


amplitude  is 


a = 


v0(vh0— chUoAo)^^^*  H(—k°)e  M'l- 


(III. 53) 


It  may  be  determined  that  the  total  resistance  of  the 
hydrofoil  is  actually  the  wave  drag  only.  By  transforming 
formulas  (III. 32)  and  (III. 53)  we  obtain  formula  (III. 52). 
Let  us  determine  the  moment  of  hydrodynamic  forces  from 
formula  (II.16). 

The  total  moment  will  be  determined  from  the  formula 
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OD 

Mi  - - Wo  Re  UH'  (0)]  + c Re  j-gij-  j'  j/T  (-  X)  H ( -X)  «“»*•  + 


+ -a  (.  £ u, -C  u,)-  <~x»g  x>  - 

- //'  (-  X)  (+  X)  - ff  (-  X)  ff  (X,)]jdxj  - 

[//'(-  X0)  H(-K)e- **  - //'(X,)  H(k0)e^  - 


^vAo-c^Xo/i,, 


— H'(—k0)H(k0)]gQsxc. 


(III. 54) 


M.  D.  Khaskind  considered  special  cases  dealing  with 
the  problems  of  motion  of  a circular  cylinder  with  circu- 
lation and  elliptical  cylinder  without  circulation. 


In  the  first  approximation  function  H(X)  for  the  cy- 
linder with  radius  R is  determined  from  formula  (11.22). 
Then  we  obtain 


„ ...  n or*  , QVoRT 

p~QtJ0r-  + Wo  - A)»  2(/l,  - ft)*  + 

(v+X)<r^‘  (r*  + 4n*t»o/?4X8)  sh  2k  (ft,  - ft)  + 

-f-  4na,/?arXch  2X  (ft,  — ft) 

vsh  XA, — Xch  XA, 


dX  + ng0fl*;  (III.  55) 


[rshX0(ft0  — ft)  + 2TO0X0R*chX0(fto  — ft)F  . 
Q = «v  ch’Xgft, — vft,  * 

2nga0R*vr  sh*  X0(ft0  — ft)  + nt^X,  sh  2X0  (ft,  — A) 
M = hQ ch’XoA,  — vft,  • 


(111.56) 

(111. 57) 


The  point  of  intersection  of  the  resultant  of  the 
flow  forces  acting  on  the  body  with  the  Oy  axis  is  deter- 
mined by  the  formula 


M _ . 2jto0R* 

y°~  R~ r + 2nuR*k0ct  hk0(h0  — A)  ’ 


(III. 58) 


[91 


For  the  elliptic  cylinder  without  circulation  M.  0. 
Khaskind  limited  his  calculations  to  determining  the  wave 
drag 


Q = ^gP* 


a 4-  P ch*  X,  ftp  (ftp  — ft) 
a — P ch*  X ofto  — vft. 


y?(X,vra»-p*). 


(III. 59) 
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where  a and  fJ  are  semi-axes  of  the  ellipse,  which  are  di- 
rected parallel  to  axes  Ox  and  Oy. 

An  interesting  result  follows  from  formula  (III. 59)* 
i.e.,  for  certain  values  of  X0  and,  therefore,  for  a cer- 
tain velocity  o, < Vgl^,  the  wave  drag  is  equal  to  zero. 

This  will  be  the  case  when 

a0  V a*  — P*  = sk,  k = 1,  2, 

sk  - positive  roots  of  the  Bessel  function  Ji(s).  The 

first  root  of  this  function  equals  3*832.  Then,  the  first 
velocity  at  which  the  wave  drag  is  equal  to  zero  will  be 
determined  by  the  formula 


3.4. 


Effect  of  the  Free  Surface  on  Circulation  of  the 
Hydrofoil  in  a Fluid  of  Finite  Depth.  Motion  of  a 
Thin  Hydrofoil 


As  was  the  case  with  an  infinite  depth,  the  circula- 
tion T in  the  formulas  for  determining  forces  [(III. 50), 
(III. 51)  and  (III. 54)]  is  an  unknown  quantity,  the  deter- 
mination of  which  is  connected  with  the  solution  of  a 
boundary  problem  for  the  shape  of  a cylinder  and  with  sa- 
tisfying the  N.  Ye.  Zhukovskiy-S.  A.  Chaplygin  postulate. 
Let  us  present  the  solution  of  this  problem. 

Generally,  it  will  be  analogous  to  the  solution  given 
in  Chapter  II.  To  determine  function  V^(z)  let  us  use 
formula  (11.29) » 


e-2*.  + 


+ 2(Vsh  XA0— i eh  AA„) (H <-*)<?(-  A.  «) H (A)  G(A,  «)*«*•  _ 
—H  (A)  G (—  A,  u)  + H (—  A)  G (A, «))  J dX  — 

VJU 

~ 2(vA  — cha  AoA0)  [H  {~  X<>) 0 (—■ ^o. «) 

H(\0)  G (A0,  uje2^  — H (A«  )G  (—  A0,  u)  —H  (—  A0)  G (A„  «)]|, 
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+ 


(III. 60) 
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~v...  *•"  : M d 


""" 


1 

2 it 


* U V 

. (v+^)<  *■  \)g(  ft  f>— ***• 

+ 2 (v  sh  XA,,  — X chXA0)  \ * ^ \ ’a/ 

- H (ft,)  G X.-£  j ***•—  fl (X)G  ft..  £-J  + 


¥H(—  X)G^—  ft-.  u ))JdX+2(vA  — ch»XA)[^“Xo)G("X#,¥)C~1M*X 

X H (X0)  G ^0,-5iy^-  ~R  {K)G[-K  ^J-#(-X,)G^,4lj 


. (III.61) 


,— 2W**_ 


Then  from  formula  (11.29)  we  obtain 

». w - TS  {- »■ + *£■  + %■ + fj| 

. - (\+X)C\i-t  (B  (-  ft-)  G (-  x.  u)  «■“*• — 

' 2 (v sh XA0  — Xch XA,)  ' 

_ H (X)  G (X,  a)  e“*  - //(X)  G (-X.  u)  + H (-X)  G (X. «))  | dX  + 


■ x (H  (- i)  o(v^)  w 0 (‘^r)  ^ - 

_77(X)g(-X.-S-J-  • 
-ff(-X)0(l,-£))]dX-  8fl(vftJch,W* 

x [7/ (- X0) G (- X,. «)«-“*+  7?  (Xo) G (X0) e*** - //(>-.) G(-M)- 

— H (—X,)  G (Xo«)]  + ■ gn  (v/t  __  ch,  -JJT  x 


[93 
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X [ff  (- K)0  (-X., -£■)  e-**+  H (X.) G (x,.-£j  ea-** - 

, ' (x. -£)]}].  (III. 62) 

In  order  to  use  condition  (11.33)  it  is  necessary  to 
transform  expression  (111.62)  for  a given  type  of  hydro- 
foil. Let  us  examine  motion  of  the  hydrofoil,  obtained  by 
means  of  the  transforming  function 


2 = u H . 

u 


Functions  G(X,  u)  and  0 


K) 


are  determined  from 


formulas  (11.35)  and  (II. 36).  Then,  from  expression  (III. 
62 ) we  obtain 


t,l(2)  = lT|l(~t,0~i  I //'(-*) 


+ 3 <-  H .-*)]*+  * m <-  >.')  + 

+ H (X0)  -R  (X0)  ev+  H(-K)  e-^)  + + 


+ -§-  {p. + ( f -f.  [«<—  Ji> 


e-X(2*,-A)  + 


+ 2(73 

— //  (X)  e**  + //  (—  X)  <?-**)]  dX  - 

-7T<% 

- //  (X0)  (-  X„)e“***J+  ^-{4^  J[^(-X)B(-X.«)c~*<a^,+ 


+ W(X)fl(X.u)«Ma,«-*,  — ff(X)fl(—  X.  «)ex"  + 


V 


I 

t 


+ H(—k)B(k, 


8«  (vA-—ch,X0A0)  X 

x [H{-  A0)  B (-  A,  h)  + //  (x#)  fl  (A.  u)  eMa*"',>  - 

dz 


- H (A0)  B (-  A„  «)<?“  + //  (-  A0)  B (A«, 


•A.(2A,~A) 


(V  + A)  g~*** 

2 ( v sh  A/t0  — A ch  AA0) 


[h  (-  A)  B ( - A,  -£  j j e-W2*‘-,,»  - 


— H(k)B  (k,  J gV(to'-A>  — 


- //  (A)fl  (-  A,  ] e*  + H (-  A)  B (a.  41  j e~M|  dk  4- 

+8.(v/i-1chnA)fff(-t,)B  f)'^'  + 

+ H (A0)  B ^A„  ~S-  j 7/  (A0)  B (—  A0, 4Lje-^  + 

+ //(-a0)b(a0,4^-^“^])). 


(111.63) 


Let  us  assume  that  uq  = -R  corresponds  to  an  angular 

point.  Then,  at  this  point,  condition  (11.33)  should  be 
satisfied  and  from  expression  (III. 63)  will  will  find 


OO 

T = 4nR Im  (t»0  + ~ j*  J„(2iR)  [ff  (- A) 


g-X(2kr-h)  _|_ 


+ //(-AJe-^1) 


tv  J 0 (2Aftfl) 

4 ’ (vA0  — ch>Ao/i«) 


dA  + ~ ^../'TraVr  [H  (-  A.)  + 


+ H (A0)  ex’,ah*~A)  — H (A0)  — A) 

With  ho  -*oo 


(III. 64) 


(v  + A)  e 


,-w». 


v + A 

2 ch  A/i„  (v  th  kh  — A)  v — A’ 


2chJ  A0/ic 


f vft 0 __ 

^ ch*  Ao/ifl 


— 2. 
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and  we  obtain  formula  (11.39)  for  the  circulation  value 
during  the  motion  of  a hydrofoil  in  a fluid  of  infinite 
depth. 

Let  us  obtain  a functional  equation  for  the  function 

H(X).  Multiplying  expression  (III. 63)  by  e~^z  and  inte- 
grating along  the  contour  we  obtains 


CO 

H (p)  = e-*4*  |lVo(2|i/?)  — S0(2W)  X 

i.  -Whfh)  , (v  + ^)e**‘  ,ut  i \ _ 

+ 2(vshX/i0-XchXA0)(//( 

- H (X)  - H (X)  eu  + F (-  X)  e-“  j <&}  + 

/v  t JiWoR)  [ff  (_  x#)  ,-*.<».-*>  + //  (x0)  - 

4 vrt0  — OTAo/io 

- F (X0)  eM  + 7/(-  X„)  j J A (2pfl)  + 


+ 


7ir?[g(-x)^,(-x.rt^+  * 

0 

x (F (—  JL)„Y, (-  X,  p) e-*®1'-4’  — Fa) .Ye (X. P) eu-h'~h)— 

— = vL) jr, t**  -f  E{—  X) J"* &. ®1  jzx  x 

J 

+ F (X0)  Y0  (X,.  p)  eK,l3h*~h)  — H (X.)  Yo  (—  Xp.  p)  <?M  + 


OO 

+ H(-K)N*(K  p)  e~M]  + 4^  J [« (- M ^i(-  *.  P) 


e~WM  + 


- //  (X)  (-  X.  p)  e-*2*-*’  — H{k)Nx  (X.  p)  e4®1'-4’  — 

- 7?  (X)  Nx  (-  X.  p)  e44  + F (-  X)  (X.  p)  e"44)  j dX  + 
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■ — ' H , - — 1 ■ ....  — 


+ H W Nx  (X0,  n)  - F(X  0)  Nt  (-X0,  ,1)  + [97 

H-  i?  (— X.)  iVx  (Xo,  jx)  (111.65) 

However,  the  co-factor  yJ^(2|j,R)  is  equal  to  the  value 

of  circulation  in  terms  of  c.  Then,  the  functional  equa- 
tion will  be  in  the  form 


wj[B 


H (n)  = «-»*  {n/0  (2(1/?)  - U,  (2, xR)]  + 

(v  + Xjg-*** 


(-X)  Ne{—  X,  (i)e' 


,-XC2A,-Hi) 


T 2 (v shi/to — XchXAo)  ' 

X ( H(-  X)  /v0(—  X,(i)  g-*0^' -tf(X)/V0  (X,  n)  ^-hi  — 

— //(X)/V0( — X,  (i)g**  + 

+ tf(-»Af.o.rtr“l]A-  8-,vft_vch,w  x 

x (W  (-  X0)  iV0  (-  X0,  (i)  + //(-  X0)  ,V0  (X0,  (i)  gi(a*-/,)  - 

— H (X,)  /V„  ( — X0,  (i)  gx>*  + 


— \)Ny( — h,  (1)  e~HV'<-h)  + 


+ //(-  X0)  N0  (Xo.  (i)  g-^)  + J|ff(-  X)/Vx(-X,  |i) 

+ 2(vshXA0  — XchX/t0)  (//  (—X)  ^ (— *”  •*>  e ~~ 

- H (X)  Nx  (X,  (i)  «*“*-*>  - H (X)  Nx  (-  X,(i)ew,+ 

+ 3 (-  » n,  (- l ,0 .-")]  a + ^ _vchi  ^ x 
X [H  (-  X,)  (-  X0,  (i)  + H (X0)  A/,  (X0,  (i)  ex'(2^',)  - 

- H (X,)  /Vt  (-  X0,  (i)  gM  + /7  (-  X0,  |i)  g-^jj. 


(III. 66) 


Solution  of  the  functional  equation  gives  the  exact 
value  of  the  H([i)  function.  Let  us  determine  the  approxi- 
mate value  of  function  H((i)  by  using  the  first  two  terms 
in  equation  (III. 66).  In  this  case  function  H(p.)  will  be 
determined  in  the  following  way: 


where 


r_  _r-_ 

1 1 + F‘ 


(111.67) 
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F ~ - » J A PW9 A <2W» [<““'*  + -2(vshU.-\^U.)  x 
6 

x «-«-*' + ^-2,]^- -vt;j  w> + 


+ e' 


,2X.y>.-A) 


-2). 


In  determining  function  H(X.)  by  using  the  complex  ve- 
locity of  the  hydrofoil  motion  in  an  infinite  flow,  circu- 
lation P will  be  determined  from  the  formula 


r = r (l  — f). 


(III. 68) 


For  further  computations,  it  is  convenient  to  trans- 
form formulas.  By  taking  into  consideration  the  identity 


). 


(III. 68a) 


we  can  write 


P — Qcif  • 


eit 


2n 


« 

J 


\H( — v)  |*  e-2***  x 


1 — g m’v{th\h0+  1)  ^ + \H(\)\*[\  + 


» 


V (thA.A0  + 1)  Y 

*1 

('-{““-j 

1 

x 


X > (e  e >aK  +vp  2 (v/Iq  - ch»  Xofto)  ' 


(111.69) 


For  the  N.  Ye.  Zhukovskiy  hydrofoil 
QTi 


p = c«0r 


ore,  f 

2*  J 


[4(2x^)  + y?(2x/?)j 


-2^-H)  + e-m  + 


_l_  v (th  Xft  o -I-  1)  ^_2W,  + g-a<2h,-*)j 

X^l+ythU,j 


— tt,( 

y e v *) 
*21 1 


(III. 70) 


At  this  stage,  computations  with  the  aid  of  these 
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; . . * w ' **  **  " ' "2 


— — 


— 


formulas  do  not  present  any  difficulties. 

Introducing  functions  A^Cx)  and  B^Cx)  in  the  form 
of  expressions 


4im  (X)  — 


-Rjr*/. 


(2XR)Jm(2\R)dX, 


p . . C 2Xx  (th  Mp+  1)  Jn  (2iR)  J m (2M?)  ... 

anm  W = \ e / v v 

.-xn— JthXAoj 


(III. 71) 


we  obtain  s 
P = 


= ^°r“w[^i4o#[“/t  + (A  + T)25#]  + 

+ 4i|— A + ^A  + 2^°]  — i^00^  + ^ (A  + 1)A0] — 

*“  4il  — A + 2(A+1)A0H-4i(A+2AA0)  — Aoo  J A + 2 ^A  + yj  Ao]  — 

— An  | A + 2 ^A  + y ] h0  j + y — Bo«J^ — A + 2 ^ A + y j X 
X h0]  - Bul-A  + 2 (A  + 1)  Aj  + flool-A  + 2(A  + 2)^]  + 

+ Bji[ — A + 2(A  + 2)Ao  + B0o  (+  A + 2AAo)  + Bu  (A  + 2AA0)  — 

— B0o  A + 2 ^A  + y ) A0|  — Blt  ^A  + 2 ^A  + yj  A0|; 

OO 

f--2^{A,i[-A+(A+-i)-2-]-->4oi[-A  + (A+1)  i-j- 

— Aoi  ^A  4-  A yj  + 4>i  ^A  -|-  ^A  + yj  yj  + 2i40i  | ^A  + yjy  ] — 

CO 

- 24,  |<A  + 1)  yj-  -J  V (b0i  A + (A  + 1)  4]  - 

-Bo,  [ - A + (a  + y]  + B0l (A  + 2AA0)  - 
- B01  [a  + (a  +y)y  ]}-  2 Box  [ (*  + -ylf] ' + 2B°  [(*  + 0 4 


(III. 72) 


' i 
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•.  , • •*  *■  - ■ ' - ■ 


JT(o7o(A.0)  __  , -2x.y1.-S)  , e2X,(h,-5)v 
uA0  — ch*  \gh0 


(III. 73) 


Functions  A^x)  may  be  represented  by  the  expansions 
in  powers  of  the  parameter : 

xx  = V 4*»  + 1 —2x  = 

A — t2"4-1  ( 1)  2sl  (s  + n)l — (111.74) 

00  Zl  x 2j  s\s\s\s\(n-s)l22s+ 1 ’ 


^oi — 


t2n+2  V (-  1)‘ (2s +!)!(»  + n+l)l 
| si  si  (s+  1!)  (s  + 1)1  (n  + S)1  22*+2 


>1  _ Vt^V  (-1)^25+  1)1  (5  + n + 2)1  _ 

“ Zj  * Zj  si  (s  + 1)!  (s  + l)l(s  + 2)1  (n-s)!^ 


These  expansions  converge  rapidly  and  for  practical 
purposes  it  is  sufficient  to  use  a few  terms  only  (no  more 
than  three ) : 


^oo  ~ 2 T*  8 


128 


- 1®  + • • • • 


Aoi  = 4*  Tx  ToTi  + l6'^+--.. 

An  * “4  Tx  + -32  T*  + "256"  Tx  + ' ' * ' 

Functions  Bnm(x)  may  be  represented  in  the  form 

vS  . V (-  D* (m  + « + 25)1  f («  + m + k + s.r.1!, 
^ " / | /,|  (m  + s)!  (ri  + s)l (ft+m+s)l  (*— S)1  2','H"+ 

U=»0  MbO 


where 


w 


f (thua  + 1) 

\ M 111  iia 

) 


du; 


<■>» 


a « 2tx  (h0  + h).  — pr2x  ~ T • 

4 9 1 * 
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Let  us  examine  a motion  at  the  supercritical  velocity. 
Function  Fp  may  be  approximately  determined  by  approximat- 
ing th  ua  within  the  intervals  0 < Ou  < 1,5  th ua=  ua l-(ua)*  + 

2 3 
-jjr-(ua)‘  and  thua > 1.5  thua  = 1.  We  obtain! 

1.5 


£-£r(J3 5-)’+.fc.  + l)l- 

m»0 


— ae 


1.5  P+3 


m«=0 

m«*0 


+ 4^2<^L(Jf)"+^(„+4)1_ 

m*»0 


3 Zj  ml 

1,5  p± 4 


m— 0 


1*6 

1 , ” a 

“3aC 


ffu>0 

_r^j^Mil#r]  + 2{e-^[£.j,(P.r+ 


m-0 


m=0 


+^2fciHL(Tr+(^l 

m«0  m—0 


Up-  2)! 

/ 1,5 

j ml 

V* 
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l 

J 


+ 


+£<(~i ^)(^r2+--f  cm.  ?5) 


The  series  in  expression  (III. 75)  converge  rapidly 
and,  for  practical  purposes,  it  is  sufficient  to  retain 


8? 


?!  .! 


J 


two  terms  in  each  series: 


F — 2[/4ji  (hi)  A0i (h  -f-  2/ti)  — Aol  (h)  j4w  (2/i  + Ax)  4* 

4-  2Aol  (hi  4-  A]  — 2A0i  [2  (Ax  4-  A)]  4-  At  (3A,  4-  2A)  —A^  (3A4- 
4-4/ij) — i401(3A4*2Ai)4-An(4A4'3A1)]4-2>10i[3(hl4-A)] — 2401[4(A4-Ai)] — 

- y {Boi  (A  4-  2hi)  — Bn  (2A  4-  3AJ  4-  B0I  (A)  - B0i  (2A  4-  A,)  - 

. — 2B0i  (At  4-  A)  4-  2B01  [2  (hx  4-  A)]  4-  Boi  (3A  4-  4AX)  — 

— B„x  (4A  4"  5AJ  4"  B01  (3A  4~  2AX)  — Box  (4A  4"  3Ax)  — 

- 2B01  [3  (Ax  4-  A)J  4-  2B0  [4  (A  4-  Ax)]}.  (111.76) 


For  carrying  out  the  approximate  computations  we  may, 
for  functions  Aqi(x)  and  Bqi(x),  assume  the  following: 


40,  (*) 


*01  W 5=3  *o  + 


(in. 77) 


By  taking  into  account  only  two  terms  of  the  expres- 
sion for  a hydrofoil  section,  we  have,  in  the  first  approx 
imation,  with  Fr  oo,  the  followings 


F = 


2 


(t2  - t?), 


(III. 78) 


T = v 4A2  4-  1 — 2A,  t,  = y 4A?  4-  1 — 2Ai. 


To  illustrate  the  effect  of  shallow  water  on  the 
hydrofoil  lifting  force,  Figure  11  shows  curves  for  the 
relationships  y = f(hg»  h),  which  were  determined  from 

formulas  (III. 68)  and  (III. 76). 


With  Frh  <*>,  the  problem  of  the  hydrofoil  motion  in 
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t\  .a 


Fig.  11 

a fluid  of  finite  depth  may  be  solved  by  the  approximate 
method  discussed  in  Chapter  II.  With  Frh-*oo,  the  boundary 

condition  on  the  free  surface  is  simplified  and  is  in  the 
form 

9X  = 0 (III. 79) 

or  9 = const  when  y = 0. 

A function,  which  has  special  points  in  a band  0 > 

> y > -h  and  satisfies  boundary  conditions  (III. 79).  may 
be  easily  obtained  with  the  aid  of  specular  reflections. 

Let  us  illustrate  this  by  considering  vortex  moving  with 
a circulation  r and  located  at  a point  £q  = -ih* 

The  complex  potential  of  the  vortex  will  be  sought  in 
the  form 

W ® = I^T !n  ^ + ili)  + F (z)’ 

where  F(z)  is  a function,  analytical  within  the  band  0 > 

> y > -h. 

In  order  to  satisfy  boundary  condition  (III.l)  it  is 
necessary  to  place  a vortex  with  an  intensity  -P  at  a 
point  £ = -i(h0  + hj. ) and,  to  satisfy  the  condition  (III. 

79).  a vortex  with  an  intensity  T should  be  placed  at  a 
point  y = ih. 

In  order  to  satisfy  these  boundary  conditions  caused 
by  the  imaginary  vortexes  it  is  necessary  to  place,  at  the 


appropriate  points,  the  imaginary  vortexes  which  are  the 
specular  reflections  of  the  former  imaginary  vortexes. 

In  that  way  function  F(z)  may  be  determined  as  a charac- 
teristic function  of  an  infinite  chain  of  imaginary  vor- 
texes. By  determining  function  F(z)  in  this  way  we  obtain 

CP  CO 

F> [z)  = 2 In (z + ih  + ikt)  + w 5] f ln(z  ~ih~  M)  + 

is 

4-  In  [z  + i (A  + 2ftj)  + ikt]  — In  [z  — / (n  — 2AX)  — ikt]  — 

- In  [2  + i (3 A + 2AJ  + ikt]  — In  [z  — i(3A  + 2AJ  — ikt]— 

— In  [z  -f  i (3 h 4-  4A0  — ikt]  + In  [z  — i (3A  4-  Mi)  — ikt]} . 

Then,  the  complex  velocity  of  the  vortex  in  a fluid 
of  finite  depth  may  be  written  in  the  form 

V ® ~~  2n i (z  4-  in)  2ni  {(z  4-  ih  4-  i (k  4- 1)0  "*~ 


' (z  — ih  — ikt ) [z  4-  i (A  4 2hx)  4-  ikt]  [z  — i(h  + 2 Ax)  — ikt] 


1 z 4-  i (3 h 4-  2hi)  4-  ikt]  [z  — i (3 h 4-  2AJ  — ikt] 


[z  -f-  i (3 h -f-  4 Aj)  “f*  ikt] 


+ [z  — i(3A  + 4Ai)  — Ud\  }*  (HI-80) 


This  expression  may  be  written  in  a simplified  form  with 
the  aid  of  the  hyperbolic  functions,  using  the  following 
representation : 

cBl*--L+2«Y 

All 

rw-4{dh  JSfcta  + dh-Sfefffl.- 
— cth  + '(*  + Wi — cth  »[-— <(*  + ».)n.  (m.ai) 


mula 


The  force  of  the  flow  may  be  determined  from  the  for- 


.»  ■ r'-  .4 


90 


or 


P = qT  w0- 


4 h0  sin 


• i 1JL  J 

A,  / 


(III. 82) 


For  Fr^  -*  oo  the  expression  (111.82)  may  be  transformed 

into  the  form  of  (III. 21).  In  the  same  way,  we  obtain  for 
the  source 


2 n(z  + ih)  **"  2n 
1 

[Z  — lh  — ikt] 

1 


■* 


i 


■+ 


+ih+i(k+i)t] 
i 

[z+nh+2hj  + m 

i 


[2  — i (ft  -f-  2/i  i)  — ikt]  [z  -f-  ( (3/t  -f-  2hi)  -f-  ikt] 

1 1 
[z  — i (3  h + 2Aj)  — ikt]  [ z + i (3  h + 4hx)  + ikt] 

1 


[z  — i(4h  + 4AJ  — t'i 


— ikt]  ' 


(111.83) 


Determining  the  complex  velocity  by  the  first  approx- 
imation we  obtain 


(E)aL_ 

ikt 


o .(C)  *6 


_ r _ (• « 

J z — c + i (2A  + 2A1  + &)  J 


l (2h  + 2Ai  + kt) 
Ooo  (C)  dC 


r v~&) 

i(2h  + 2hx  + kt)  J z — l — i(2h  + 2hl+kt) 
v~(l)dZ 


(2 h 2 h\  -f-  kt) 


xf « 

1 J 2-if-M 


(4/i  -j-  4/ii  -|-  kt) 


+ 


r cu(Orfc  _ ' 

J (2  — *{  — i(k  -|* 1)  V™ J 1 


(III. 84) 


from  which,  using  formula  (11.69),  we  obtain  for  the  lift-  [106 
ing  force  [103] 


P = C«or»  — e~^  ^)  + 

o *- o 


+ 


oo 

is 0 


r(‘+r)a 


— g— 


)h 


(111.85) 
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Let  us  examine  the  motion  of  a cylinder  with  radius 
R and  circulation  P along  the  contour.  Function  H ( X ) will 
be  determined  from  formula  (11.66). 

From  formula  (III. 85)  we  obtain  after  transformations 
d _ r tf* qvqR'T  2 h\_ 


4A,  sm  -r- 


4A0sm-^-  1 ' y 

_t(*  * )_{[*  (t  x 

X [^3.  -^-j  + ^3,  i£.)-s(3,  + j-;(3.  -y— )]•  (III. 86) 

oo 

where  C (z.  g)  - ^ - zeta-Rieman  function  [23].  Below 

n—0 

are  the  final  results  for  several  hydrofoil  shapes. 


Thin  plate i 


Y F/i  , . • . cos  a . 

-r-  = ~sL  =1  — 4nsma„^1 *- A* 

*0  go  ^ 

, i F fa  j-Ji)-  + . 

]/2(2?i0  + kt)*  + \ \ ° 2 ) VT(—  2h9+‘kt)*  + 1 

^vwhwFM+mw^F‘{i)+ 


(111.87) 


(III. 88) 


co 

■£[- 


4 ft  + 2kt 

V%V  l +(2h  + ki) 


K-f.(I  + T-)  + 


t 4ft0  + 2Atf  e L — 4/tff  + 2kt 

V'2V  1 + 2(2A0+&)*  \ ° ”2”/  /2K  1 4-2f— 21L4-U)* 


— 4/tq  + 2kt 

V2V  1 +2(— 2Ao+A/)* 


x + 4)  +^tx 


Ki  -f2(— 2A  + &)1 


(111.89) 


are 


In  "the  first  approximation , Aj_  and  A2  are  determined 
from  the  following  formulas  t 


4‘=^lvWTr^>  + VWTTF‘<sj: 

V-Lfii  - 1 : r ,r\  4 h Fr(h)  1 

W*  ^W+r10  v^'VWTiy 


(III. 90) 


is  no"t  difficult  to  note  that  when  determining  the 
?®Jative  circulation  using  formula  (III. 68),  formulas 
(III. 68)  and  (III. 87)  yield  similar  results. 


Thin  hydrofoil  section; 


COS  CL 


4n  sin  (a0  4-  aj  — 

5 cos  Qq  2C0S2O,,  *’ 


(III. 91) 


N.  Ye.  Zhukovskiy's  hydrofoil t 

Y - i^-4"sin(q  + a.)  (l+H)*  . i . 

^ cosa,,  Al  ~~cosT2a^  "*  fa,'  4-  a,)  * (HI- 92) 


2 ( (8/j2  4-  1)3/2  ^ "**  "/oia  , . *3/2  (*.)  *•* 


(8Ss  + iy 


+ i [ 12  (2/t  + ktf  + If/J  (ff +~?)+ 
+ ‘ d-#0fl  tf\ 

[2 (2a0 +«)»+  if  v°  ■ t;~ 

(”*«+  -r)  + 


[2(-2/tn  + A/>  + l]3/2 


+ 


(1  -K)t> 


[2(-2h  + hi)*  + ll3/2 
Approximately 


■^(-A  + ~]}.  (III.  93) 


\V2  [ (8ft2  + 1) 


-2—T&T- F» W + jjr+  fj3;2  Ft (Ai)  . (HI.  94) 


. Using  the  expansions  in  powers  of  parameter  T,  we  ob- 
tain in  the  first  approximation 

yH  = 1 - sin  (a0  + aA)  (t  + 1,)  - — - (x2  - xf)  - 
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f 

-4-  -[/Ct»-Kl.-K)x»].  (III. 95) 

°0  + °* 

where  t,  = V 4ft?  + l — 2A,. 

In  formulas  Fx(x)  = F (x:r:1:la^TOr)  and 
:-|;2:  (8xa +'!)»')  are  the  hypergeometric  functions. 


CHAPTER  IV.  INTERACTION  OF  HYDROFOIIS 
IN  A PLANE- PARALLEL  FLOW 
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The  problem  concerning  the  interaction  of  hydrofoils 
is  of  interest,  first  of  all,  from  the  point  of  view  of 
wave  drag,  since  with  the  improper  arrangement  of  hydro- 
foils in  the  system,  the  system  wave  drag  may  become  greater 
than  the  total  wave  drag  of  individual  hydrofoils  in  the 
system,  while  with  a proper  arrangement  it  may  be  consider- 
ably lower.  At  certain  distances  between  hydrofoils  pul- 
ling forces  acting  on  individual  hydrofoils  may  be  produced, 
and,  as  a result,  the  total  wave  drag  will  be  minimum.  In 
addition,  simultaneously  with  the  change  in  wave  drag,  the 
lifting  force  of  the  system  also  changes  considerably.  An 
approximate  solution  of  the  problem  concerning  the  inter- 
action of  two  thin  hydrofoils  of  infinite  span  is  given  by 
W.  H.  Isay  [19*0* 

In  this  chapter  the  general  problem  of  the  steady  mo- 
tion of  a system  of  hydrofoils  with  an  infinite  span  and 
arbitrary  profile  is  examined. 

4.1.  Lifting  Force  and  Wave  Drag  of  a Hydrofoil  System 
in  a Fluid  of  Infinite  Depth 

Let  us  examine  the  steady-velocity  motion  (v0)  of  a 

system  consisting  of  n hydrofoils  submerged  under  a free 
surface.  Let  us  denote  the  distance  between  the  conformal 
center  of  gravity  of  a hydrofoil  and  the  non-disturbed 
free  surface  by  h-j  and  the  distance  between  the  conformal 

centers  of  gravity  of  the  i-th  and  j-th  hydrofoils  by  Ljj. 

For  determining  the  characteristic  function  and  com- 
plex velocity  of  the  flow  we  will  use  boundary  conditions 
(1.1)  and  (2)  and  the  condition  describing  absence  of  dis- 
turbances in  front  of  the  system  (33 ) • 

Let  us  take  a point  z in  the  lower  half-plane  and 
draw  two  contours  and  C2 ^ in  such  a way  that  point  z 

would  be  located  outside  of  contour  and  inside  contour  [110 

C2j_*  Contour  C2^  may  be  changed  into  a contour  which 

would  fully  envelop  the  lower  half -plane  that  does  not 
contain  any  other  contours  for  other  hydrofoils  in  the 
system.  Then,  for  the  complex  velocity  of  the  flow  we  as- 
sume the  following  expressions 

v ( z ) = v^z)  + V2(z), 
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r 


where  v..(z)  - the  analytical  function  outside  the  Cj.  con- 
tour; 1 

V2(z)  - the  analytical  function  within  the  C2;  con- 
tour. 

Introducing  functions  vjj(z),  which  are  analytical 
outside  contours  Cij,  Cij,  and  v2j(z),  which  are  analyti- 
cal in  the  lower  half-plane,  one  may  write  the  expression 
for  the  complex  velocity  in  the  form 

»(*)  = uu(z)  + Vu(z)  + . . • + ^(z)  + ptl(z)  +»»(*)  + ...  + Vln{z).  (IV.  1 ) 

From  the  expression  for  the  complex  velocity  of  the 
vortex  source  under  the  free  surface,  which  satisfies 
boundary  condition  ( 1 . 1 ) , we  will  obtain  the  following 


* 

(IV.2) 

C/ 

°°  T 

j^i  J J-  + v dX  dg.  1 

(IV. 3) 

Let  us  write  function  Hji(X)  as  follows 

Hn  (X)  = e*'Wi  f e-ix*v  (2)  dz, 

(IV. 4) 

where  £</  = — ihi. 


ci 


Then,  after  computations  with  the  aid  of  (IV.2),  (IV. 3) 
and  (IV.4),  we  obtain 


X + v 


(P_A  - Q»or/  - -fe  y \ It „ W¥)  T=~  * + 


7—0 


+ X J w ^ Hll  <VWV)' 

from  which,  by  separating  the  real  and  imaginary  parts, 
it  is  easy  to  obtain  the  expression  for  the  lifting  force 
magnitude  and  wave  drag  of  the  hydrofoil; 


r - 


n 00 

w.r,  - W ( y f ‘K  w Hn  « + «»  « Ml £=7 * 

<2 1 S' 
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n *09  Slgmhj—hfl 


+ ^ j W'„  (X)  H'/t  (-  X)  - H],  (X)  //,;  (-  X)]  dx  j - 

n 

-vcV  [//;  (v)  //;,  (v)  - w;,  (v)  h;,  (v)], 

w 

n 

<2,  - V vq  [H],  (v)  H'/t  (v)  + //*  (v)  //J,  (v)J  - 

ffT 

co 

- s-  (2  f i»i « w - « »■„  «i-j£ 


(IV. 5) 


dX  + 

i — v 


n oo  Sign 

+ £'j  iff;,  w ^ (-  *) + (X)  //*  (-  x)i  dxj, 


(IV. 6) 


where  Hji  and  Hj'i  are  real  and  imaginary  parts  of  the 
Hij(X)  function  and  the  sign  ' at  the  £ symbol  indicates 
that  the  summation  contains  no  i = j terms. 

From  formulas  (IV. 5)  and  (IV. 6)  it  is  easy  to  obtain 
the  formulas  for  P and  Q for  an  isolated  hydrofoil  moving 
under  a free  surface. 

The  profile  of  the  waves  formed  during  the  motion  of 
a hydrofoil  system  we  determine  from  formula  (1.20)  j 

t|  = y ReoU). 

Let  us  examine  the  shape  of  waves  far  ahead  and  far 
behind  the  moving  system. 

From  formula  (IV. 2)  it  follows: 

n n 

lim  VJ  Vu  (X)  = 0,  lim  V w (x)  = 0. 


!**■ 


i-i 


lim  V Vu  W = - 2i\  V ;/.Av)  e-**-1'* 


i.*i 


/-i 

Then,  for  the  shape  of  the  free  surface 

-Mx-Lio)\ 
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1”*.  ! 


or 


(IV. 7) 


n 

= ^ [//;,  (v)  sin  v(x— L(0)  + H'u  (v)  cos  v (x  — Z./0)]. 


Condition  T)  = 0 determines  a system  during  the  motion 
of  which  the  free  surface  remains  horizontal  at  infinity 
ahead  and  behind  the  system.  The  total  wave  drag  of  this 
system  is  equal  to  zero  and  such  a system  is  the  most  ad- 
vantageous system. 

The  particular  optimum  of  a system  with  the  change  of 
a number  of  parameters  will  be  determined  by  the  condition 


where  A - amplitude  of  the  waves  formed; 
x ^ - i-th  variable  parameter. 

As  an  example  of  the  application  of  formulas  (IV. 5) 
and  (IV. 6)  let  us  examine  the  problem  of  motion  of  two  cyl- 
inders with  radii  Ri  and  R2»  the  depths  of  submergence  hi 

and  h£.  and  circulations  Ti  and  T2- 

Using  the  complex  velocity  of  the  cylinder  motion  in 
an  infinite  flow  determined  by  formula  (IV. 4)  we  obtain 

(K)  = e-^(r,+2nv^Rf)-, 

Hu  (*-)  = (r2  + 2nvaWtY< 

//12(i)  = e-w1+iL,(ri+2nt,0X^); 

H2l  (*)  = (r2  + 2nv^Rf).  ( IV . 9 ) 

Let  us  examine  a case  when  hi  < h£.  Then,  formulas 
(8)  and  (9)  will  acquire  the  form 
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eo 

Q,  - vC  [fPn  (v)  + Hn  (v)  H'n  (v)  ] — £ f Hu  (X)  H’^ky^-  dk  + 

+-^- //;,(- x)dx. 

eo 

^ = e»0r2  --^{J  W +*.  (X)  //;2  (X)j  dx  - 

eo 

- j //a  (X)  h\2  (-  X)  dx  j - vC//a  (v)//;2  (v). 

oo 

Q2  = VQ [ff2,  (V)  + Ha  (V)  //•,  (V)] - ■£  J tf  a W <*>  x~  dk  + 

oo 

+ ^rJ^22(X)w;2(-x)dx. 


(— X)dX. 


After  performing  calculations  we  obtains 

„ n ®W<P  *;  QMr^  + WL*-^ 

~1  'leo  A 1*2  l f 2\  » /f2  l A 1.2X2 


*(4A2  +L2) 


(I2  + 4A|p)= 


, 4nQ^R2(6^L2-8A3p)  er,r2a  , 

+ (L2  + 4/^)3  2it  (a2  + L2)  + 

CV0(r,/?*  — r2/?f)(L2— a2)  4net#?2R2(3aZ.2_a’)  , 

+ (I»  + a*)*  + (L>  + a*)3  + 

' + vc  e-^ir.r,  + v paTfigR*  + 2nI>2R2)  + 

+ 4n2v2o2R2/?2]  Re  (Cib  — t Sib)  e~lvL  — 

^Apiri^  + r2/?2  + 2^0vR2/?2l  , AnvlR'RVL-ilfy  ) 

4(^  + tf)  + (4 hi9  + Ly  J' 

„ .«  , ®W  , ^ApMr^  + iy?2) 

v,  — V|oo  1*  2rt(4/j2p  l2)  ' (L2  ■+■  4/i|p)2 

4J^2R2(L3-12A2pL)  eW 
(L2  + 4A2p)3  2n(a2+L2) 

2ac«o  (r2R2  — T,/?2)  4.^2R2R2  (L3  - 3a2L)  , 

(L2  + a2)2  (A2  4-  a2)3  + 


+ + 2jivt^(r,^  + iy?p  + 4«v^?*/?*jx 

2vJL  [r,/?2  + iy?2  + 2mv0R2R2) 
4/£+^ 


X Im  (Cib  + Sib)  e~NL- 


■ + 


16  1 
+ (4A£  + L2)2  )’ 


„ „ . or.r^  , Qv0(r,Ri  + r2R*HL*-4hiv) 

P*~  *-  n(4/i2p  + L2)  + (LJ  + 4/t2p)2 

4nQ0^2(6A?pL-8A2cp)  , Qr,I> 

+ (L2  + 4A]/  + n(a2  + L2) 


qdq  (r2/?2  - r,i?p  (JL2  - a2)  litQvffiRl  (3 al-a3) 
(L»  + a8)2  • (Z-1  + a2)3 


+ vC  |e_2vhcp  tr,r2  + 2™0  (r,/?2  + iy?2)  + 4nv2^2*2]  x 

X 2 sin  vL  + J Re  (Cib  - i Sib)  e^J- 

i(r,/?|  + iy?2)  + 2«w^2]  4t»(/tcp  , 

(4  hl,  + L*)  + 

4to2/?2S2(L2-4A£))  \ 

+ (4A20  + L2)2  J* 

Qr,ry  ^^(r.^  + r^2) 

. ~ 2n  (4A^  + L2)  (L2  + 4A2p)2 

4.t^^2(p-i2a2pl)  _ cr,r2L  2aCa0(iy?2-r,/?2)  i 

~~ (i-r-r  4Af/  + 2jx  (a2  + L*)  + (a2  + i=)2 


+ 4"g^h  aV  ~~  + V0  {e-2V*CPIrir2+2nwo(/?ir2  + W+ 
+ 4«v2u2/?2/?2!  £ 2 cos  vL  - 1 Im  (Cib  - i Sib)  <*"•  J— 

2*y  [(r,*2  + r2/?f)i  + 2*vty??/?2i  i 6^0r2rilacp 

(4A2p  + L2)  (4A2p  + A2)2 


(IV. 15) 


(IV. 16) 


(IV. 17) 


where  Cib  and  Sib  are  the  integral  cosine  and  sine*  b = L 
+ i2hcp?  a = h^  - h£. 


As  seen  from  the  formulas  obtained,  an  additional  cyl- 
inder in  the  flow  causes  changes  in  the  lifting  force  and 
drag.  It  is  easy  to  note  that  at  long  distances  between 
the  cylinders,  forces  acting  on  the  front  cylinder  will 
differ  little  from  those  acting  on  the  isolated  cylinder, 
while  those  acting  on  the  rear  cylinder  will  depend  con- 
siderably on  the  value  of  vL. 

For  the  total  wave  drag  of  the  system 

IQ  = Qi«  + + 2vCc_2v','p[r1r2  + 2*Wo(iy?s  + r2/?f)  + 

+ 4nv2uj’/?^?|]  cos  vL.  ( IV  . 1 8 ) 

From  formula  (IV.18)  it  is  easy  to  obtain  the  values 
of  practical  and  impractical  distances  between  the  cylin- 
ders. 

With  vL  = 2rr  and  4rr  the  wave  drag  will  be  maximum. 

With  \L  = ~ and  n,  £ Q = Ql08  + Q** 
and  with  vL  = n and  3n,£Q<Ql08  + Q2oo. 

For  cylinders  with  equal  radii  and  circulations  for- 
mula (IV.18)  will  acquire  the  form 

£Q  = 2Q„(1  +cosvL). 

From  this  formula  it  follows  that  with  vL  = 2ir  and  4rr , 

= ^Qoo»  and  with  vL  = tt  and  3tt>  = 0. 

The  Tj  values  in  formulas  (IV. 5)  and  (IV. 6)  depend  on 

the  submergence  and  position  of  the  hydrofoil  in  the  sys- 
tem. These  values  are  determined  from  the  condition  of 
finiteness  of  the  flow  velocity  at  the  trailing  edge. 

Let  us  present  an  expression  for  the  complex  velocity 
v(z)  which  satisfies  the  condition  of  the  hydrofoil's  con- 
tour. 


Let  us  map  conformally  the  shape  of  the  contour  T-j  on 

the  circle  with  radius  R in  such  a way  that  the  infinitely 
distant  point  in  plane  z would  change  into  an  infinitely 

'Vice' 

distant  point  in  plane  u and  that  ; ^ =1. 


\ 
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Boundary  condition  (2)  may  be  written  in  the  form 

Im  ^ ou(2)  + vu  (z)j  - t/0J  dz  = 0 ( IV.  19  ) 


or 


Ret,^0==“Re 


dz 

do°' 


_ M i- 1 

From  formula  of  Schwarz,  which  determines  the  analyt- 
ical function  outside  the  circle  by  means  of  its  real  part 
on  the  circle,  we  obtain  the  following  expression: 


\(=l  /=!  > 


“ + °d-l  + C!, 


|u  — 0 a 

which  after  transformations  can  be  written  in  the  form 


. .dz  « \ 2=1 


2'MZ)  + 2 »«(*)— °o 

dz  + 


o — u 
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& \ <=i 

+ 2niu 


S'ou(z)  + I v2t(z)-v 0 


i=l 


0--^ 

a 


dz  + C[. 


(IV. 20) 


Functions  V2f(z)  may  be  expressed  through  functions 
HijOOl 

6 

Introducing  functions  Gj(X.»  u)  we  obtain: 


•J 


■+■  tvG/  (v,  «)  hri/(Y)  I 


It  *' 


( IV . 21 ) 


( IV . 22  ) 


[117 


102 


.i 


(IV. 23) 


-tvG^v.^j  H 1/  (v); 

oo  Sign  (Ay— A/) 

^ ^ j (-*> G/  <*-•  «) 


0 

oo  Sign  (Ay— A/) 


(IV.  24) 

(IV. 25) 


Then,  taking  into  account  expressions  ( IV . 22 )- ( IV . 25 ) , we 
obtain  from  (IV. 20) 


, , du 
v‘<(z)  = dz 


85x« 


-tV+*o^  + -£-  + 


+ 


^ J \Hu  (i)  G/  (X,  u)  + H (A-)  G/  •=•  j j ^ 


4«2t 

„ oo  Sign  tfly — hi) 


+ 


+ 


f H‘l  (- *)  °/  (*•  “>  + A</  ( - *>  °i  (*•  f ) & + 


i=l 


+ 


si  2 [0/  (v>  u)  w,/  (v)"~  5 G/  ( v>  f ) Hi>  (v)  ] 

/-I  L 


(IV. 26) 


This  is  the  principal  expression  used  in  determining 
the  velocity  circulation  along  the  contour  of  the  j-th 
hydrofoil  and  will  be  used  for  these  purposes  below. 

4.2.  Motion  of  Two  Hydrofoils  Under  the  Free  Surface  of 
a Fluid 


From  the  general  formulas  for  forces  acting  on  hydro- 
foils we  obtains 


pi-QcJCi-£i 

o 

OO 

f [H-u(>.)V2l  (K)  + H-u<totru 

0 

oo  Sign  (A^— A*) 

r j*  wn  (-  *)  h\ , (i)  -//;,(-  k)  trn  (i)i  d\  + 
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(IV.  27) 


+ vq  [H’n  (v)  //' , (v)  - //;,  (v)  h;{  (v)]t. 

Q,  = VQ  [//',  (v)  //;,  (v)  + HTn  (v)  //;,  (v)+|//„  (v)  Is]  + 

CO  - 

+ ^ j*  w2l  w //;,  w - w (M  wi  ^ & - 

ign  (h 

I 


» Sign  (hj — hi) 

p . f [//'„"(>.)  (—X)  -t-  (X)  //'2l  (— X)1  dX. 

ZJX 

0 


(IV. 28) 


P2  — QVgl'i 


-if1* 


M 


■>*■  + v 
X— V 


dX  — 


JVa  w ^ w + «■»  <*->  ^ (- mi 


os  Sign  (/i» — /»») 


w wi(u  v** — it I/ 

- £ j“  [tf't2  (-  *)  " a W - (-  *)  ^22  Wl  & + 

0 

+ VQ  [tf ;2  (v)  H\2  (v)  - tfa  (V)  H'n  (V)], 

Q2  = VQ  [//;2  (V)  H'n  (v)  + H"u  (V)  (v)  + | Hx  (v)  |*  + 

,X  + V 


(IV. 29) 


ZIt 


[W'12  (X)  H'n  (X)  - //;2  (X)  Ajj  (X)1  x— 


• dX  — 


Q 


co  Sign  {hr— ht) 


u 

j4  iw;2  (-  x)  trn  (X)  + h\2  (-  x)  w;2  (X)i  dx. 


(iv. 30) 


where  Pi  - lifting  force  on  the  i-th  hydrofoil; 
Qi  - wave  drag  on  the  i-th  hydrofoil; 

8. 
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V = 


< 


vq  - velocity  of  the  hydrofoil. 

Function  Hij  should  be  determined  from  the  formula 

Hu  (X)  = e‘K‘i  J e"iW(2)  v (z)  dz,  ( IV . 3 1 ) 

c 

where  f(z)  is  the  transforming  function. 

Let  us  examine  hydrofoils  obtained  with  the  aid  of 
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£«*■>«*  m.  ■ * ■ * ’< 

^ - - 


the  transforming  function  by  N.  Ye.  Zhukovskiy: 


/«-*  + ?• 

Let  us  determine  function  Hij(X)  in  the  first  approx- 
imation using  the  complex  velocity  of  motion  of  the  i-th 
hydrofoil  in  an  infinite  fluid. 

n W = c_W,,rloo  [/,  (2 kRJ  - ij,  (2XRJ) 

H 22  (X)  = [J0  (2kR2)  - <v,  (2  \R2)\ 

//„  (X)  =«-X(A*-'L)rtt  [/0  (2X^?j)  _ jV,  (2X/?a)]  ’ ( IV . 3 2 ) 

tfu  (M  = e_w“+a,rlA  I/0  (2  X/?J  -lA  (2X^)1 
where  J0(x),  Jj_(x)  - Bessel  functions; 

Pih  - circulation  at  the  i-th  hydrofoil 
moving  under  the  free  surface. 

From  formulas  ( IV. 27 )- ( IV. 32 ) we  obtain: 

P\  = Ot,oI'i — | {^00  (Pi)  + Ai  (Pi)  — 2v/?j  [B00  (/?J  -f  Bu  (Ri)\) — 

— 2 nR^  ^01 — ^10  — ^vRx (P oo 4'  F oi  — FiC4-  F u)-f- 


+ 2vji/?i  (Lio  + Vu  — V00  — £-oi)  + Doo  (fl)  + G*i  (a)  — 

— Gio(a)  + 0n&)]. 

Fs  = qv0T2  - g fjAw(Ri)  + Aa  {RJ  - 2 v/?,  (**)  + Dn  (Rj  1 } - 

r»r  I\ 

2nR[  ^00  ^ol  ^i°  4-  £\i  2 vJ?i  (K:v  r Fot  — F,0  + f u)  + 

+ 2 vxRl  ( — 1J0  — Na  — <Vl0  Tj-  £.u)  +■  »^,Ki( — »»)  — Gio  — 

— (—  a)  + G0l  (—  a)  + Du  (c)l, 

Qi=  Q,»  + 9%|f  - 1—  D10  - Gu  - Goo+  D01+  2vn*J(L00+  JV0I  - 

Vio  + An)  + G0o  (a)  — Dn  (a)  + D10  (a)  + Gu  (a)]+ 

+ 2v/?,  (F10  -f  Fu  + Fio  — F oi)]. 

Q2  = Qjoo  + -2^r  + Cu  + °oo  - A>,  - 2v/?!  (F10  + Pu  + 

+ F00  — F0i)  + 2vn^?!  (loo  + (V0i  — Wl0  + Ai)  — 

Goo  ( fl)  4"  £>oi  — £»io  ( — fl)  — Gu  ( — a). 


(IV. 33) 


(IV. 34) 


where 


L 


6 

(IV.  37) 

i 

{Ri)  - j e-^>-W/y^2v  (1  — X) 

(IV. 38) 

A/  = *ij  (2i/?i)  7/  (2A/?*)  di; 

(IV. 39) 

. G,-/  = /?!  J e-2Acpx/<(2W?1)  sin  A.  idX; 

0 

(IV.40) 

1 

F,v  = | g-M'-Wcp/^v  (1-X)  /?jy/[2v  (1— X)/y  cos  v(l-JL)L^; 

— OO 

(IV. 4l ) 

Pu  = j*  py,  [2v(l  — X)  Ri]  J,  (2v  ( 1 — A.)  /?J  X 

x.sinv(l-X)L^;  (IV.  42) 

Nnm  = Jn  (2W?j)  Jn  (2\/?j)  sin  vL;  (IV.  43) 

4nm  = •/„  (2 v/?t)  ym  (2v^,)  cos  v4; 


, _ ftt  + Aa 

«cp 2 • 


Functions  Dij(a)  Dij(-a)  and  Gij(a)  Gij(-a)  will  be 

also  determined  from  formulas  (IV. 39)  and  (IV.40),  in  which 
2hCp  should  be  replaced  by  ±a  = h^  - h2  and  the  infinite 

limit  multiplied  by  Sign(hj  - hf ) . 

Let  us  show  that  functions  Fj_j  and  Pjj  may  be  repre- 
sented in  the  form 

Fu  - NiP  + Re  fi/  (v>  2Acp  — iL)< 

— V+^/(v’2*»-‘L>  <IT-44> 

and  that  function  ft/ (v,  2Acp  — iL)  -*■  0 when  ±4-*-  oo. 

Let  us  examine  the  integral 

•i  „ 

J=  f e-v<  i-X)r2ftcp-/i.J  y0  [2 v ( 1 — X)  /?x]  y0  [2 v ( 1 — X)  /?al  - 


We  obtain 


ReJ  = F oQ.  Im  J — Poo • 


Let  us  represent  the  product  of  the  Bessel  functions 
in  the  form  [25] 

AW/.w-££.Ma.w(»)‘(y. 

f-0  p-0 

Then 


,_w  (- f [v(i-x)f(,+w 

LL  n(s)fl(s)n(p)«(p)  J X 


■0  p»0 


j <s-v(i-*)(acp-<w[v(1 


MOha-U.) 

g-vCU^-lL)  ^ fy  _ iL)_  U]-X'+*  ^ 


We  have 


(2/icp  — iL)2(*+p, 

= Wp>  1*  (2^,  - &)]  X (2h^  - iL)~2^t+0> 


Hx)  =xfm-i  (*)  — («  — >)!  l 

V0iep-<i.) 


fn(x)=X*er*  J ^du  — x”-'—  Ux”-2  — 

— » 

— 21  a-"-3 — . . . — (m  — 1)1 

j da  = Ci  [—  v (1+ i'2/icp)]+ j Si  [— v (1 + i2/t*p)] « 
= Ci  [v  (1  + 12/icp)]  — i Si  [v  (1+  i2h^)\  — in 


(IV. 45) 


-vdOcp-iL) 


Then 


2j2l  n(5)n(s)rt(p)Ji(/i)  [ p 


s*0  p»0 

— i Si  [v  (L  + i2Acp)]— in 


1 


1 


v (2/tcp  — iL)  [v  (2/tcp  — ill* 

[2(s+0)-l)l  1 (IV. 46) 


[v (2/icp_il)]2<*+p)  J* 


from  which  we  obtain 
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IBi 
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r 


+ 2v/?x  [Re  fl0  (v,  2Acp  — tX)  + Im  fn  (v,  2/t^  — iL)  4- 
+ Im  foo  (v,  2/jcp  — iZ.)  — Re/01  (v,  2AcP  — iL)  + (a)  — 

— A>i  (a)  + °io  (a)  + Gu  (a)J);  ( IV . 51  ) 

= Q*.  + Pio  + Gu  + Goo  — Dai  — 

2vRl  [Re/10  (v,  2Acp  — iL)  4*  Im  fn  (v,  2/i^p  — iL)  4* 

+ Im  f oo (v,  2hcp  — iL)  — Re/oi (v,  2Aep  — iX)  4-  4jtv/?x ((i##  4*  A'oi  4* 

+ — MlQ) — G( — a)+D0l( — a) — Z?l0( — a) — Gu( — a)J).  ( IV . 52 ) 

Let  us  determine  the  values  of  circulation  and 
at  the  front  and  rear  hydrofoils. 

From  expression  (IT. 26)  we  obtain 


vu(z) 


| Hu  (1)  0,(k  I)  ] + £ [o,  <v„  u)  Ha  (v)  - 

— oo 

- 0' (' »•  f)  m]  + 5HT j [»•' W' 0.' <*•  “>  + 

* 0 

+0H«wa,(i.f)]r=->+  • 


da 
’ dz 


..  n*  i »r 

-°*+0+  1 & j {X) G‘ (k'“)  + 


» Sign  (A|— ft*) 


— — 2 2 V ■ 

4 j |tfu(-*)G1(X,  u)  + ^/M^G^.SjjdX 


a [c*  (v.  a).//u  (V)  - jf  £ ) tfn  (V) 


/ i du 
»u(2)“^ 


— »o  4* 


VoRj 


u * 


WGl(X.u)4-^//„(X)G1 


^ 1/  twn  (\  $\H  + V 


•(4)113 


+ 


a[  c*(v*  u>  "**  m - §G*  (v)  ^ M 


[124 


(IV. 53) 
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L 


HBH  MHMBI  Hifti 


r 


* 


4n2i 

m sign  C/i»— A») 


4 n*i 


Jjr  J jffu(X)G,(X. «)  + (x’]f)]A  + 

n Wi»— *»)  nJ  / oj\  1 

J . v l.  1 

^[<?,(v,«)3a(v)-0C,(v|)«„(v,]J. 


(IV.  51+) 


Functions  0l(X. «).o(x.f)  ^ determined  from  formulas 
(11.35)  and  (II.36).  Then,  from  (IV. 5^)  we  obtain 


»11 


5i  J—  J*  + 5 ( J H*  W A (2XKJ  *£>  + 

jo  00  sign  <*1— A,) 

+ f /MX)  /.(2W?0^A+  f ff*(-MAx 

oJ  0 

x (2X/?i)  e-***dX  — 2niyer**J , (2v/?x)  (// u (v)  + ffn  (v)) 

OO 

+ j ffu  (X)  /,  (2Xy?J  *"“•  ^ dk  + 

0 

00  Sign  (hi— hi) 

+ J //„  (—  X)  /o  (2X/?J  e-w-dX)  + 2vme~vh'J  0 (2v/?t)  X 

\ i 

r 


x(//u(v)  + Wu(v) 

> Sign  (hi — hi) 


2iuu 


4ns£ 


f B(X,«)/fu(-X)  + jB(x.-=jx 


x Hat  (~~  X)  dX  + j B (X,  u)^  //. 


B (X,  u)/  //a  (X)  4-  flu  (X))  + 
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+ *■-%  hfcf)  <«» « + "u  «)lt=>  + 

u 

+2^jt/7sl  (v)+Wu(v)IB1(v,u)-J[//11  (v)  + Hll(v)Bl  ( v^)]“  Jj:  ( IV.  55 ) 


^ = £ {-  U + fi(f- *■  *■“**■=> + 

oo  00  sign  (A*— < /»ij 

+ f J/tt  (*)  /«  (2W?J  e“M*  d\+  f Hu  (-  X)  /„  X 

' * 1 

X (2X#i)  e-w,dX  ^ — 2 ni\e-U"J0  (2kRJ  {Hn  (v)  + Hlt  (v))  4- 


+ § Zo+&(Jfi@Jo (2\R2)e-M‘^d\  + 

oa  oo  Sign'  (fla—hi) 

+ jlfc(Vdo(2  X/?a)e"w‘*^^dX+  J //U(-X)/0X 

x(2X/?Je-^«dXN\+2m-ve-'Mfl(2X/?J)(Wa(v)  + 7/u(v))  + • + 


> Sign  (A* — /I*) 


4-  I^JT-  I*  J B,  (X,  u)  H u(-X)+ 

_ °° 

+ * B,  ^ X>  g)  Ha  (-  X)  j dX  + j B,  (X.«)  (/7U  (X)  + 

+ iTOi  + £r  ^ B*  ( *.§) [//”  (X)  + Hil  (X)1  ^"v dX  + 


dX4-.f  B,  (X,u)[//u(X)  4- 


4-  g (//n  (v)4-//u(v)l  B, (v,  u)- g [ff«  (v)  4- 


(IV.  56) 


Assuming  "that  conditions  of  the  Zhukovskiy- Chaplygin 


J 


postulate  are  satisfied  at  points  = -R^  and  U2  = -R2. 
from  expressions  (IV. 55)  and  (IV. 56)  we  obtain  a system 
of  equations  for  determining  Ti  and  T 2 : 

r 08 

I\  = 4nJ?1  Im  v0  + ± ^Hu  (\)Je(2XRje-^l±^d\  + 

Lo 

00  00  Sign  (*,—*«) 

+ [Hu(\)JoWRJ<r-»'^^ydk+  f Hu  (-X)y0x 

0 ® 

x (2Xflj)  e-^dLX  — 2niye-?h»LJ 0 (2 vi?x)  (//u  (v)  + //u  (v))  l , ( IV . 57  ) 


r,  = 4n/?,  Im 


OO 
. 0 


» sign  (hj— /it) 


+ j//ilW-/o(2X/?a)e-"‘*^3^dA+  J 77ia(-X)./0x 

0 0 

X (2XJ?j)  e-^'d'k  — 2iu\er-vh'J  „ (2X/?,)  (//» (v)  + # u (v))  • 

Let  us  write  a system  of  functional  equations  for  de- 
termining functions  Hij(X).  According  to  (IV.31) 

//„(*)  = e,u*/  Hu  (X). 

Then,  in  the  usual  way,  from  expressions  (IV. 55)  and  (IV. 56) 
we  obtain: 


11 0»)  = rl  {/,  (2(i^)  - i/x  + 

100  Sign  (III— Aj 

j (-  X)  w«,  (X,  (i)  + //a  (-  X)  e-lkL»Nu  x 

09 

x (X,  fi)]  dX+  J (V01  (X,  |X)  [e'M-.>7?a  (X)  + 77u  (X)l  + Nu  (X.  jx)  x 
0 

x (X)  + Hn  (X)J)  ^±1 JX  + £ [A'ol  (v,  (i)  x 


£1  •» 


(elXL"Hn (-X)  Nn (X,  (x)  + Hn (- X)  c-^ATlt  x 


x(X,  fi))dX+.  f (Nn(\,  |i)[e-AW/u(X)  + //» (X)l  + 

o 

+ Aw  (A.  (i)  [e‘“»Hu  (X)  + //„  (X)]}^dxJ  + ^ [Vo,  (v,  |i)  x 

x (e-iKL"fTn  (v)  + Hn (v))  — A^u  (v,  |x)  (e*L»Hn (v)  +//u  (v))  , 

J 

Noi  (X,  (i)  = e^i  J (X,  u)  dz\ 

. bi 

Nu  (X,  n)  = «"*/  j*  e~‘**B  ^X.  £ j dz. 


X (e‘^Hn (v)  + tfu  (v))  - Na  (v,  (x)  (v)  + Hu  ( v))]  , ( IV . 58  ) [l  28 


Hn  (H)  =*  T,  [70  (2jx^,)  — Ut  (2|x/?„)]  + 


» Sign  (hr— hi) 


Let  us  determine  approximately  Hj_j(X)  by  two  methods, 
as  was  done  earlier: 

H{,  (jx)  =r->^/r/0B  [Ja  (2| iR,)  — iJ , (2^)]; 

(fi)  = [y0  (2^/?,)  -x/,(2tx/?/)]. 

In  the  first  case  the  system  of  equations  degenerates 
into  two  formulas  for  determining  Tj  : 

I\  = 4n/?j  Jsin  «x  (*i)  + v ^B01  (/?J  + 

p 

2.T  t^oo  Doi  2v  (P oo  — Poi)  + G0o  (a)  — Z301  (a)]  — 

- •”*v*Tta.w8  (2vPj)  - r2aov  (Loo  + yV01)J , ( IV . 59 ) 

r,  = 4nPj  jsin  ctj  — ^®x  (^t)  v ^oi  (^?»)  + 
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(IV.  60) 


+ ^=l-  Goo  ~ 010  ~ 2v  (Poo  + P)~  Goo  (-  a)  ~ Du  (a)]  - 
— e-^'T^vjl  (2vR*)  - T „»v  (Loo  - Nu)  j 
or,  taking  into  account  relations  (IV. 44), 

r,  = rleo  j 1 - 2 An  m + 4v/?xBoi  (Rx)  ~ 4 twRjl  (2v«,)  e-2'"1*  + 

+ 2 ffc  -£=•  [Goo  - 0oi  - 2v  (Im  /*  (v.  2 Acp  - iL)  - 

1 loo 

- Re  /oo  (v,  2Acp  - iL)  + Goo  (a)  - 0,i  (a)lj . ( IV . 6l  ) 

r2  = r2»  j 1 - 2i401  (Rx)  + 4v/?2Boi  (*)  - 4nv  [Rj/o  (2v/?2)  e~2v'“  + 

+ 2/?2p^(Loo — ^Vio)l  + 2/?*  jr^*( — Goo — 0io+2v^Im/oo(v,  2Acp — iL)-f 

+ Re /10 (v,  2/icp  - iL)  j — G0,  (-  a)  - D10  (-  a)]| . ( IV . 62  ) 


In  the  second  case  we  arrive  at  the  system  of  two  al- 
gebraic equations,  the  solution  of  which  is  in  the  form 


p (l+^Tloa — PiaoPi 

1 “(1  + ^)0  + ^i)-V.  ’ 

P _ (1  + F\)  r2eo — T\coFa 
* — (1  Fi)  (1  -t-  * 

where 

F,  = 2^,  (/?,)  — 4vi?/501  (R,)  + 4nv/?/4(2v/?/)e-2v',/1  / = I,  2 
F j — — 2/?x  [Goo  0oi  2v  (Im  /oo  (v,  2/rCp  — iL)  — 

— Re  / oi  (v.  2/tcp  — iL)  + G00  (a)  — L»0,  (a)], 

Li  — — 2/?x  [ — Go,  — 0io  4 2v  (jm  / oo  (v>  2/i^p  — iL)  + 

+ Re  /io  (v.  2ACp  — iL))— G00  (—  a)  — Dl0  (—  a)  — An  v (L«0  — V l0)l. 


(IV. 63) 
(IV. 64) 


The  combination  Anm(R[)—2\RlB,tm(R^  is  determined  in  the 
form  of  a series  with  respect  to  powers  of  parameter 
xt=*V~A h{+  i—2hi  from  formulas  (II.  56)  and  (11.58).  Functions 
Dnm  and  Gnm  may  also  be  determined  in  the  form  of  the  ex- 
pansions with  respect  to  parameter  T.  With  L -*>  oo  the  for- 
mulas will  be 


[130 
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Pi  = Qf  o?2 


(IV. 65) 


|~j=  [a00  (Ri)  + An  (Ri)  - y lB«o (Rl)  + Bn  ; 


P,  - evor,  - (.00  (/w  + .11  (^  - y [Boo  (/u  + Bn  (^)l  - 


— 2vCrIoor2»  (L10  + Nn  — Noo  — Ui) 

(IV. 66) 

a 

"ll 

8. 

(iv. 67) 

Q 2 — Q2oo  4*  2vQri=or2co  (Lx  4-  A^0,  Nl0  4-  Lu), 

(IV. 68) 

r,  = r2oo{i  — 2 f.0l  (/?,)  -^b01  (/?,)] 

(iv. 69) 

r2  = r2»  {1  - 2 [a,  m - f fio.  (/?*)  j - *0)2  [Jl  + 

4-2jr^(Z.0o — ^Vio)  jj> 

(iv. 70) 

II 

O 

L 

(IV.  71) 

=2n<s>l(L00  — Nl0). 

When  determining  function  Hij(\)  according  to  the 

second  method,  should  be  used  instead  of  the  product 

r i JTz «»  in  formulas  (IV. 65)  and  (IV. 66).  Formulas  (IV. 65) 

and  (IV. 67)  give  us  the  hydrodynamic  characteristics  of 
the  hydrofoil  in  an  undisturbed  flow.  They  agree  with  the 
formulas  discussed  in  Chapter  II.  Formulas  (IV. 66)  and 
(IV. 68)  contain  terms  which  take  into  consideration  the 
effect  of  the  bow  hydrofoil.  The  interaction  in  this  case 
is  apparently  determined  by  the  effect  of  stationary  waves 
on  the  hydromechanical  characteristics  of  the  hydrofoil. 


Let  us  also  examine  the  motion  of  a biplane  system 
without  stagger.  In  this  case  formulas  for  forces  may  be 
written  in  the  following  ways 


Pi  = Qt'ol'i 


2n 


.00  (Ri)  4~  An  (Rj)  — 2v  [5 00  (Ri)  + B 


n(tfi)]  - 


— ~ — 2~ — lA»  4-  Du  — 2v  [Foe  + P 11)  4-  2jiv  [Ll0  — L0l]  4* 

+ (a)  + Dn  (a)]; 

p>  - C«0r,  - (.0,  (/?*)  4-  .„  (/?3)  - 2v  ffloo  (RJ  + flu  <*,)] } - 


(IV. 72) 
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(IV.  73) 


_ Ql^iy  [£)  _j_  £)u  _ 2v  (Foo  4-  FjJ  + 2v«  Loi)  + 

2n 

4*  Ao  ( — a)  + Ai  ( — a)]; 

vj,  = Qlao  + S^^+Dol-Dl„+2v(F1o-Fol)+2vji(L<K)+Zai)- 

-O0l(a)  + D10(a)];  (IV.  74) 

Qa  « IA  o - Ax  - 2v  (Fio  - F01)  + 2vn  (L00  + 4„)  + 

+ D0l(-a)-Dl0(-a)l.  (IV.  75) 

In  determining  H(X)  functions  when  using  the  complex 
velocity  of  a hydrofoil  in  an  infinite  flow, 

are  calculated  from  formulas 

Tj  = An A jsin  Oj.  — ^ [40i  (A)  — 2vfl0i  (A)]  4- 

+ ^[_D01+2vF01-Dal(a)l  + v[r,»4(2vF1)0-M'  + IW-ool  ] : 

ra  = 4nA  (sin  a,  - ^[4>i  (A)  - 2vB0l  (A))  + A.  + 

+ 2vF14  — Dl0(—  a)]  4-  v[r2.4(2vi?3)e-^.+  rlooL00lj . 

In  the  second  case  of  determining  the  H(A.) 

F-j  and  F 4 in  the  formulas  are  in  the  form 

Fj  = — 2 A [ — Ax  4*  2 vF oj  — Ai  (fl)  4*  2nvL00], 

F4  = — 2i?j  [D10  + 2vF jo  — Ao  ( — o)  4"  2jivZ^o]  . 

The  biplane  system  can  be  calculated  from  formulas 
( IV. 72 )- ( IV. 78 ) without  any  difficulties.  The  functions 
in  these  formulas  can  be  easily  determined  in  the  form  of 
power  series  in  powers  of  parameter  T*  These  formulas  are 
particularly  simple  for  a biplane  with  indentical  foils. 

Then 

A m 1=1  4,tm  (A  Acp),  . Fnm  **  Am  (A  /itp) 

and  formulas  will  acquire  the  following  forms  [132 


and  V2 


(IV. 76) 

(IV. 77) 
functions , 


(IV. 78) 


Pi  — e^i n^('4oo(^x>  4:p)  4-  Ax  (A*  A)  2v[B„o (AA)4- 

ZJX 
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*1"  ^a  (R<  ^i)])  — - 2^  200  Moo(/?x.  A«p)  + ^a  (/?i>Acp) — 

— 2v[B00(/?1(  ACp)  + Bu(Ri)  h cp)l  + ^00(^11  a)+^a(^?i>  a)}. 

P2  = Co0r2  — Moo  (Ri,  h2)  + An  (Rlt  — 2v[B00(Rl,  hj+ 

+ Bu  (Rv  h2  )])-qTi~[2'°  \Am  {Ri  a)  + An  (Rv  a)  + A00  (/?,,  hcp)  + 

(Ri*  he?)  — 2v[Boo  (R\»  Acp).  + ^11  (^?i»  ^cp)])» 

Qi  — Qi=o  4*  velV^Loo  + Lu); 

Qa  = Qaco  + W,  (L0o  + Lu); 

fi  = 4n/?  (sin  a — ^ [-401  (/?A)  — 2vS01  f/?iAi)l — 


— ^ r^ox  (/?!.  M - 2vS01  (/?!,  Acp)  + A0l  (a)]}  + 

+ v[rl^(2vR,)e-***  + r2ooy2(2v/?2)  e-^]; 

f2=  4n/?  /sin  a — As)  — 2vB0l  (Rv  Lj)]  — 


— <^[APo(Ri<  hep)  — 2vB01  (/?!,  hep)  + i40j  (fl)]J  + 

+ v ir2ooyg  (2  V/?J  e-™*  + rioa^(2v^1)  -MepJ; 

F3=2(a40l  (/?,,  hJ-2vRlBgi  (/?,,  dcp)+/l0l  (a)-2nv/?,LJ  (2v/?2)  c-^p); 
^=2Moi  Wi*  Acp)~2vi?iBoi  (*i-  '1cP)+^o,(fl)-«^(2v/?1)r^p. 


Functions  Anm  and  Bnm  are  determined  by  formulas 

(II.56).  Evidently,  the  principal  effect  of  the  free  sur- 
face and  of  the  biplane  foil  on  the  lift  is  determined  by 
formulas  ( IV. 83  )- ( IV. 85  ) , since  the  terms  in  the  expres- 

sions  (IV. 79)  and  (IV. 80),  containing  Pit,  and  Pioo^,  re- 
sult in  terms  of  the  second  order  of  smallness  with  respect 
to  a. 

It  follows  from  formulas  ( IV. 83 )- ( IV . 85 ) that  when  [133 

p 

Fr  00  functions  y/  = &re  ! 

1 /co 

Yi  = 1 — 2A0l  (*!,  ht)  - l [A0l  (^Acp)  + An  (Rv  a)i  ( IV . 86  ) 
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(IV. 91) 


where 


the  expansion  with  respect  to  T. 

Formulas  (IV. 88)  and  (IV. 89)  will  be  in  the  forms 

O + t'l  + m 

*-7 — T.  • <iY-90) 

0 +^)— <ti 

V.-7 J , • <W.91> 

where 

Ti  = ]/4A?  + 1 - 2 Ax;  Tj  = j/ttS  4-  1 - 2A,; 
t3  = / 47i|p  + 1 - 2^;  t«  = )/  4 (A, — hi)*+ 1 -2  (A,  - AJ. 

With  hj_  -*00  and  h£  06  the  formulas  will  correspond 

to  those  describing  the  motion  of  a biplane  in  an  infinite 
fluid. 

Graphs  of  the  relationships  yt  = /(Acp,  a)  and  yt  = /(A,*,  a) 

determined  from  formulas  ( IV. 83 )- ( IV. 91 ) are  shown  in 
Figures  12  and  13- 

4.3.  The  Lift  and  Wave  Drag  of  a Hydrofoil  System  in  a 
Fluid  of  Finite  Depth 

In  order  to  solve  the  problem  of  motion  of  a hydro- 
foil system  in  a fluid  of  finite  depth  let  us  use  the  com- 
plex velocity  representation  in  the  form  of  (IV.l),  where 
v^j(z)  is  now  an  analytical  function  in  the  area  between 

the  straight  lines  0 > y > -h  and  contour  C^-j;  and  v2j(z) 

is  an  analytical  function  in  the  band  0 > y > -h. 

The  expression  for  the  v2j(z)  function  satisfying  the 

conditions  on  the  free  surface  and  in  front  of  the  system 
at  infinity  will  easily  follow  from  the  expression  (111.49).  [135 

The  forces  acting  on  the  hydrofoils  of  the  system  we  will 
determine  from  formula  (II. 9). 

Let  us  first  write  the  formula  for  J,  = ^ vi(i)vi(z)dz. 
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Introducing  functions  Hj_jU)  into  expression  (111.49) 
one  can  easily  obtain 

X (h„  (-1)  W^- 1)  r-***—  n„  (X)  IQ  (i)  «»*•>]  <a- 
+ H//  (X0)  ^ii  (Xo)  eiK,ht  — H/i  ( — X0)//„  (X0)  — //  //(X0)  Hu  ( X 0)] 

. <t  rooSlgntfiy — h() 

ftr  L # 


(IV. 92) 


Now,  using  expressions  (IV. 3)  and  (IV. 92)  one  may  de- 
rive the  general  formulas  for  forces  acting  on  the  hydro- 
foils of  the  system. 

Separating  the  real  part  from  the  imaginary  part  in 
the  formula,  we  obtain: 


P,  = QVqT/  — 


n co 

SJK 


(-  X)  H\,  (-  X)  + //'  (-  X)//'{— X)] x 


X r-^+(^  (X)  //'  w+irff  (X)  tr„  (X))  e^.]|dx  - x 

x [(//;/— x0)//^(—Xo)—  a;,  (-x0)  h\,  < — X0))e  2A-A«-f-  (//;,  (V^  (x0>  - 

- //;,  (X.)  //;,  (X0))  + H],  (-  x0)  //;,  (X0)  + //;,  {-  x0;  tru  (x0)  + 


n 'aotlga Hif — */) 

+y  f iw;y(X)//;A-x)- 


+ H]l(\0)H’ll(~\0) + W;y(Xo)^(--X0)l 

H'“  w + 

+ H], (- X)  tf*  (X) + Hu  (X)  //'„  (-X)  - //'(X)  tfj,  ( — X)]  dX; 

n 

— 4(v/,-gv^M.r  S <-  y <- li,+ 

; i 


(IV. 93) 
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+//'(- X0)//*(-X0)je~*M.+  [H]fr0) HyM+HjjM /tyX,,)]  e 2 - 

-H],  (-  xj  //;,  (X„)  + //;,  (-  x„)  //;,  (X0)  - //;,  (X0)  //;,  (-  x0)  + 


+W'(X0)^/-^o)}-!&^jy  jl^-^^-XJ-^C-X^-X)]  X 

x '<«;-<-«  «y-  x»  x 

xr-2 wu_(//;/(x)//-  (X)  - //-  (X) //;, (X)) e^]  dX- 
-|j^l  j W„  (X)  H],  (-  X)  + H-n  (X)  H\,  (-  X)]  dX  + 

oo 

+T  j Wxx^chk  i»i  »)»•,(-«+ "I,  <*>"•«<-*>- 

- H’„  (-  X)  tf (X)  - H-u  (X)  h;,  (-  x»  <a  1 . 


(IV. 94) 


Using  formula  (IV.79),  let  us  write  an  expression  for 
v2jU)  which  will  satisfy  the  conditions  along  the  profile 

of  the  j-th  hydrofoils 


- H„  (X)  G,  (-X,  u)  + Hll(-  X)  G/  (X,  u)  ] j dX  - 

- 2^W)(7?‘'(-Xo)G/(-X#’  U)e"^,+ 

-t-  7/„ (X,)  G, (X0>  h)  e2^.  _ H„  (X0)  G/ (-  X0,  u)  - Ht/ (- X0)G/(X0.  u)] I . ( IV . 95  ) 


AO  0 ~ I5l  lo 


i M 


r*.  .» 


Hi/Cko)  Gt  ^0i  j eU*/1*  — (X0)  0/  X0.  j “ 


n OoSIgJ)  (/!/—*/) 


Hg  ( X0)  Gi  (Xq>  ~ ) '+  4n*i  ^ j [ 


Hii-Wi  (X.«)+ 


(IV. 97) 


4.4.  Motion  of  Two  Hydrofoils  Under  a Free  Surface  .of 
a Fluid  of  Finite  Depth 

Forces  acting  on  hydrofoils  of  a system  consisting  of 
two  hydrofoils  are  determined  by  the  formulas 

co 

P,  = Qv0r/ !%-“*•  + (v  + X)  r»*x 


x 


2(vshX/to  — XchX/:0)  J 

^ 2 (v  h0  — ch*  Xo/t0) 

oo 

f {[//;, (-X)w;/(~X)  + H-„ (-Mi^(-X)ir^.+ 

0 

(v-HX)g-g ' [ ( H\.  (-X)  //;,(-  X)+ 

+ 2(vshi/i0 — X ch X/io) //V  " 

X)jlr-2Ul*—  [//)/(X)//;/(X)  + W//(X)//</(X)]e2Wl«  — 

- h],  (-  x)  //;,  (X)  + tru  (-  x) w (X)  + h’„  (X)  hv(-  x)  - 
itvn.-d.-w  »"//<— 

- H'tl  (— X0)  H„  (—  X0)]  e-^+l  H’„  (X„)  H],  — 

- H’u  (X0)  //;,  (X^lc^^'+w;,  (— Xo)  H],  (X0)  +H'/I  (—  ^o)+ 

coBlgDihf— 

+w;/(x0)w:/(-x0)+//;/(x0)//;/(-x0)}4-  j x)— 

-tfJ/txW-X)]^; 

• ov  I /TTTW  — ///#( — Xo)  e~M>  1*  _ 

” 4(v/ll|-chU0/io) 
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(IV. 98) 
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+ [H],  fft,  w + H],  W rv  (Xo)l  - [//;,  (-  *o>  //;,  w + 

+ //*  (-  g H-t/  (X„)  - ^/(Xo)  H'{/  (-  X„) +//;,  ( X0 ) H\,  (— x0)]  - 


_e 

2n 


J11"" 


- (X)  //tf  (-X)  - //),  (-  X)  „ (-X)l  X 


* - 

- (tf),  (X)  H-tl  (X)  - H’u  (X)  H\,  (X))  e^w  + 

+ //),  (X)  //J,  (-  X)  + H-u  (X)  H\,  (-  X)  - //;,  (-  X)  ff],  (X)  - 

oaSIgnJJy-Hj) 

- H],  (-  X)  H\,  (X)]  dX  - ^ f (//;  (X)  //*  (-  X)  + 

o 

+ H’u  (X)  //;,  (-  X))  dX.  / = 1,2  i =>  1,2  i + /. 


(IV. 99) 


For  a tandem  system  let  us  transform  formulas  (IV. 98) 
and  (IV. 99)  into  a different  form.  Let  us  examine  the  in- 
tegral 


J = 


00 

J 


cp  (X)  e1** 


dX. 
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Let 
at  point 


us  assume  that  function  V ( X ) has  a simple  zero 

\q. 


For  x > 0 and  x < 0 the  integral  J may  be  written  in 
the  form  _ 


<>0' 


w e"1<u'  - ) I (>.!  e‘'''d>-  •'<o' 


(IV.  100) 


t 


where  L^  is  a contour  consisting  of  a section  of  the  real 

axis  0-Xq  - £ of  a small  semicircle  with  radius  |,  which 

passes  over  the  special  point,  and  a section  of  the  real 
axis  \q  + $-00. 


Let  1>2  consist  of  the  identical  sections,  i.e.,  the 
real  axis  and  a small  semicircle  which  passes  under  the 


the  special  point. 


Integration  by  parts  gives  us 

f = i Y i°>_  + 1 f eiu±(vM\  dk 

J *(X)  dX  XV  (0)  + X J dX^(X)J^’ 

2.1.2  LU 

from  which  it  is  evident  that 


lim  f eixXdX  = 0. 
,*!-*» J WX) 

LU 


(IV. 101 ) 


Applying  formula  (IV. 100)  to  formulas  (IV. 98)  and 
(IV. 99)  we  obtain  after  transformations 

oo 

p 1 - C^-^J  [|//u(-A)l,e-2XA*+(v  + X)«-*.x 

v I H n (~  X)  i3  c-”*«  ~ 1 * n (X)  l1  ^ 1 ,,  , vn  I«n[tf  n(X.)//i1(-X0)1 
X 2 (v  sh  XA0  — A,  ch  XA0)  J ^ C 2(vA  — ch>X0/i0) 

OO 

- |n  f [//;,  (- X) (- *)  + «I, (- *■) (- Ml *"**<&- 


9 

4n 
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x «-»*.  _ //n  (-X)  //',  (X)  + H\x  (- X)  //„  (X))  dk  - 

1|H'“ « « + H" « "=■  «1'"-  - 


* 

1 

- //;,  (X)  //',  (— X)  + H-n  (X)  //',  (-  X))  dxj- 

coSlgn(>i/—hi) 

- £ j [//;,  (X)  //;,  (-  x)  - (X)  //;,  (-  x)jdx. 

n _ QV  [ gu  (Xo)  -ff n (-Xq)  1» 

Wl“  4(v/t0  — ch*X0A0) 


Q 

" 2n| 


(IV. 102) 


+■ 


OO 

r j [tf'n  (-  k)H'2l  (-  X)  (-X)  //',  (-  x)]«-**dx+ 
x «-»*•  - //;,  (-  x)  //;,  (X)  - //;,  (-  x)  //;,  (X))  dx  + 
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+ //;,  (X)  //« (-X)  + H’n  (X)  //;,  ( — x)i  dx  + 

«oSI*n(»y— 

+ j [//j,  (X)  //J,  ( — X)  + H"n  (X)  H'u  ( — X)J  dX; 


e^r,  — & J*  [l  //“( — X)  ** <r*2W‘'  + (v  + e~Ul'x 


Pi  = c^r,  — 

1 (-  X)  |»  e-™*  - [ Ha  (X) !» e^- 

2(vshX/tv — XchXA0) 


dX+vg 


Ini ! Hu !})  tfu(--X)) 
2 (v/t  — ch*  Xo/i0) 


Q 

2n 


[ H'n  (-  X)  /fl2  (-  X)  + Hmn  (-  X)  H’u  (-  X)]c~2W‘*dX  + 


+ 2 ([vshX/it—  XchX/t0  X)+^22(  x)w«(  W * 

Li 

xe-^-H-n  (-  X)  H\a  (X)  + //;2  (X)  ff[a  ( — X)}  dX  — 

- w *i  w+";.  W «"•  - 

u 

- Hn  (X)  //;2  (-  X)  + //*  (X)  H\a  (-  X)}  dX  + 

OoSlgn((ly — fcj) 

+ J [H-n  (X)  //;2  (-  X)  - H-n  (X)  //;2  (-  X)]  dX  - 

v/l chaX„/i0  ^ ^ H)2  ( V ^22  ( V ^12  ( X0)]x 

X «-*W»  +[//2j(Xa)  (Xo)-/^  (X0)  //;2  (X„)]  ^^+^(-X0)  H’2(\0)+ 

+ H'zk — Xj)  //;2(x0)+//'2(x0)  //;2  (-  x0)+ w^(x0)  w;2(-  x0)); 

Q QV I /7m (X0)  **«—//»(—  X0)  g-^. |» 

Vl~  4(vft0-ch»X0Ao) 


,_Q_ 

2;x 


(ffa  (~  X)  n\a  (- X)  - H’n  (-  X)  w;2  (-  X)]  e-^-dX  + 


+ ? f <-l>  -«•=  <-l>  «•» 

x r-»*.  -//*(-  X)  H]a  (X)  - H'n  (-  X)  //;,  (X))  dX  + 


(IV. 103) 
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(IV. 104) 
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*. 


+ 


t f tariff-  mix 1 1 "*  w,r“ w ~ ^ w H wi 

i f.  , 


+ 


+ //*  (X)  //;,  (-  x)  + //^  (X)  H\t  (-  x)}  dx  + 

ooSIgn  (hj—hj) 

+ j*  (tf*  (X)  //;2  (-  X)  + H-n  (X)  //;2  (-  X)]  dx 


2 (v/i#—  chaXoA0j  ^ V ( V+^22  ( V ( VI  * 

X e-*+-+iH'n  (X0)  //;2  (V  -f-/ra  (Xj)  artt  (X^I  &+—fra  (- v //;2(x0) + 


+^2  (“ V ^2  (V  - Hn  (V  ^2  (~  V + ^22  (V  ^12  (- V ) • 


(iv. 105) 


Let  us  examine  motion  of  a system  consisting  of  two 
foils  by  N.  Ye.  Zhukovskiy. 


Function  G (X,  u)C^X,^J  in  this  case  is  determined  from 
formulas  (11.35)  and  (II.36). 


From  formula  (IV. 97)  we  obtain 
du  I 


vn  (z)  - 


dz 


~V°  + L\J° {2XR/)  [lH«  x)  +//"  (~*)1  + 


(v+X)^-*** 


_A  eh  XAn) 1 W"  (~*)+ W //  (“X)l  - 


r2(vshXA0— XchXAo)1 

-[///,  (X)+ff,,(X)]e«2V-V  -[Hli(k)+Hll(k)]e»t  + 

+ Iff,,  (-  X)+F„  (-  x 

X [(H 11  ( — X„)  + //,/(— X0)) + (ffj,(X,») +/M*- — 

— (// //  (X o)  + Hti(\0))e^,  + (//;*(— X„)  + Hl/(—\0))e~iJli  + 

r 


ooSIjnfA/— A,) 


j *„<- 


\)J0(2\Rl)e~^id\ 


2mu 


+ 


+ !lp+^J  y»(2X/?,)  {(77, 7 (-X)  + //„  (-  X)) 


(v  4-X}  er~^*  * 

+ gfrAfr/-  Xch  XV «*»  (-»■  > + «t' ~ 


-(//|y  (X)  + /?1/(X))^.-V- 


*fj  f!  ..a 
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- (H„  (X)  + Ha  (X)) + (H„  (-  X)  + 7/„  (-  X))  e-»i] 


dk  — 


iv_  _ Jr.  (?KRl\ 

4 vho— cii*XiA0 


[77,7  (-  X0)  + //„  (-  XoHe-W^-V  t- 


+ ( 7///  (X0) + 7/,/  (X0)  ] — [ ///,  (X0)  + ////(X0)lc^/  + 

+ (77//  ( — X0) +//,-,( — XoJJr***/  + 

ooSlgn(Ay— A,) 

+ f 7/,/  ( — X)  (2X7?,)  er^idk ! 


f - 


+ 


+ ^ f {[H ,/ (— X)  + 7/„(-X)]fl,(-X.  u)er^-W  + 

— [E//(M+fli/(X)]fl*(X.  «)eW2'l*-'V>  — [7/ //<X) + H „(X) ]B ,•  ( — X.iije^1/  + 
+ [7 hi  (~  *)  + 7/«  (-  X)1  B,  (X,  «)  e-**/  jdX  - 
; {[77/,  (-  K)  + Hlf  (-  X0)l  6,  (-X„  u)  e~ 


8*  (v/i0— cfi2Xo/i0) 1 

+ [77,/  (*o)  + 77,/  (X0)l  B,  (Xo.  a)  e?-(2A «-'•/)  _ [/^(XJ+T/,,  (X0)]  x 
•xB/(X0,  u)eWli+  [H/i  ( — X0)  + //,-,( — X0)]B/(X0.  u)  ex”/I/J  + 

ooSlgn(A/— A,) 


w . j «« 


( — X)  B,  (X,  u)  dX  + 


+ Tjl  ST  j {<"»<-«  + *•  ?) 


+ 2(Jo^WH«<-X)+H"  <-«i  B'  ( - V 

— t////(X)-h7/w(X)JB/  (x,  e«  2A,-A/> — [77//(X)+77(/(X)J  x 


X B,  X,  e**/  + ^77 ,/ — X)+//„( — X)j  B,  {%,  e~^i  | x 


&n(v/io- 


X(r-A^1.-A/>  + (//,/(Xo)+/y.)(X(i)) 


eM 2A.-A,,  _ 
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~~(H„{\0)+HiJ}.0))B  ^ — Xo -='jsUli+(H/j( — X0)4-//(, ( — X0)W 

eeSigtHhj— ht)  

xB^0,^jr-**/J+  j tf,/(-X)fl,^X.  (IV. 106) 
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In  the  same  way  as  it  was  done  with  formulas  (IV. 98) 
and  (IV. 99)  let  us  transform  the  expression  (IV.106)  with 
the  aid  of  formulas  (IV. 100): 


M*)=^  - 


+ 


— Hu  {\)W*-+0—> Hu  (XJe^-f Hn  (—  X)  «-**•  ] j dX  + 

ooSlgn(h,— A,) 

+ ^ j Hu( — X)/0  (2X/?J  c-^-dX + 

0 

j — !_  f r //  /_  x)  e-w»«-*«)  — 

+ 4nJ  (v  sh  X/i0  — X ch  X/i0)  11  ^ 

- "4  wSiSk)  [H'‘  *-  ’■•) 

+//„(X.)^^0_  wu(X0)ew.+ff11(-.Xo)e-w*)j  + ~-u  + 

+ ^ p«+Sijy®  <-2KRJ  jl^u  (-  V+Hn  (-  X)]  e-^«-w+ 

l 0 

(v-fX)e-^.  .77 


+ 


-r  [ff  u (—  X)  e-M*-*J—Hu  (X)  «*<»*-**>  — 


2(vshXft0— XdiXft0) 

- Hn  (X)  e**  + tfu  (-  X)r-«-]j  dX  + 

/i,) 

+ 2“  j"  Wal  (-  X)  /0(2X/?1)  c-^-dX  -i- 

u 

+ ffi  fira-to^KHT  M c“-‘' +tf”  <-  x>'-“,'<ft+ 

z, 

- (v-t-*)  ^ X)  trtmrka  _ Hn  (X)  exj,t]  dk  _ 


+ 


If 

4n  1 1 


(v  sh  X/t0— X ch  X/i0) 
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4 (v/t0  — ch*  Aj/io) 

+ Hu(*-o)ek-t2hr-h')  ~ Hu  (*.)  *W.+« a (-X«^,]J  | + 


+ 


^L.  J J[77u  (-  X)  + //a  (-  X)]  Bt  (-  x. «)  ^-X(2A*"h,>  + 

.0 

, (v+ X)  [7/  (_  X)  e**r+*Bx  (-  x,  «)- 

+ 2l^ihXh0-XchX/Io)llU 

_ Hn  (X)  (X,  u)  — Hi,  (X)  Bx  (—  X,  u)  + 

l 1 (*  (v+X)  e-*^*  ^ 

4-  Hu  (-  X)  Bx  (X,  u)  «-**•]}  dX  + y j (v  sh  X/»0  — X ch  X/i7)  X 

Ls 

X t (X)eW2h*-'">  4-  Hu  (—  X)  e-"1*]  Bx  (X,  u)  dX  + 

, 1 f (v+X)  er**«  _{jf  , t^x(2ft.-ft,)_//„me»10Bi(-X,  «)dX+ 

+"  2 J (v  sh  X/t0 — X ch  X/to) 


coSlgn^h»*“h») 


eooiguvM — •»»> 

+ j H21  ( — X)  Bx  (X,  u)  dX 


8n  (v/t0 — ch’Xo/io) 


X 


. R*  dz 


- r_  y . .A  li*  D 

Hu  (—  X0)  Bx( — Xa,  «)  — Hu  (“  X0)  ^ =^°l 


d^ 
u 


(-*) 


^ g — ^o(2A* — -j- 


Hu  (X0)  Hi  (Xo.  u)  — HU(X0)X 


“*./?*  \ «/ 


d‘4= 
u 


eX(2h _ 


. U ZM  ^ d“  n / i R*\ 
H n ( X0)  Bi  (-Xo.  u)  - Hu  (X0)  jjr  = p X0.  - j 


u 


(Mh 


+ 


+ 


du 


Hu(  — X0)Bi(Xou)  Hu  (Xo) ya  ^ X0. 


“ 

1 

1 R*\ 
(“Xo’  u ) 

du  W 

+ j^U* 
a — 
u 


5?T  (ff(Hii  (“X)+  HB(— X))fi!  ( X,  , 
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*=  il  ^s? 


- Hn  (A>e«»*-*.>  fl1  (a.  - Hu  (A)  flx  A,  £ J e**.+ 

+ ff„  (-  1)  B,  (X.  fj <-»■ )]  1X+4-  |(vsh(^-X^W  * 
x[-//u(A)^.-^+77J1(-A)r-»-|fl1  ^A,  ^)dA  + 

+ t J |H«  <-*>  - 


ooSl*n(/i|-Vi,) 


— v"J,i  u\  ii  | >»»/  

-77,i(Jl)e**>]fl1(--A.£!)dA  + j #«( — A)flx  ^A,  d>. 


(IV. 107) 


M*)  = 


du 

dz 


CO 

Vo  + ^ j/0  (2X/?J  [(#  „ (— A)+//^— A))  e-M^^.)+ 


— 77m  (A)  e""  + Wa  (—  A) «-“«)  d A + 

coStgnlh,— ft,) 

+ ik  [ Hu(-\)M2W{)C-U''d\+ 

0 

L. 

+ TW^5rttf,*(- w + 

+ (/f„  (A0)  + 2//u  (A0))  - (Hn  (A0)  + 2tfia  (A0))  ew-+ 

r 


-t*  (#w  ( — Xo)  + 2//  la  ( — A0))  e— Wl‘] 


+ 


2mu 


+ ~2 1 u°  + git  j*^0 

o 


+ 


(v4-A.)c-2XA<  / 7J 

2(v  sh  A/i0— A ch  A/i0)\  28 


(//» (-  X)  + tfai  (-  X))  «-*»•-*■>+ 
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- Fa  (-  X)  - //« (X)  e"“  + F*  ( - X)  c""1*  j j dX+ 

o»SIgii(/»t— #»i) 

+ JL  j Hu  (-  X)  /.  (2X/?*)  e-“-dX+ 

. 0 

+ oj  ftoSsj  [-»-««**-“ + 
+«»<-«  -**•'  tn* (- l)  r*  “ 

-ffaM.-i.ft-4  + 

4-2F*  (-  X0))  r-**»*HW+(27B  (X0)+27/lt  (X0))  eJ-(2h-/,,)  - 

- (Fa  (X0)  + 2//u  (X0))  e“*  + (//« (-  X0)  + 2HU  (-  X0))  <r-w“] 


+ 


■*“  3n»T 


09 

J (tfa  (“  X)  + F«  (-  X))  B,  (-  X.  u)  *-«*«-*•>+ 


, _lv±^C,^__.(772a  (-  X)  fl,  (-  x.  «)  - 

^ 2(v  sh  XA0 — X ch  X/j0) 

- Fa (X)  (X.  «)  - Fa  (X)  fl,  (-  X,  u)  ew*  + 

1 1 C (v+X)e^w*  _ 

4- Hn  ( — X)  B , (X,  u)  «-•)]  ^X+ y j (Vsh  Xh0 — X ch  X/j0j 

x I — /?ia  (X)  e*-®1*-*1'  4-  Fa  (—  X)  e-W"]  B2  (X,  u)  dX+ 

. 1 f (v+X)<-^»  _[Fa(-X)e-^»-/|.>-//1a(X)ev'.]Ba(-X,«)dX4- 

+ 2 J (v  sh  Xh0— X ch  X/i0) 1 

if 

ooSlgn(h«— A,)  \ 

+ j*  Fa  ( X)  Ba  (X,  u)  dX|  8n(vh  — cA»Xo/t0)  X 
0 * 

(ffa(— Xo)+2 F,(— X«))Ba(— X0,  u)— (//«(— X0)4-2Fa(—X0))  X 


g— — ^«)  — J— 


/?*  du ' ( . 

0 «) 
u 

..  du  _ /,  fl*\" 

— (B a(Xo) + 2// u (X0))  u,  ^2  ( ^°’  -) 

d — ' ' 


(B  jj(X0)  4*  2 B ia(Xo))B2(X0,u) 
g».t(2A,-A.) — | (//a  ( X0)  4- 
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+ 2Hia  (X„))  Ba  ( — X0,  u) — (//a  (X0)  -f-  2//u(Xo))^j  — •* 

d — 
u 


(77»(-Xo)+2//u(-X,))B,(X0.  «)- 


- (77*  (-  ^o)+27?u  (_  X,))  J f) 

^ u 

+7*1*  *4  {j[<^- v+'fc-wia.  (-*••  *) 

(».«)- 


u » 

, (v+X)  e- 


2(v  sh  X/t0 


- tfB (X) efc«h«-A‘» B,  ^ X,  ^ j — tfa (X) B,  X,  £ j e*«+ 

7 pTT  \i  if  (v+XJe-"1* 

+ ^a( — X)Ba  "^■J  J vshX/io  — XchX/to  X 


x [— ff*  (X)  e^-^+Hn  (-  X)  e-^'J  B,  X,  4jiX  + 

41  v sh  iff-  £ar  **'  x 


&8Ign(hi““7i|) 
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xBj(-X.^)dX+  j ffu(-X)fl1(x.£W.  (IV. 108) 

Let  condition  (11.33)  be  satisfied  at  points  uj_  = -Rj_ 
and  U£  = -R2*  Then  from  expressions  (IV. 107)  and  (IV. 108) 
we  obtain  a system  of  equations  for  determining  fj  : 


r,  = 4n/?,Im 


co 

o.  + Yn  j*  (l Hu  (-  *>  + Hi,  (-  X)]  e-W2^/*  + 


+ apS^Sarro  « + ”» x»  ~ 

- (tf„(X)  + //l7(X))  {H„{\)+Uli  (X))  «**/+ 

+ («,/  (-  x)  + H„  (-  X))  «-*/)  dX-f 
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+ t h*i!kr  [{H“  (~  K) + H“ (_  *#))  e~U2h-hi)+(H^+ 

+///,  (X„))  ***-•*  - (Hu  (X0)+ (X,))  <**i  - (HU(~K)+ 

coSltHhf—hj) 

+ HA~^o))<r-^i]+  j Hli(-UJoVW/'Xr^id\  . 

0 

(/  = l.  2.  < fb  y) 


(iv. 109) 


For  the  hydrofoils  in  a tandem  system,  expression 
(IV. 109)  will  become 

CO 

T,  = 4n /?/  Im  t/0  + ~ jV0(2A./?/)^(////  (-  X)+//„  (-  X))  + 


ooSlgn(hf-hj) 

j dX+  J H <$\R,)e-U'id'k-\- 

■+  gfgg 

% 

Li 

- 7?//  (-  K)e-^i+Fi  (X*)]  . (/  = 1 . 2,  t * /)  ( IV . 1 1 0 ) 

0 with  j=l, 

F, (X0)  = - 

- 77„ (X„) e^1* - 7?!, (- X0) <^*1  with  i = 2. 

The  system  of  functional  equations  for  determining 
functions  Hj_j(q)  may  be  derived  in  the  usual  way: 

WH(ji)  = r i[Jv{2\LRi)-iJ \{2pRj)\-\- 

/ «#S!gn(ty— A/) 


I 


[e-'^</W11(-X)^0KX.ti)+77(l<-X)e‘u'/Vll(X,(i)idX4- 


.a 


■ 


+ 


+ a-r^iihjj  ( — X))  N0,  A.,  fx)  + (II ,7  (—  A.)  v 


+ er^uHu  (—  X))  Nu  (—  X,  |x)]  > + 

+ I(//"(~ X)  + •“*"«<-*»  x 

v /V0,  (-X,  fi)  e-wv-V+(//„  (-\)+e-t^uHlt(-y.))N1,  (— X.  p)  x 
x e— M2/..-A,)  _ (//w  (X)4-  Wj,  (X))  JV0/  (X,  p)  e*<***-ty  _ 

- (H„  (X)  + (X))  /Vu  (X.  «)  e^"V  - (H„  (X)  -\-e°^uHti  (X))  x 

x JV0»  (—  H)  e^i  — (FT,,  (\)+€ra'Li/7Ili  (X))  /V^  (—  X,  (i)  <-**/+ 
+(«,/(-X)+e-"^-X))JVo,<X1  fx)  *-»*/+ 


+(ff  « (-  x)+^v/y(/  (-  X))  (X,  n)  «-** 


dX- 


8n  (vA0  — chl  X</i0)  I^’7  ^ )+e°“L,,Hl/ (—  X0))  N0,  (—  X,  p) X 

X e~^.-V  - (H «(— X0)+ er^/H tj( — X0))  /V,,  (-  X0,  fx)  + 

+ (77,/  (X)  +c-‘^/ W/KXo))  /V0/  (X0,  p)  _ 

— (tf a (X0)  + //« (X,))  /Viy  (X0,  n)  e**<2v-'*/)  _ 

— (// />  (A.0)  + (X0))  iV 0/  (—  X0,  (x)  e**/+ 

+ (////  (A-o)  + e~tt‘Lii  Hu  (X0))  /Vu  ( — X0.  |x)  e,J,/4- 
+ (// ,7  (—  Xo)  + *~'u'/  //,((— X0))  /Vo;  (X0,  p)  e~yj'i  — 

- (flu  (-  A.0)  + F„  (_  Xo))  A/,/  (X0,  p)  *-**/]} . 
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(IV. Ill) 


For  the  tandem  hydrofoils  the  system  of  functional 
equations  is  obtained  from  formulas  (IV.106)  and  (IV.10?)i 


H„(V.)  = 0»i 


r,[J0(2\iR,)  — iJy  (2 \lR,)]  + 


faoSlgn(hf—H/) 

^[e-^/Hd-UXoiiK  fi)+?7«(-X)e'u-'W1,  (X,  p)]  dX  + 


+ 


(H„{-\)+e*“<Hu  (-X))  A/  0/( — X.jx)  «-*»•-**+ (tf/A-X)  + 
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■ mmmxmMIMI — 


-••  . .. 


‘ T\  A 


+e-**HA-4tiltu(-K  * 


y (///,  (-  X)  V^PX,  (A)  e-M*-Hi>+Hn  (-  X)  V„  (-  X,  |a)  «-*<**•-*/>  - 
- JJ„ (X)  V0/(X,  |i)  «*»•-*/>-  //„  (X)  ft,  (X.  fi)  e^"*/>  - 
-//,AX)ft,  (-X.  n)  e^/-ftXX)ft/-X,  ji)  ««■/ +///X-X)  vV0/  (-X,  fi)  X 

y. f-«/ + Hi, (- X) Vu (- X, n) «-**/ J dX+  y j (v shX/i0-X chT^j"  x 

Li 

x [(ft,  (-  X)  *-«“•-*/>  - Hu  (X)  e»i)  Nol  (-  X,  |i)  + 

+ (-Hlt  (X)  ««»-*/>  + Hu  (-  X)  <r-**/)  ft,  (-  X,  ja)J  dX  + 


x (X,  |i)  + (H„ (- X)  - Hu  (X)  e^i)  ft,(-X,  |a)[  dX- 

— g ,-f(v/i# ch1  X<>/to)  ^ — ^°)  ft>A — ^o>(a) — H,/(  X0)  Ny(  X0,|a))  X 

xr-waw-*d+(37//(X0)  ft,,(Xo.  n)  - Hi,(\q)  ft, (X0,  ji))  - 

- (ftA*o)  ^oX-^o.  P)  - ftX*o)ftX-Xo.J*))  ^/+(///X-Xo)iV0XX0lfi)- 


-////(-X0)^iy(X„n))<r-“/ 


+ MftitMl 


(IV. 113) 


f,  (fti  (Xo))  = [ftu  (-  X0)  (ft,  (-Xo.  |i) 

+ <V|XXf,  |1)  *-**•)  - Wu  (Xo)  (ft,  (Xo.  (I)  ^.(2h.-A.)  + ft,  (-  Xo.  n)  «**•)  + 

+2e-*M-  [tfu  (-  X.)  (ft,  (-  X„  n) c-^^-W+Vo,  (X„  ja)  r**)  + 

+ fti  (X)  (Vo,  (Xo.  |»)  e^^+ft,  (-  X,,  (A)  <**•)!•  ( IV . 1 1 4 ) 

/?1(Va(X.)]  = 0. 


The  final  results  may  be  obtained  by  the  methods  dis- 
cussed earlier.  In  particular,  functions  Hij(X)  may,  in 

the  first  approximation,  be  calculated  by  two  methods  and, 
depending  on  the  method  used,  approximations  of  various 
degrees  are  obtained  for  Pj_,  Qi  and  r^. 

Let  us  now  determine  circulation  f^. 

In  determining  function  Hij(X)  by  using  the  complex 

velocity  of  the  hydrofoil  in  an  infinite  flow,  it  turns 
out  from  system  (IV. 109 ) that 
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T/— r<eo(l — F/  — TjFi+i),  (IV.  115) 

where  Fj  determines  the  effect  of  the  free  surface  and 

finiteness  of  the  depth  on  the  characteristics  of  a hydro- 
foil. 

The  formula  for  calculating  Fj  was  derived  earlier 
(Chapter  III).  Fj+2  determines  the  mutual  effect  of  the 
hydrofoils  in  a systems 


F,+i  = - Im  2 R,  j/0  (2 X/?/)  | er^ne^l  (/»( 2X/?,)  + */,  (2kRt))  x 

<'•  (21W + (”')  x 

x (e-M2 h.-h,)  — e-uij)  gWn  _ eiu.„  (2 kRt)  — ux  (2 kRt)  - 


ooSipn(/«y— /i/) 


_ ew>/)  j*  Jq  (2 \R,)  e-Mr-*/)  eiKLu  [J 0 (2 kRJ  — 

- U1(2kRi)]dk+i-^Jo(2koRl)  [erW  (JJ2k0Ri)  + Ux  (Mi))  X 


x — e~*J'i)  ex,J't  + (J 0 — £/i  (2 Xq/?j)  x 

x */>  — gWt()g— W(j  > 


(IV. 116) 


If  functions  Hj_j(X)  are  determined  by  the  first  two 

terms  in  the  functional  equations  (IV. 112),  then  the  sys- 
tem (IV. 109)  will  become  a system  of  two  algebraic  equa- 
tions for  Pj 

T/(l +F/)  + riF/+2=»r/«,  (/  — 1.  2),  (IV. 117) 

the  solution  of  which  is  given  by  formulas  (IV. 63)  and 
(IV. 64). 


For  a tandem  system,  function  Fj+2  will  be  determined 
by  the  formula 


Fl+ 2 = — Im  2 R/ 


(2\R,)[e-‘^n  {J0{.2kR,) 


4"  iJ  1 (2 kRi)  x 
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mafclh  ' <t 


1 rs 


.4 


x g~ ■+■  ^ y#(2^J?/)x 

0 

X e~^Kt — 1,(1  [J o (2X/?/)  — (2X/?/))  d\ 

1 f (v+^^t^ ,( , m p A— jj.(aiRAx  (eX»«-*/>e-**/)  dX.+ 

2 \ (v  sh  A.  A0 — A,ch  X A0) 

i/ 

1 f(2±Hr^^>f'^[/0  (2X/?,)+ i (2X/?,) 

*’  2 J (v  sh  X h0  — X ch  Wio) 


— e^i )]  d\+  ivnJ0  ^1 W *• 


(IV. 118) 


i 

^jiK)  — 0 with  3 = 1. 

t<  (X,)  = g-B**  (J0  (2*,  RJ  + J t (2X0/?x))  - r-*>  «w“+ 

+e'«-  (/„  (2X0/?i)  — A (2V?i))  (eW'-'">  - 

e^**)  e-^.  (7  = 2)  ( IV  .119) 

As  an  example,  let  us  examine  the  motion  of  a biplane 
without  stagger  with  Fr„  - oo,  Frs-* 

Function  Fj+2  will  be  determined  from  the  formula 

Fi+2  « - 2R,  j J /,  (2 \R,)Jx  (2 m [e-2^^  ~ 

e-^'  (—3H ;*-*ep)  4-  <2WV-*cp)  __  e-Mhf~hO  — e>-<',r-A*>)l 
‘2chX/t0v  1 -I 


+ f Jo(2XR,)JlVMti)e-"hr*0c&. 


(IV. 120) 


Using  identity  (III. 68a)  and  the  expression  for  Anni(x) 
for  a biplane  with  identical  foils  we  obtain 

F,+2  a “ 2 V ! Ao»  [-  S*p+  (&  + t)  f]  “ /1°1  [“ **’+ 

*-0  l 

•i-  (A+IJ-g-j  — /lol^A«p+  H*  (/<  + j)  'f  j “ 

+ A,,  [y  -i*  (/-’ + V)  y] _/lm  [y  ■|*(&+ 1}  y] +/,°i  [“  y + 


y a 


+ + y)  y]— ^ol  [— t+ (*  + t)  t]J  +2^01^*  (iv.  121 ) 

where  a=  \hi  — hit. 

Functions  Anm(x)  may  be  determined  by  the  expansion 
with  respect  to  powers  of  parameter  Tx  (see  Ch.  II). 

Function  Fj=2  we  will  determine  approximately  using 
only  two  functions  Aoi(hCp)  and  keeping  in  the  expansions 
only  the  first  terms 


Fi+i  = y(i  — i + tj). 


(IV. 122) 


Then,  formulas  for  and  y2*  which  correspond  to 
those  given  in  (IV. 90)  and  (TV. 91),  will  be  in  the  forms 


Yi  = 


1 + T (T2  “ ^ (T3  ~ TS  + T42) 


(IV. 123) 


y2  = 


(IV. 124) 


where 


[ 1 + 1 (xl  - xQ  ] [ 1 + 1 (tf  — u* ) ] — | Vl -1  + i) 

1 + y(Tl-T0l)-|-(T3-T5  + TJ) 

[l  +'^(4-t«jJ  [l+i-  (tf- T »)]  - | (TS  - i + tj) 

To,  = V 4(^0  ~h,?+  1 - 2 (A7-  *7); 

Tj  = J/  4 (ft0  — Acp)*+  1 — 2 (ft0  — ACp). 

All  other  designations  are  the  same. 

4.5.  Optimum  Relationships  for  Tandem  System 

Let  us  examine  the  simplest  problems  dealing  with  op- 
timum relationships  in  the  system  consisting  of  two  hydro- 
foils placed  at  a considerable  distance  from  each  other. 

With  L -*■  00,  it  follows  from  formulas  (IV.103),  (IV. 104) 
and  (IV. 110)  that 

Pi  = PlAi 

Pi  = — |-  j°  ||  (—  *)  I*  e~m,Jr  2777^0— A.  ch  XA0) X 
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. 
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X (I  //» (—  M I*  — i //„  (X)  I*  e»*.j}  + 

■+■  2 (vA ch*  Xo/i0)  ( V ^12  ( V ( V ^12  ( V)  x 

xr»H(«a  (V  tf'12  (V  “ (V  ^2  (V]^‘+^(-^o)^;2W+ 

+ ^'22  (~  V W'i2  (V  + H'n  (V  ^2  (~  V + ^22  ( V (-  VI ; ( IV . 1 2 5 ) 


Qi  — Qia; 

gv  1 77a  (X„)  - H2i  (-  >.0)  e~^1«  gv 

1 4 (v/z0  — ch*  X0/i0)  2(v/i0-ch*X^0) 

x (f//;2  (-  V //;2  (-  V + /ra  (-  V //;2  (-  x0)]  e-^^.  + 

+( H'n  (XJ  H\2  (IJ+H-n  H’l2  (XJ]e»^-  - Hn  (-  X0)  H\2  (X„)  + 

+^(-X0)  'W+'W  //;2  ( — X0)}; 

fi  — Ha. 


f2  = 4ji/?2  Im 


Hn  (—  *■)  e-K<2h’~h‘>+ 


+ ^St=^U.)  <"« <-  *•)  - "»  M *"*-*"- 

I 

-n^+Hvi-v^y, + 

[//M  (—  Xo)  HtfrW  + fftl  (X0)  e M*-  *•>  — 

— (*o)  €**•+  (-  Xfl)  «**+F,  (X0)l| . 


(IV. 126) 


(IV. 127) 


^lh*  ®lh  3X1(1  ^*lh  are  "the  forces  and  circulation  for 

an  isolated  hydrofoil  submerged  in  a fluid  of  finite  depth. 
Their  values  are  determined  from  formulas  (III. 50).  (III. 

51 ) and  (III. 64). 

It  is  clear  from  formulas  ( IV. 125 )- ( IV. 127 ) that  at 
large  distances  between  hydrofoils  the  bow  hydrofoil  moves 
in  a nonperturbed  flow,  while  the  stern  hydrofoil  moves  in 
steady  waves  produced  by  the  bow  hydrofoil. 

Let  us  determine  the  practical  and  impractical  dis- 
tances between  hydrofoils  from  the  point  of  view  of  the 
wave  drag  and  lift  of  the  system. 

The  problem  of  the  minimum  wave  drag  of  the  stern 


r—' 


t 


hydrofoil  at  a steady  circulation  along  the  contour  (i.e., 
constancy  of  the  lift  in  the  linear  approximation)  is  re- 
duced to  the  condition 


Q2L  = 0 when  F2  = const. 


(IV. 128) 


This  condition  leads  to  a relationship 

tgXoI==ir:  (iv. 129) 

V = {(//;,  (-  X.)  Hn(-  X0)  - Hu  (-  x,)  Ha  (-  X ,))  e"**  + 

+ [H'a  (X0)  Hu  (Xo)  - Ha  (K)Hu  (X0)]  e*+'  + 

+ Ha (-  X0) H"w  (X0)  - (-X0)  Hu  (X0)  - //irfXo)  Hu  (-  X0)  - 

— Ha(X0)H\i  ( — X0)); 

Af  = [Ha  (-  X0)  //I,  (-  X0)  + //« (-X0)  Hu  (-  X0)]  e_2Vl*  + 

+ [Ha  (X„)  //„  (X,)  + Ha  (X0)  //T,(X0)]  - 

- Ha  (-  Xo)  Hu  (Xo)  - (-  X,)  (X0)  - //a  (X0)//n(-X0)+ 

+ //a(Xo)//n(-X,).  (IV.130) 


For  a fluid  of  infinite  depth  functions  N and  M are 
in  the  form 


N = - [Ha  (v)  (v)  + Ha  (v)  //Ti  (v)j, 

M = Ha  (v)  Wi,  (v)  + //a  (v)  //I,  (v). 


(IV. 131) 


and  in  determining  functions  H(X)  by  means  of  formulas, 
the  relation  (IV. 129)  will  be  written  in  the  form 


, _ v/  _ A (2v/?a)/o  (2W?,)  — /„  (2v/?,)7 , (2v/?,) 
g y0  (2v#,)  /„  (2v/?,)  + (2v/?1)  A • 


(iv. 132) 


From  the  expression  (IV.131)  it  follows  that  with 
identical  hydrofoils  the  points  of  the  minimax  will  be  de- 
termined by  the  simple  condition 

sin  vL  = 0.  (IV. 133) 

The  minimax  points  of  circulation  along  the  contour 
of  the  stern  hydrofoil  will  be  determined  by  the  condition 

ReF,(X)L=0.  (IV.  134) 

which  also  results  in  relationship  (IV.129),  where 
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L 


—1 — 
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M = Hu  {-  X0)  (e-K{2h’-kt)  + Hu  (X,)  (eK-m'~'")  + «M‘):  ( IV . 135  ) 


N = - Hu  (—  X0)  (e“x* (2A,_A,)  + e“w*)-  //I,  (X0)  {<h  <2h‘_A,)+  eMl). 

With  e-^*//ii(-X0)  = ^1(X»)e^,  //!»(- X,)e-M‘=-//;i(X0)e^ 

(IV. 136) 

H 11  (Xo) 

Hence,  in  determining  H^^CXq)  we  obtain 


tg  X,L  = 


A(2Xo-/?t) 
/o(2X0,/?l)  * 


(IV. 137) 


For  a fluid  of  finite  depth  formulas  (IV.130)  will  be 
transformed  into  formulas  (IV. 131)  in  which  X0  should  be 

used  in  place  of  v.  Then,  with  the  proper  determination 
of  function  H(X)  we  will  have 

J0(2\0R^Jl(2\0Rl)  f TV  1 Tfi  ^ 

g * J o (2X0V?x)  J 0 (2X0/?*)  + /j  (2X0^?j)  / , (2X0/?j) ' ^ J ' 

From  formulas  (IV.I37)  and  (IV.138)  it  follows  that 
the  minimax  points  of  the  wave  drag  and  circulation  do  not 
coincide.  For  the  fluids  of  both  finite  and  infinite 
depths  the  position  of  these  points  is  determined  by  the 
same  formulas.  Since  the  points  for  the  wave  drag  minimum 
and  circulation  maximum  do  not  coincide  it  is  of  interest 
to  determine  the  position  of  points  for  the  maximum- quality 
hydrofoil. 


Let  us  determine  the  wave  drag  and  circulation  by  the 
formulas 


Qj  = + r2  (A}  sin  vL  + /43cos  vL); 

Tj  = At  +'  Af  sin  \L  + At  cos  vL, 


(IV. 139) 


The  condition  of  the  maximum  (minimum)  quality  will 
be  determined  by  the  requirement 

F (L)t  = 0,  F(L)  = £.  (IV.  140) 

From  (IV. 139)  and  (IV.140)  one  obtains  a formula  for  the  [l60 
extreme  values 
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(IV. 141 ) 


tgXo4  — 


AiAl±.AL 
AjA»  + Aj 


Functions  are  determined  by  the  expressions 

ev[/i(2Xi?J)  + A (21, Rt)]  (ex,lh,~h,)  - e~^  ^~h‘^ 

Al 4(vA0  — ch*  XqAo) 

qvFi  (J i (2KoRi)  Jo  (2Xo^?a) — (2Xo^a)  (2Xo^i)l  o 

A*  = 4(v/i0— chUA) 


Qvri(J0(2X|)/?1)/o(2Xoj?i)  + -/j  (2X0^;)  A (2X0 /?j)]  „ 
4 (v/i0  — ch*Xo^o) 


(IV. 142) 


. _ nRjVJ 0 (2XaRt)  J t (2\0RJ  T t 

5 (v/i0  — ch*Xo/io) 

_ nRt\J 0 (21  pRi)Ji  (2X0/?;)  Tt 
3 — (v/i0  — ch*  l0/i0) 

Q __  g2i.,  (/l— /lcp)  _J_  e~' 2A,  rt— hcp) g— >•  rti— A.) g».  rti— A.) 


Expressions  (IV.141)  and  (IV. 142)  may  be  simplified: 


tgl04  = 


A|As  + A2. 
AiAg  + Aj 


(v),,— chnA)  I 


At  = — Ji  (2\0RJ  Jq  (2X0^)  + Ji  (2 Xp/?1)  / o (2Xq/?j) 
A3  = — J a (2Xp^?i)  V o (2X0Ri)  + J\  (2\aRi)  J 1 (2Xo/?j) 
As  = — n/?av/  0 (2X0/?,)  / j (2Xoi?i) 

Ag  = nRj\J  0 (2X0/?i)  y 0 (2X0/?2) 


(IV. 143) 


(IV. 144) 


Formulas  (IV.142)  and  (IV. 144)  are  obtained  under  the 
condition  that  H(\)  was  determined  by  using  the  complex 
velocity  of  the  hydrofoil  moving  in  an  infinite  flow. 

When  using  a different  method  of  determining  H(X)  one  should 

utilize  functions  A\=  ~6j~,  Ae^—y  in  place  of  A5  and  A£. 

The  extreme  points  of  the  quality  are  in  different 
positions  in  respect  to  the  wave  profile  for  fluids  of 
both  finite  and  infinite  depth.  This  is  due  to  the  fact  [l6l 

that  the  values  of  the  hydrofoil  wave  drag  are  different 
for  fluids  of  finite  and  infinite  depth. 

In  [114]  and  [215]  problems  of  the  hydrofoil  motion 
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in  steady  waves  are  studied.  The  results  obtained  in  this 
chapter  also  include  this  problem  for  fluids  of  finite  and 
infinite  depth.  Therefore,  the  discussion  will  be  limited 
to  certain  results  of  this  problem  examined  in  [ll4]. 

For  a hydrofoil  moving  in  steady  waves  the  complex 
velocity  of  the  flow  may  be  determined  in  the  following 
way  s 

v (z)  = — v0  + iw0ae~iv‘+‘i+  vl  (2)  + v,  (z),  ( IV . 1 45  ) 

where  v^(z)  - an  analytical  function  in  the  entire  plane 
of  the  complex  variable  outside  the  con- 
tour, which  includes  the  hydrofoil  profile; 
v2(z)  - an  analytical  function  inside  the  contour; 

a - the  amplitude  of  steady  waves. 

Let  us  examine  the  value  of  circulation  for  a flow 
about  a hydrofoil  at  a complex  velocity 


v(z)  = — v0  + ivv0ae~iv*+^. 


The  complex  velocity  of  the  flow  is 


v^iz)  = —v0  + ivt)0ae-ivz+‘»  + vml  (2),  ( IV . 1 46  ) 

where  vM^(z)  is  an  analytical  function  in  the  entire  plane 
of  the  complex  variable  outside  the  C ^ contour. 

The  boundary  conditions  on  the  contour  of  a cylinder 
which  corresponds  to  the  appropriate  profile  of  the  hydro- 
foil will  be  written  in  the  form 


Re 


ool 


/ \ dz 


Re[o0  — iw0ae~‘vz+^]  u ~ . 


(IV. 147) 


Solving  the  Dirichlet  problem  for  the  outside  shape 
of  the  cylinder  we  obtain 


0.1  («)  = £ { — »o  + gj  vu<>ae‘9  + a (V,  u)  + 

. R2  - f.  , vae 
+ + — 2 


vae~® 

~2n~ 


G I 


(IV. 148) 


2 niu  I 


For  the  N.  Ye.  Zhukovskiy  hydrofoil 
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(Z)  = Tz  { _ v° 1 1 _ ivae~‘9'/0  (2v/?)  e~''h\  + 

+ ~[1  + ivB8*Vi o (2vR)  e-v/ij  + _£_}  + 


Zl(vt«)^+B(v(£-) |~£ 

u 


hence,  according  to  condition  (11.33).  we  obtain 


(IV. 149) 


r = r i - 


vacospy0(2v/?)  e~v'1 


(IV. 150) 


The  problem  concerning  the  interaction  of  thin  hydro- 
foils may  be  solved  by  the  methods  discussed  in  Ch.  II. 

Let  us  assume  that  a system  of  n thin  hydrofoils  moves 
under  the  free  surface  of  a liquid. 

The  complex  velocity  of  the  perturbed  flow  will  be 
determined  in  the  following  way: 

n 

* <2)  = 2 2M  (s)  [r=7  + K‘ (2* s)] ds-  (IV. 15D 


[162 


The  boundary  condition  on  the  line  Cj_  is  in  the  form 
\ = — vj)  (x)  = Ff  (x)  on  Cr  ( IV.  1 52  ) 

By  introducing  function  $(z)  expressed  in  terms  of 
l(z)  = iv(z)  we  arrive  at  the  Dirichlet  problem  for  a 
plane  cut  along  sections  : 

Re  <D+  (a:)  = Re  (x)  = F,  (x)  on  C,, 

where  Fj(x)  is  a function  given  on  Cj , which  satisfies 
Gel’der's  condition. 

Examining  the  limit  value  of  the  S(z)  function  when 
approaching  the  line  of  the  cut  Cj  from  both  above  and  be- 
low we  arrive  at  a system  of  integral  equations 
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(IV. 153) 


^ Re  f Yl  (s)  + Kt  (z„  s)  ds  = F 


= Fy(x)  on  Cj, 


(/=  1,2  — /*) 

where  the  nucleus  will  contain  a singular  part  when  i = j , 
and  when  i / j the  nuclei  will  be  regular. 

For  a system  consisting  of  two  hydrofoils,  the  system 
of  integral  equations  may  be  written  in  the  form 

+2  + 1 ■ 

J + *)  ds+  J yi(s}Klj(x  — s)ds  = 


= -2 nl(x).  (/=  1.2;  t=  1,2;  l + fi 


(iv. i 54) 


For  a tandem  system  the  effect  of  the  stern  hydrofoil 
on  the  bow  hydrofoil  may  be  neglected  and  the  problem  of 
interaction  will  then  be  reduced  to  the  solution  of  two 
integral  equations : 

+i 

J Yl  ($)  + K\(*  — s)jds  = — 2^  (x), 

+i  +i 

J Ya  ^ [jllj  + Ki(x  — s)  j ds  + J y*  (s) Ku (x  — s)  ds  = 

-i  -i 

= — 2 nf2(x). 

Such  a formulation  of  the  problem  of  the  tandem  sys- 
tem interaction  was  used  in  the  study  carried  out  by  W.  H. 
Isay  [19*0- 


CHAPTER  V.  THEORY  OF  THE  SUBMERGED  HYDROFOIL 
IN  A PLANE- PARALLEL  UNSTEADY  FLOW 


[1 64 


5.1.  Formulation  of  the  Problem.  General  Aspects 

Numerous  practical  problems  related  to  the  motion  of 
hydrofoil  craft  are  reduced  to  the  study  of  the  unsteady 
phenomena  on  the  hydrofoil;  however,  very  few  final  re- 
sults concerning  the  unsteady  hydrodynamics  of  a submerged 
hydrofoil  have  been  obtained  so  far.  Perhaps  the  most 
significant  results  in  this  field  belong  to  I.  T.  Yegorov 
[29,  30]. 

Yegorov  analyzed  the  problem  of  the  unsteady  motion 
of  a thin  hydrofoil  with  the  linear  boundary  conditions  on 
the  free  surface  and  Fr  -*  ao.  By  using  such  a formulation, 
the  problem  of  the  hydrofoil  motion  is  reduced  to  that 
dealing  with  the  motion  of  a biplane  in  an  infinite  fluid 
for  which  the  aerodynamic  methods  are  used  exclusively. 

Later  on  Yegorov  extended  this  solution  to  cover  the  un- 
steady motion  of  an  array  of  profiles  [32]. 

The  problem  of  the  unsteady  motion  of  a two-dimensional 
profile,  in  the  absence  of  a vortical  trail,  was  studied 
by  A.  N.  Shebalov  [170-172].  Some  of  his  results  will  be 
given  below. 

The  general  problem  of  the  unsteady  motion  of  a hydro- 
foil under  the  arbitrary  conditions  is  analyzed  in  this 
chapter. 

The  periodic  oscillating  motion  of  a submerged  hydro- 
foil is  considered  to  be  the  basic  unsteady  motion  under 
study.  This  case  lends  itself  to  mathematical  analysis 
easier  and  more  fully;  it  covers  directly  a series  of  im- 
portant practical  problems  (motion  of  a hydrofoil  in  a sea- 
way, rolling  and  pitching  of  hydrofoil  ships,  vibrational 
loads  and  flutter  of  hydrofoils,  and  the  theory  of  auto- 
matic control  of  hydrofoils).  In  addition,  this  case  hardly 
makes  this  problem  less  general,  since  the  other  cases  of 
unsteady  motion  may  be  studied  with  the  aid  of  the  Fourier  [165 
integral. 

Let  us  consider  a hydrofoil  submerged  to  a depth  h 
under  the  free  surface  of  a fluid.  The  hydrofoil  moves  at 
a certain  constant  velocity  vQ  with  very  small  changes  in 

this  velocity.  The  profile  of  the  hydrofoil  is  deformed. 

Because  of  the  fact  that  the  problem  of  hydrofoils 
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with  arbitrary  thicknesses  and  profiles  becomes  more  com- 
plex we  made  the  assumptions  which  are  usually  used  in 
the  linear  theory  of  thin  hydrofoils. 


The  mathematical  formulation  of  this  problem  was  pre- 
sented by  means  of  formulas  (29)- (33)  in  the  preface. 


Let  us  express  the  velocity  potential 
the  form 


<p  (•*.  y.  0 = q>x  (*.  y)  + <p,  (x,  y,  0, 


(x,  y,  t)  in 
(V.l) 


where  (^(x,  y)  - velocity  potential  corresponding  to  the 

steady  motion  of  the  hydrofoil  at  a con- 
stant velocity  vQ; 

<f>2(x>  y»  t)  - velocity  potential  of  the  unsteady  motion 
of  the  fluid. 

Let  us  write  <p 2(x»  y»  "t ) in  the  following  forms 

<Pi(x,y,  t)  = y(x,y)e‘°*.  (V.2) 

Here  and  in  the  discussion  below  only  the  real  part  of  the 
expressions,  containing  the  exponentially  temporary  multi- 
plier, should  be  used. 


The  relations  (V.l)  and  (V.2)  provide  two  boundary 
problems  for  <pi  and  <p: 


where 


I.  v**Pi  = 0, 

•P1XX+ v<p,y=°  with  y = 0, 


<Pi„  = -Vj*  on  s 

(v.3) 

< 

II 

p 

X-¥CO 

II.  v*<p  = 0, 

(V.4) 

<P„  — 2iT'(px  — V,q>+  ^-<p„  = 0 with  y = 0, 

(v.5) 

= 9^-1  (ipf  — %)+= (‘PW — T*)-  on  2 

(V.6) 

= B on  s 

(v.  7 ) 

yip  - 0, 

1400 

(V.8) 

, . CD® 

T =»  ; Vi  =»  — 

8 1 g 


If  the  boundary  condition  (36)  is  considered  with  the  [l66 
coefficient  of  scattering,  then  instead  of  expressions 


(V. 5a) 


(V. 5)  and  (V.8),  we  obtain  the  following: 

9*  2»t'  1 1 — »P)  9,  — vj  (1  — 2iP)^  + l-‘«pxx=  0. 
where  P-^. 

The  problem  (V.3)  and  its  various  generalizations 
have  been  investigated  thoroughly  in  Chapters  I- IV,  while 
the  problem  (V.4)-(V.8)  will  be  studied  in  this  chapter 
and  partially  in  Chapter  XI. 

As  seen  from  conditions  (V.4)-(V.8),  the  use  of  the 
potential  cp2(x,  y,  t)  in  the  form  (V.2)  has  excluded  from 

the  problem  the  time  (t)  and  has  reduced  the  problem  to  a 
stationary  problem  for  the  Laplacian  equation  with  condi- 
tions (v.5)-(v.8). 


The  first  condition  (V.6)  is  a natural  condition  which 
does  not  complicate  the  problem.  However,  the  second  con- 
dition (V.6)  is  connected  with  the  special  structure  of 
the  line,  which  is  present  only  in  the  unsteady  motion  of 
the  profile  and  the  finite  circulation  along  the  contour. 
This  condition  complicates  the  problem  considerably.  In 
order  to  solve  it,  it  is  necessary  to  use  the  physical 
picture  to  consider  the  nature  of  motion  and  to  depart 
from  purely  mathematical  forms,  or  to  use  more  effective 
methods  as  compared  with  those  used  in  Chapters  II  and  III. 

In  this  chapter  the  investigation  is  based  on  certain 
physical  presentations  developed  in  the  field  of  unsteady 
aerodynamics. 

Let  us  consider  the  motion  of  a vortical  layer  with 
a length  of  2a,  which  simulates  the  motion  of  a submerged 
hydrofoil.  During  the  unsteady  motion  the  intensity  of 
this  layer  and  its  general  circulation  along  the  contour 
depends  on  time.  According  to  the  Helmholtz's  theorem 
there  are  vortices  moving  in  the  opposite  direction  some- 
where in  the  flow  so  that  the  total  circulation  of  the  en- 
tire vortical  system,  including  the  hydrofoil  and  the  ini- 
tial vortex  (located  at  infinity  behind  the  hydrofoil)  must 
be  equal  to  zero. 

The  vortices  in  the  flow  form  a vortical  trail  which 
is  moving  together  with  the  fluid  during  the  forward  motion 
of  the  profile  with  the  infinitely  small  unsteady  additions; 
it  can  be  assumed  that  the  vortical  trail  will  also  be  rec- 
tilinear. 
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The  assumption  about  the  rectilinearity  of  the  vor- 
tical trail,  the  Helmholtz  theorem  and  the  additional  hy- 
pothesis concerning  the  nature  of  the  vortical  layer  for- 
mation completely  define  the  time  dependent  structure  of 
the  vortical  trail  which  depends  on  the  structure  of  vor- 
tical layer  simulating  the  unsteady  motion  of  the  hydro- 
foil. Thus,  such  sn  approach  appears  to  bypass  the  second 
boundary  condition  (V.o)  and  does  not  require  satisfaction 
of  this  condition.  Naturally,  the  success  of  the  solution 
will  depend  on  how  close  to  reality  will  be  this  or  that 
hypothesis  concerning  the  formation  of  the  vortex  layer. 

There  are  two  aerodynamic  phenomena  which  accompany 
the  unsteady  motion  of  a hydrofoil.  They  were  developed  [167 
by  Carman  and  Sears,  Birnbaum  and  Kussner.  These  hypothe- 
ses are  described  in  detail  in  the  monograph  by  A.  I. 

Nekrasov  [92]. 

In  further  discussions  we  will  follow  the  physical 
presentation  developed  by  Birnbaum  and  Kussner.  They  as- 
sume that  with  a change  in  the  vortical  layer  intensity 
on  the  hydrofoil  by  fry,  the  elementary  free  vortices  with 
an  intensity  of  Ay  will  appear  at  a point  on  the  profile. 

All  the  free  elementary  vortices  in  the  relative  flow  will 
be  driven  away  from  the  various  areas  of  the  profile.  When 
approaching  a certain  point  on  the  profile  at  a certain 
instant  of  time  they  will  form  a single  free  vortex  which, 
after  leaving  the  profile,  will  supplement  the  vortical 
trail  behind  the  hydrofoil. 

Thus,  we  will  assume  that,  during  the  unsteady  motion 
of  a submerged  hydrofoil,  there  exist  a steady  vortical 
layer  y0  on  the  hydrofoil  with  a potential  9 ^ (x,  y)  which 

satisfies  the  boundary  problem  (V.3)  which  deals  with  the 
quasi-steady  vortical  layer,  a combination  of  free  vortices 
on  the  profile,  and  a vortical  trail  behind  the  hydrofoil 
with  the  potentials  satisfying  conditions  (V.5)  and  (V.8). 

A general  and  very  effective  method  of  solving  hydro- 
dynamic  problems,  which  is  based  on  the  Prandtl  conception 
of  acceleration  potential  and  the  equations  of  hydrodynam- 
ics and  which  does  not  require  any  specific  physical  know- 
ledge of  the  nature  of  the  flow  and  structure  of  the  sur- 
face Z,  will  be  discussed  in  Chapter  VIII.  This  method 
will  be  used  in  Chapter  XI  in  considering  the  three-dimen- 
sional and,  partly,  two-dimensional  problems  of  the  un- 
steady motion  of  the  hydrofoil.  It  was  shown  by  Nekrasov 
that  when  considering  motion  of  a hydrofoil  of  infinite  di- 
mensions in  an  infinite  fluid,  the  method  of  the 


n— ...  .li-i-  i.i  ■ .r.y.'.s’y.r  • 
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acceleration  potential  and  the  method  based  on  the  physi- 
cal pictured  offered  by  Bimbaum  and  Kussner  lead  to  the 
same  integral  equation.  For  a submerged  hydrofoil  both  of 
these  methods  give  the  same  results. 


Let  us  derive  the  basic  integral  equation  of  the  pro- 
blem. Let  us  consider  that  the  duration  of  the  unsteady 
flow  is  so  long  that  the  vortical  trail  extends  from  the 
trailing  edge  of  the  hydrofoil  to  infinity. 


lows  l 


The  potential  of  velocities  may  be  expressed  as  fol- 


*P  Ax, 


"-sir. 


Y (s,  0 In  (z  — s)  + G,  (z,  s)]ds  + 


+ J e(a,/j{ln(z  — s) -i- Gt(z,s)]ds + 


e(s,/)(ln(z  — s)  + G4(z,  s)]rfs  , 


(IV.  9) 


where  G^(z,  s)  is  a function  which  is  analytical  in  the  [l68 

lower  half-plane  and  satisfies  conditions  (V.5)  and  (V.8). 


The  motion  is  considered  in  the  xOy  coordinate  system 
in  which  the  origin  of  coordinates  0 coincides  with  the 
middle  of  the  profile  (-a,  +a ) and  axis  Ox  is  directed 
along  the  vector  of  the  forward  velocity  vQ. 

According  to  condition  (V.6)  we  obtain 


2 no, (*,/)=»  I*  V(s>/)|_1_  + G; (x, s) j ds  + j + 

—a  — a 

+aa 

+ G;(x,s)  Jds  + J *(6»o|j3|  +G,’(*,*)]dS.  (IV. 10) 


To  obtain  the  unJcnown  integral  equation  of  the  problem 
it  is  necessary  to  establish  the  relation  between  functions 
y(s,  t)  and  £(s,  t)  and  determine  the  G^(x,  t)  functions. 

The  relation  between  the  <p(s,  t)  and  &(s,  t)  functions  is 
determined  from  the  physical  picture  of  the  flow  [92]. 

Let  us  consider  a stationary  point  A in  space.  The 
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intensity  of  the  vortical  layer  located  near  the  station- 
ary point  at  the  time  t'  + At’  will  be 

Y (x,  f + A/')  = y (*'.  0 + y,M’  + i yt, 

Formation  of  the  free  vortices  will  correspond  to  the 
increment  of  the  intensity  within  the  same  length  of  time. 
The  intensity  of  these  vortices  will  be 

— Yr^'  — jY 


Af  = 


x—x' 


v0 


where  x is  the  abscissa  of  the  point  A in  the  mobile  co- 
ordinate system  at  time  t. 


Then,  the  intensity  of  the  free  vortex  may  be  written 
in  the  form 


y, 


x — x’ \ 

Vo  ) { V0  )' 


Consequently,  from  the  moment  the  point  A passes  from 
the  leading  to  the  trailing  edge  of  the  hydrofoil  the  free 
vortices  will  enter  the  infinitely  small  region  near  the 
point  Aj  when  the  profile  will  reach  point  A with  its 
trailing  edge,  these  vortices  will  supplement  the  vortical 
trail. 

All  free  vortices,  formed  at  point  A before  time  t, 
will  by  this  time  acquire  an  intensity  ^(x,  t)  which  is 
equal  to  the  integral 

= (v.  ii ) 

— c 

and  the  intensity  of  vortices  E(  t)  in  the  vortical  trail 
will  be 


e(5.0  = 


(V.12) 


For  the  periodic  motion 
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A 


Y„=Y(s)eto.  6 (s.0  =«(«)«*  eft,/)  = e (£)<>"* 

X 

e (x)=—ipe~lpx  j y (s')  e‘p,'ds' 

—a 

e (£)= — ipe J Y (s')  e^ds'  p = ^ 

—a 

and  equation  (V.10)  will  be  in  the  form 

+0 

2nvu  (x)  = | y (s)  |j-^  + O;  (x\  s)  j ds  — 


(V.13) 


— ip 


-fa  * 

j er,p*  J y (s')  e““’ds’  + GJ  (x,  s)j 


ds  -f 


+a  — o 


•fa 

(V.14) 

%)  J 

—a 

With  h -*oo,  equation  (V.14)  will  transform  into  the 
known  Bimbaum  equation. 


5-2.  Motion  of  the  Fluctuating  Strength  Vortex  Under 
the  Free  Surface  of  a Fluid 


To  determine  the  function  G{(x,  s)  in  the  integral 

equation  it  is  necessary  to  consider  a problem  of  a fluc- 
tuating strength  vortex  moving  under  the  free  surface  of  a 
fluid,  with  the  boundary  conditions  given  in  (V.5a ). 


To  solve  this  problem  let  us  use  the  M.  D.  Khaskind 
method  [l6o].  We  are  looking  for  the  potential  9 in  the 
form 


<p=  Repin + t In— +F, 


(V.15) 


where  F is  a function  which  is  harmonic  in  the  entire  half- 
plane ; when  y < 0 it  will  satisfy  the  condition 


- F„  - 2ft'  (1  - 1(5)  Fi  + Fv- vx  (1  - 2,(5)  F = 
1 1 


z 6 z-r 


(v.16) 
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F can  be  written  in  the  form  of  a sum  of  two  functions: 


F(z.  i)  = Ft  (z)  -+-  Ft  (z); 

these  functions  are  determined  from  the  following  differ- 
ential equations 


^-Fla-i  [2t'  (1  - :(J)- 1]  Fia  - vx  (1  - 243)  F,  = ; 

vi  z — £ 

F — :v  [2t  (1  — t'P)  -f  1]  F — Vi(l  —2 if>)F,  = — ~ 


(V. 17  ) 
(V. 18 ) 


Let  us  analyze  the  roots  of  the  corresponding  charac- 
teristic equations. 

For  g = 0,  the  roots  of  the  characteristic  equation 
(V.17)  are  ix^  and  -iX.2  and  those  of  equation  (7.18)  are 

iX-j  and  i X4: 

, 1 — 2t'  ± l"— 4?  , . ~ . 1 + 2x'  ±V\  + Ax' 

Ki  = .v r ’ ~ 2t'2 


For  g ^ 0 the  roots  of  the  characteristic  equations 

are:  -iX-£,  -iX^.  iX^  and  ix/j,,  where  X«j  is  determined  (to 

an  accuracy  involving  terms  containing  g2)  with  the  aid  of 
the  following  formulas: 


Xu  * + #7  (l  ± yfTwi ) : 

xi,4  - x3l4-  0 7 (*  ± yrri?  ‘ 


(V. 19 ) 


With  ImX[>0.  and  ImX2<0,  It  then  follows  that 

with  z < 0 the  lower  limits  of  the  integration  should  be 

assumed  to  be  +ooand  - «>.  With  X^  and  X2  will  be 

complex}  it  can  be  immediately  assumed  that  g = 0 and  that 

the  limited  solution  will  be  with  the  same  lower  limits 

ImX-j(4  < 0 and  for  any  values  of  T • Therefore,  to  obtain 

a limited  solution  of  the  equation  (V.18)  for  z ^ 0,  the 
lower  limits  of  integration  should  be  assumed  to  be  ± 00. 


15^ 


1 


Taking  this  into  consideration  the  solutions  of  equa- 
tions (V.17)  and  (V.18)  for  3=0  may  be  written  as  fol- 
lows : 


(V . 20 ) 


(z)  = 


i 

VT+ 4? 


2 


dt  — 


t-T 


(V . 21  ) 


From  the  formulas  (V.20)  and  (V.21)  it  is  easy  to  ob- 
tain the  asymptotic  expressions  for  the  potential  when 

X -»  t ooi 


<p  = — 


2 n 


(*-0 . 


(x-+  — oo). 


<p  = 


2n 


V l - 4t' 


o-X,(r-0 


— e 


A.  <*— i)  i 


2n 

VT+At 

(x  -*■  + oo) 


(2— D 


{V .22) 


(V.23) 


The  expressions  (V.22)  indicate  that  a moving  fluctu- 
ating vortex  creates  four  systems  of  waves  with  the  wave 
number  X$. 

With  the  numbers  X-]_  and  X2  will  be  complex  and 

the  corresponding  waves  will  attenuate  while  the  asymptotic 
form  of  the  function  9 will  be  as  follows : 


<P  = 0;  (x  -*•  — 00) 

T - - (C~IU  (*  - + 00). 


After  differentiating  the  expression  (V.l 5)  we  obtain 


(t  — Re  I 

U-s 


z-£ 


+ i 


1 

j/ftr ir'l 


-V 


-ft,*-  f* 


dt  + 


+ 


1 

Vl+~4x' 


-=dt  — 


1 55 
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r ' 


(V.23) 


The  appropriate  formulas  for  the  moving  and  the  fluc- 
tuating source  were  obtained  by  M.  D.  Khaskind  [l6oJ. 


Following  his  method  we  obtain 

. 1 ,1 

<p  = In  — — \n^-  + F, 

where  r = J^(*  — £)2  + (y  — n)»;  r'  = V (x  — &)*  + (y  + n)»; 


(V.24) 


f=f,+f2. 

f — 

1 

iV 

.Tf 
1 1 
£ 

p — 

1 

*2  — 

V\  + 4t' 

at** 


* * - \ 
(*  e-‘V  _ _ p — tx4t  ' 

)/=*«— 


R,(*-=r-rh) + f j=t  * + 

+ ^ <tj + jTTT?(a^'  I rrj  *"  “ 


— J d^j 


(V.25) 


From  the  expressions  (V.23)  and  (V.25).  ony  may  ob- 
tain the  values  of  <py  for  the  vortex  source  with  an  inten- 
sity of  B = P + iQs 


% “ Re  ( -^-=  + -A-  ] + i 


U-r  2-C 
+ f —■  *_  d/ 


j ,_r*/  ■ Ki+^'l5 


C-^d/- 

J <-C 


(V. 26) 
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From  this  formula  one  may  easily  obtain  the  known  re- 
sults i for  example,  with  \ = = v,  = ^4  = ® = 

= 0,  (V . 26 ) transforms  into  the  following  expression: 


p _ c eivt 

H — ivBe—iy*  | = dt 

z-t  J<-C 

— CO 


For  vq  = 0,  = X2  = °°>  ^2  = ^4  ~ v'»  T'  - 0, 

we  obtain  the  formula  for  the  fluctuating  strength  vortex 
source  : 


— B\’e~iv  t f 

J t-t 


(Y.27) 


This  formula  can  be  easily  transformed  into  the  for- 
mula given  by  N.  Ye.  Kochin  [593- 

5.3.  Singular  and  Regular  Equations  of  Periodic  Motion 
of  the  Hydrofoil 


Formula  (V.23)  solves  the  problem  of  determining  the 
function  G1(x,  s).  Directly  from  this  formula  we  obtain 


Gi  W ' Rc  x — 2(/i  + * 


1 J / — 2(7/ 


dt 


+ V 


J t - 2ih 

-f-OO 


+ 


Vl  + 4t' 


C e‘x*' 

X"r““"  J — 2lj.dt- 


— kte-a‘x 


\r=m« 


(V . 28  ) 


Formulas  (V.l4)  and  (V.28)  result  in  the  basic  singu- 
lar integral  equation  for  the  periodic  motion  of  the  hydro- 
foil. 


In  the  future  it  will  be  more  convenient 
equations  in  dimensionless  form: 


to  use  these 


where 


+i 

2iw„(x)  = J y (s)  =-|-=-  + Gi  (x  — s)  ds  — 

—1 

— ik  I j g-'*»[  _ * + G[  (x  — s)j  j*  y (s')  e/k*' ds'ds  + 

+c»  +1 

+ j'  er«i  j~  + G|  (x  - fjj  f Y (?)  e^’dJ'dfc  . 

o 

1 If  «-'M 

; (x)  = Re  + i . . ...  . — X,  =-A= < 

x — Aih  V 1 — * 4t'  J x — Ah  (u  + 0 

; L -H» 

t ^ — 1 ■ , b r — 

J X — 4ft  (ii  + i)  Kl+4t'  J x-ihlfl  + l) 
—oo  J L +°® 

o "l'l 

- (•  e~iK“ 

— X4  1 . = du  , • 

J x-4h(u  + i) 

+°°  J' 

o,  W - = 7 •*“£•*'  “ *'2/l’ 

k=zwa_  the  strouhal  number. 
v0 


(V. 29 ) 


(V.30) 


There  is  no  general  method  of  solving  the  singular 
equation  obtained  for  the  simple  case  of  steady  motion 
and,  therefore,  it  is  important  to  regularize  this  equa- 
tion, since,  after  reducing  it  to  the  Fredholm  or  quasi- 
Fredholm  type,  one  may  analyze  it  and  solve  it  by  using  [l 75 

the  methods  employed  in  the  ordinary  integral  equations 
theory. 

The  Bimbaum  integral  equation  that  describes  the  un- 
steady motion  of  a thin  hydrofoil  in  an  infinite  flow,  has 
a closed  solution  and,  consequently,  we  can  use  the  Vekua- 
Karleman  method  for  regularizing  our  equation.  By  carry- 
ing over  terms  containing  the  regular  function  G^(x)  to 

the  other  side  of  the  equation,  the  equation  may  be  written 
in  the  form  of  Birnbaum’s  equation 

2n/  (x)  — | J^ds  — ik  | y^jds  f y(?)e‘*ds'  + 

—i  L-i  -i 
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W 


°o  +1 

+ j*  j Y (s')  «“*'  ds' 

+i  -i 


the  solution  of  which,  obtained  by  Kussner  and  Schwarz 
[92],  will  have  the  form 


TfW 


1 


- +(C(*)-1) 

s—  x 


+ 


tk-fl+x.  (\—sx+  V \—S*V\—X* 

TV  — -is 


f (s)  ds, 


■X  “ VI  — S x — V\  — s2  v 1 — x* 

J 

where  C(k)  is  the  Theodorsen  function  [92]. 


(V.31  ) 


After  transformations,  from  the  expression  (V.31)  we 
obtain  the  following  regular  integral  equation: 

+ ( f 1®  J /Bi  frzi + 

l -1  -1 

+ (C  (*)  - 1)  + ‘i  l/btl  It 

^ ' i — X Vl  —SX—V  l—&Vl  —X* 


X 


Gf(s 


CO 

— o) — j 


e-ik*G\  ( s — p)  dp 


dsda 


(V.32) 


where 


— I 


=-L  + {C  (*)-!) 

1 — $ S — X 


+ 


, 1 /~i~+X  , SX  + V~  l — s’2  Y l — X2  , , , , 

■ TV  r^'eh — ::  ~ - JK(*)<fc- 


1 — sx — Y 1 — s2  Y 1 


X2 


This  equation  can  be  written  in  a more  convenient 
form  by  means  of  substitution 


cp  (x)  = Y (x) 


1 /* -+  X 
V 1-x’ 


(V.33) 


cp(x)  = <p0(x) 


-f  1 

-ij. 


(a)  F2  (x  , 0)  da, 
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where 


f= 51  - i-  V iff  f VrB  { [rb+(C(i)-11] + 

-1 

ik  . / 1 + cti  fl — sx  -f  V 1 — s2  1 — *a\l  _ - _ 

oo 

K(s  — a)  = Gl(s  — a)~  ike‘k°  j g-'*^  (7—  p)  dp. 


(V.34) 


The  lifting  force  and  the  moment  of  the  hydrofoil  will 
also  be  determined  by  formulas  (1.29)  and  (1.30)* 

4*1  _ 

P = Qav*  ^ y (s,  t)  ds , 

M — — Qa2o£  £ sy  (s,  0 ds. 

—i 

Let  us  assume  that 


P = Pe  , M = Me1"1'. 


(V.35) 


+ 1 

2 P — 


P=Qauo  | Y(5)ds,  M = — Qa:vi  j sy(s)i 


Let  us  determine  y(s)  from  equation  (V.32).  Then  formulas  [177 
for  P and  M will  acquire  the  form: 

p=?°-Q-irj  yG)Vttda\  V\ (V.36) 

-i  — i 

M = M0  + — J Y (®) ~\f  \z=dS  f ]/" j-j7=/?i(x,  o)*d*.  (V-37  ) 

where  Pq  and  Mq  are  the  lifting  force  and  the  moment  acting 
on  the  hydrofoil  in  an  infinite  flow. 

Let  us  express  Pq  and  M q through  the  normal  velocity: 

+ 1 r- — 

P0  = — 2Qt&z  j C(x)y  + 1—  Ia  v„(x)dx, 
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(V.38) 


+i  

M0=  2qc#z»  j jVl—  ?—  V 1—  x»+-i-[C(/fe)—  l]jt/„(x)d*. 

—1 

Now,  let  us  transform  formulas  (V. 36)  and  (V.37)  to 
another  new  form.  Integrating,  we  obtain  the  relations 

/ill  J + 

— i —1  L 


+ K 1 —s*)  K (s  — a)  ds. 


—1  —1 

+ y(C(*)-l)]/j±i  tf(F-a)<fc. 


sV  1 — s*  + 


By  taking  these  formulas  into  account,  formulas  for  forces 
will  be  in  the  form 


P = — 2Qu5a 


1 


+ ik  V 1 — 1 [vu  (x)—NAx)\dx,  ( V . 39  ) 


where 


+1  

M = — 2Qvy  | \V  1 — x*  — ~ xV\~xa  + 
— 1 

+ l[C(ft)-l]]/* 

1 p' 

= 2S  y (o)  K (x  — CT)  da. 


(V.40 


(V.41 ) 


Formulas  (V.39)  and  (V.40)  show  that  the  influence  of 
the  free  surface  causes  changes  in  normal  velocities  on 
the  profile  and  that  the  hydromechanical  characteristics 
of  the  hydrofoil  are  equal  to  those  of  a certain  hydrofoil 
in  an  infinite  fluid  which  has  a normal  velocity  v' (x)  = 

= v^  (x  ) - N]_(x).  y 

In  order  to  determine  L and  M it  is  necessary  to  find 
the  values  of  Ni(x).  The  exact  value  of  N^(x)  may  be  found 

after  solving  the  integral  equation  (V.32),  but  the  theory 
of  the  deeply  submerged  hydrofoil  may  be  developed  using 


r 


Y0(a)  instead  of  y (a)  in  formula  (V.4l). 

5.4.  Expansion  of  the  K(s  - g)  Function  in  Powers  of 
Parameter  T 

For  solving  equation  (V.33)  we  will  need  the  expan- 
sion of  the  K(s  - a)  function  with  respect  to  the  positive 

powers  of  the  paremeter  T = V 4h*  + 1 — 2h.  Let  us  write  function 

K(s  - a)  in  the  form 

00  _ _ 

K (s— a)  = GJ  (s— a)  — ik  ^ e-Jk“G[{s  — a — 4/iu)  du,  k=  4 hk. 

6 

The  function  J 7 expands  into  the  following 

series:  x 4/i  («  + /) 


1 


x — 4/i  (a  + 0 


« » (n  + p t\, 


naif  2f  3 P“li  2i  3 


r-^)1 


xp-i 


1 


(u+i)p 


Let  us  search  for  the  expansion  of  function  K(s  - a) 
in  the  form  of  (I. 81): 


K{s  — a)  = £ t»  j 

n*U  2,  3 2,  3 


(V.42) 


where  /(„,  ^ = 


- (1  + ZFp-i  (X,))  (n,  p - even), 


("4-H1 

V -r-  EFp-ifij)  (n,  p - odd), 

n — p\  . 


(P 


Let  us  now  determine  function  Ifp- 1(^<).  For  the  inte- 
grals in  the  expression  (V.30)  we  have  the  expansion 


e-‘Uadu 


\ f 

J x-4 h 
±00 


! x”-' 


(u  + 0 


” " fn  + p .\ 

y„y  (~:v 


n-1,2,3  p*»l,  3,  3 
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iiggtrfi  iff ' ; 
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where 


u 

Jn 


-IXu 


+ 0' 


fl+\ 


du. 


o 

rn(\)  = \ j- 


— liui 


rv“+l 


du. 


(u  + tT 
K(V'- — r-F„(\). 

p'n  (x)  = -rnFn(X), 

and  where  Fn(\)  is  the  function  derived  in  Ch.  II. 


Let  us  establish  one  equality  for  the  expansion  of 
the  function 


f f ?—£ rdudux 

J J (p  — o)  — An(u  + ux  + 0 

0 o 

Let  us  integrate  by  parts : 


f 

J J (“  + v 


-lkiOe-ik«l 


+ 0' 


■rr  dudv 


.n+l 


CO 

41 


<f  + 0" 


■ dv  — 


ik  2 


’•  e-iktv^lkxU 


n j .)  (u+u+tr 

0 


dado, 


CO  oo 

l.f 


g-MiOg-tetu 


0 0 


(M  + w + t)n+l 


dud:;  = 


-4J 


(y  + 0" 


■dv  — 


CO  CO 


— ~ f f — — j dudo. 
« J J (u  + o +0" 


0 0 


From  the  above  relations  we  obtain 


co 

I 


du 


r 


e-iktve-ik,u 


J (u  +y +i/ 


dv  = — i 


1 


(fej 


\ dv  — l du 

J (0  + 0"  J («  +0 


— iktu 


Lo 


(V. 44) 


These  relations  are  sufficient  for  writing  the  general 
expansion.  By  combining  these  results  we  obtain  for 
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^Fn(X,)  = 

5-[  W + W+  { 

f K(k) 
< k 

Fn  (Xi)  \ 

1 »■ 

(FJti)  Pn(K)\] 

1 

+ 

[ F (X3)  — 

K ) 

xa — k 

\ ^ 4 /. 

]/1+4t' 

I n ' 

p 4. 

k\3  ( 

rn(-k)  Km 

T 

“ rn  W T 

Xs  + ft  V 

k X,  . 

1 K + k\ 

k 

(V.45) 

With  the  change  in  direction  of  the  Ox  axis  the  func- 
tions FnUi)  in  the  expression  (V.45)  should  be  replaced 
by  Pn(H). 

For  k = 0 : 


Since 


and  then 


(\)  = i (X)  + Fn  (X))  = 2 Im  Fn(k), 
F'n<M  = - rn  ReF„  (X)  - r{n+l)  Im  F„(X), 


£ F„  (X,)  = 2 (~  1)*  ReF„  (X)  (n  - odd  ) , 


2 ( — I)2  + 1 Im F„ (X)  (n  - even). 


Substituting  these  values  in  the  expression  (V.42) 
we  again  obtain  the  expansion  (1.81). 


5.5.  Solution  of  the  Regular  Integral  Equation 


If  only  a finite  number  of  terms  is  retained  in  the 
expansion  (V.42),  the  kernel  of  the  equation  (V.33)  will 
degenerate  and  the  equation  will  become  equivalent  to  a 
certain  system  of  algebraic  equations  which  may  easily  be 
obtained. 


Let  us  present  an  approximate  solution  of  the  problem 
(V.33)  using  the  method  discussed  in  Ch.  II.  Solving  the 
equation  (V.33)  by  the  iteration  method  we  may  write  for- 
mulas for  forces  in  the  following  ways 


P = j Yo  M [1-2  Nn  (. x ) (-  If]  dx, 


(V.  46 ) 


AU«>  \/~  r+7  [j~j + «w-»]+ 


>y 


or 


ik  . 1—  pt  + Vl  — p2V  1—  t2\xr 
+ T <«  *-  *> 

S„(o)-i  f [C(i)|/ |i2  + /4Vi-p!jK(p-o)dp 

<C*H 

+ t -£S"W(- lr] 

Ml 


(V.47) 


(V.48) 


Similarly,  for  the  moment: 
+i 


n — f •».  m [*  — £ a w ■)“]  <**• 

_1  1 n-0 

+ j*  ig  Lzi£(±^E72 -^IS]  iMn_,  (t)didp, 

A - Jr]  * <0-  *>]  {/Hj  / m [?=J + (C(4)- '» + 

+ il\g  1 - P<  + VJrF?  dtdp, 


(v.49) 


(V.50) 


M = 


2oau; 


j {j/  r=i  l/~i 


i 

1 +x  s — x 


+(C(*)-1)+ 


+ 2lg1_sx_/1_?/T3?|L  Zj  J 


(V.51) 


Let  us  write  the  expansion  of  the  kernel  K(p  - c)  in 
the  form  of  (1.70),  Then 


K (p  — o)  = ^qp!  (P  — a)  + £*<P>  (P  — o)  + S3qps  (P  — °)  + • • • ) 
No  (o)  = t«0i  (o)  + (o)  + («)+•••' 

M (0)  ==  y„  (0)  + Vfot  (0)  + SVo.  (O)  + . . . 


(V.52) 
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to,  (J)  = — ^ J 9,  (P  - ff)  (C  (*)  ]/  * V 1 - P2  j dP< 

—l 

+1  # 

/o,(CT)=  _I-j‘^n(p_o)|l/l  — p2— ypK  1 —Pi  + 


+ |lC(*)-U|/'^* 

N.  0)  - («)  + ■.  .'.  + S\», 


Af*(o)  = ^7w+.(o)  + ...  + r/M(a). 
i V _ _ _ 

t*,, = (9, (p-tf) + <p2(p-tf) **_,*_*  + . • . + 


—l 


+ 9m(P-o)t*_,,_,)dcr, 

IP)-  |{/ ]§/' TTi[^7  + <CW-"]  + 

i-p<+i/r=yi/TrF| 
t i_p/_/nrjVi-(ir 

+i 

/M(°)  = j (9,  0»-a) + 92(P  °) — i,c — 2 + • • • + 
+ 9m(p-a)/*_ltWn)dp. 

S-M [?=7  + ■>]  + 

I ik  i-pt+V\-p2V  1 -t2  1 

+ 2 8 i -pt-VT-^W-^  H 


(v. 53 ) 


(v.54) 

(v.55) 


(v. 56 ) 


(V. 57 ) 


By  assuming  functions  q>i(p  - a)  in  the  form  of  (I.75), 

functions  V jC|  s and  fj^  s will  be  determined  by  formulas 

(1.77)  and  (I.79),  in  which  the  coefficients  Gp,  k - m are 
found  as  follows: 


(”  Bo,nsn  (P)  f C (k)  1 . 

f\+*  + ikVX  ?] 

J L V 

l-p  J 

[183 


*. 
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r 


c;*,m  =^y  rzrp  0>)  + y (P)  V 1 -?']  dP'  ( v . 58 ) 

Bp.ktm  = Boan-t-l»mfip— l»fc— 1 H*  Bopn+itnt&p—  I *A— m— X “f*  ^0»A—  l^ndp— la* 

jl/rr^[r=^  + c(fe)_1]ic^  + 


+CpwM  a 4-  Cp^i^1  ] dcr, 

^ Pyk,m  m— ^0,m+2,n^p— l^k— m— 2^"  *.*  ' A).*— Iwji^p—  Irf’ 

1 *V*  1 — SO  + *^  1 — 5^1  — ? 

«** w - * J, u i+t»+y'i_i>7r+?  'c»« + c--“’ + • • ■ + 

+ c;^la*-p-‘ldo; 


+1  

Co.njn  = — ^ Bo,n,m  (p)  1 — 


p+|-pV73 


p2  + 


i|C(4)-Ilj/l±£j^, 


+1 


1 j ]/"  BPlAim  (P)  + ^ ip)  V\-p2 


dp. 


(V. 59 ) 


(V. 60 ) 


Bp,k,m  ^Ojffi+1  iffi  dp— &,&— /n— 1 4"  ^0|i7i4*2^P“l)4— fli*-2  "4“  • • • "I* 

+ B0)*  — l,m  dp — i,p, 

^ p,k,m  — 1»£ — m— 1 ^0»/n-{-2i/n^/>— ■ 1 ^k—nx— 2 1 * (V»  ) 

Functions  dn>  ^ and  gn>  ^ are  determined  from  formulas 
(V.59)  and  (V.60),  in  which  Cpf m is  used  instead  of 
Cp,  k,  m* 

Taking  into  consideration  all  these  relations  let  us 
write  the  formulas  for  forces  as  follows : 


+i  

P=-2oavl  joB(s)  ]/  ^ (s)  + y V 1 - s2B 


(s) 


— 1 

+J 


ds,  (V.62) 


M=2eaJt>2  Jt’n(5)^]//"j-3ji4(s)  + ‘A/  1— ?B(s)jds,  (V . 63 
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where 


4(s)-<foo-2*"2(-  l)*dM(s). 

it— 1 a— o 


n — 1 


S (s)  — goo  — 2 ^ 2 ( 1)  Bk*  (s)> 

n-1  k-0 

2(s)~d, oo-IX£(-l)*4.(6). 

n°l 

S (s)  - goo  - f •"  2 (-  >)^M  (J)- 

n-1  A=0 


(V. 64) 


(V.65) 


Let  us  determine  coefficients  Cp(  jCf  m and  Cp^m- 

These  coefficients  can  be  easily  found  from  The  expansion 
( V . 42  ) . 

Below  is  a list  of  coefficients  Cp(  m and  Cpfk(in: 
Colo  —Kll  I C (As)  + -ij-l,  C020  = ~7)  C (k)  Kn, 


’oio  = Kn  |C  V"-/  -T-  “fj-ji  ~uai 2 

C021  = — Kn  ^ ft)  + 2"ji  ^030  = ^01°  4"  K33 (£)  + '2~ji 

Co31  = K33C  (k),  C032  = K33  (A)  + -y  j, 

C04O  = c ( k ) Ki2  + -g-  Ku  j»  0)42  = ~2  K**C  (^)» 

C04i  = — Km  J^C  (k)  4-  -g-j  — Kh^  -g-  C (fc)  + — ik 

C043  = — K^  (A)  + g- j.  Cun  = Quo- 

C230  = ^oio,  C340  = C010, 

C,*30  = 2C0*,oC^  - Kh  Co212~fe)-. 

Cl31  = C021C010. 

C240  — 3C010C020  — Ki\C  (k)  C|3|, 


C240  = C02IC010, 


Cmo  = K11  Co3oC(*)  — Co3i — g-^-H — +K22  |Co: 


C(k) 


■> 020  — 2 *" 
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. L1  _c (*)]}  + [x3l  + ^f\ Co.oC  (fe)  + y[ku  (coao  + %J) 
+ -^p-  C(j21  + Co.0  ^31  + ~2~  j j> 

C*4I  = — KnC  {k)  |c» — 4"  C«‘  ] ” /CmC°*oC  <*>  + T KvC™ 


Cuj  *•  A'wCoio  ^ C (&)  + Tjp  j* 


1 


Cm=  —^KnC(k) 
CqCO  — K22 


1 [C  (A)  - 1[  + ^}.  Coc,  = y/C2cC  (k), 


Co30  = ^ Co*,0  - *33  (-J-  [C  (A)  - 1 ] + J j, 

Coj]  = — K33  j^fC  ( k ) — 1]  + ■g"|>  C032  = — -^-KaC  ( k ), 

Cow  = K\2  j 2 "[C  (M  — U + — ^C4<|j0lC(A)  1]  g^j, 

Co<i  = — /C«| — ^-[C  ( k ) — 1]  g-j, 

C;«--^j|[C(ft)-IJ— Co«  = Kh  ■ 


cj*)_ 
2 ’ 


C120  = CoioCqioi  Cc3o  = C010C 


,.2 

010. 


C340  = C010C0101  _m 

C130  = C020C010  + C010C020  — /C11  ~2~  C (&}< 
C131  — C010C0211 

Cow  — Ci3oCoio  + CoioCoioCom C ( k ), 

C241  = Co2lCoioColO> 


C'iv,  = Ku  C^o  C (A)  — Cm,  + Cmj  j + Kx  jc02o  + 

-f  ^p[l  — C (A)]  | + ^/Cai  + C010C  (6)  + y [*,  ^Com  + 

+ + ^-Con  + Coi0^3l  + “pj  jt 

c;«  = - Kx  [ c (A)C0*20  - C021  ^ J - KuClufi  (k)  - \ Kv&o, 


(V. 66 ) 


[186 


(V.67) 


I69 


CmJ  *“  KjaSo.O  ^ (^)  + 2'^' 


Functions  dn> m and  gn>m  are  found  in  the  form 

doo  — C ( ft ),  aoi  = Coio C ( ft ), 

do3  = ^030 C (ft)  + C031  |s 2"[C  (ft)  + 1)  + ^032^5*  — s -f  -^rC  (ft)  , (V . 68  ) 

do2  = Cq2qC  (ft)  + Co21  1 5 — ~2  (ft)  + 11 1* 

do*  = CottjC  (ft)  + Cwl  js -n-  (C  (ft)  + 1 ] | + Co43  |s3 5*  + -n-  S 

dlJ  = C 120 C (ft), 

dl3  = C]3oC  (ft)  + C(31  5 — -g"  (C  (ft)  + 1]|; 

d\*  = CuoC  (ft)  + Cm.  |s — -2-[C(ft)  + 1]|  + C|42p* — s + C (ft)  , (V.  69  ) 

da  — C230C  (ft), 

di*  = Ci*oC  (ft)  + Cm  js  — -£-[C (ft)  + 1]  j* 

do*  = C340C  (ft),  . 

<?oo  = 2.  Soi  — 2C010,  802  — 2C020  + C02,s, 

503  = 2C^  + C^  + %?(1  + 2s*), 

80*  = 2C^  + C04.S  + ^ (1  + 2 s*)  + (j*+  s*)' 

8\ 2 — ^120>  £.3  = ^130  "l"  ^ 131s* 

5,.-2c;<.+  c;),s  + %3(i+2^, 

823  — 2^230*  821  ~ '^2*0  "1"  ^24IS* 

83*  *“  2Cj^0,  dm  -*  1 — y [C  ( ft ) + I J.  Boo  " *•  (V . 70  ) 

Functions  dnra  and  gnm  are  determined  from  formulas 
(V.68)  and  (V.69),  in  which  C*, m is  substituted  for 
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Cp,kfnT  Having  the  values  of  functions  dnm  and  gnm  and 

coefficients  Cp^.m*  one  may  determine  the  values  of  the 

lifting  force  and  moment  for  the  various  special  cases  of 
motion. 

Let  us  examine  a particular  case  of  reciprocating 
oscillations  of  a plate.  For  this  type  of  oscillation  the 
normal  velocity  is  given  by  the  formula 


vn(s)  = ikx\, 

where  ri  = -3-  - the  relative  amplitude  of  oscillations. 


The  dimensionless  lifting  force  and  moment  may  be 
written  as  follows : 


P = ik T)  | C (k)  y,  + y Ya  |. 


Af-ttijJ— ic(ft)Y3  + YY4j. 

for  functions  yj  the  following  formulas  were  obtained 

Yi  = 1 — tCoio  — T2  ^Co20  — C 120 — T3  ^Co30  — Cl30  — C23O  — 

C031 — C i3i  — Co32  \ a ( r*  , r'  r * 

2 I — T lC«40 UH0-TU24O O340 

C041 — Chi  4- C241 — C042+ Chz  3 r*  \ 

2 8 C°43/> 

y2  = 1 — tCoio  — t2(Co20  — C|2o)  — T3  ^Co30  — C|3o  4-  C230  + ^-Coaij  — 


(V.71 ) 
(V.72) 


Co40  — C|40  + C240  — C340  + (Cq42  ' 


'042  — C|4aj  , 

Y3  = 1 + 2tCoio  + 2t2^Co2o — C120  — ^ ^o30  — ^130 

+ C2'30-^  + ^ + ^-2  j + 2t4  ^Co‘40  - C'uo  + C2*40  - C340  + 

, Cmi  — C|4I  + Cm  , C042  — C|42  _3_  c*\ 

^ 2 ,2  8 A 

Y4  = — C010T — T2  (C020  — C120) — t3  ^Co30 — C 130  + C23O  + ■£*  Co.ttj  — 
— T4  C010  — C 140  + 2z40  C340  ■—  (Co41  — Ci«)  j. 


(V. 73 ) 


(V.74) 


(V.75) 


(V.76) 


171 


For  the  submerged  hydrofoil,  it  is  difficult  to  sep-  [189 
arate  the  overall  forces  into  the  quasi-steady  part  and 
the  part  which  depends  on  the  vortical  trail. 

One  may  attempt  to  isolate  the  lifting  force  which 
depends  on  the  entrained  mass.  This  force  is  determined 
through  the  intensity  of  the  vortical  layer  from  the  for- 
mula 

-H 

Pl==Q£t\  *Yo(*.0 djc. 


where  y0(x,  "t)  is  the  quasi-steady  intensity  of  the  layer. 
The  quasi-steady  moment  is  determined  by  the  formula 

-H* 

M0  = — QV0  j *Yo  (*,  t)  dx. 

— a 

By  comparing  these  expressions  we  obtain 


Px  = - 


d_M0 

dt  vo 


(v.77) 


and  for  the  periodic  oscillations 


(V. 78 ) 


The  expression  for  the  quasi-steady  moment  will  be 
obtained  if  we  assume  that  k = 0 in  the  brackets  of  for- 
mula (V.?2).  Then,  the  force  caused  by  the  entrained  mass 
will  be  expressed  in  the  form 

(V.79) 


In  determining  it  should  be  kept  in  mind  that 

functions  knm  in  the  coefficients  Cnmp  also  depend  on  the 

Strouhal  number.  These  dependences  should  be  retained, 
since  they  determine  the  nature  of  wave  formation  on  the 
free  surface  during  the  oscillation  of  a body  with  a cer- 
tain frequency  and  k = 0 should  be  used  only  in  those 
terms  which  depend  on  the  vortical  layer. 

For  the  infinite  fluid,  force  will  be  determined 

by  the  second  term  in  the  expression  ( V . 71 ) • It  is  of  in- 
terest to  note  that  for  the  case  of  reciprocating 
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i»r,  I t'-ts 

-■  — - ■ 


- 


oscillations  this  term  is  the  same  as  the  formula  (V.?9). 
Comparing  the  coefficients  with  the  same  powers  in  the  ex- 
pressions (V.75)  and  (V.74)  we  obtain: 

1 2C010 1«  = — I C010  |o 
I Co*.  I = |Coa>|,  — 2|Ci»!o  = I C120  lo  • 


from  which  it  follows  that  y20  = y^Q. 

This  conformity  is  at  the  same  time  used  as  a tool  [190 

for  checking  the  correctness  of  determining  coefficients 
Cnmp»  ^nmp*  Y2  • 

Function  y^Q  which  determines  the  relative  change  of 

the  force  due  to  the  entrained  mass  is  in  the  following 
form: 


yM  - 1 - rtf,  — t*  (1  K°a -/tf  j - 13  (/(?,  + - 

^ K®  K**  1 ^ If®  if®  ® ifO  jpO  l tsO^ 

-2“AuA22  + An  I — x I A44  1 A22 — A33A1I — ^“^22  — 

— 2/Cn  + — K?ij. 


(V. 80 ) 


At  high  and  low  velocities  of  motion,  y^Q  is 


by  the  formulas 


Fr  -*•  0 y^*!  +lx»  + lt‘  + °(A 


Fr 


00  Y3o=  1 — y t*  + 0(t*). 


determined 

(V.81) 

(V. 82 ) 


By  assuming  that  k = 0 everywhere  in  formula  (V.7 3)> 
then  the  latter  will  transform  into  formula  (1.82). 

In  conclusion  let  us  examine  the  rotational  and  oscil- 
lation motions. 


The  normal  velocity  is  expressed  by  the  formula 
vy  (5)  *=  Ik  (t)  + sjS)  — (T  + ikfis, 

where  f = — - the  relative  distance  between  the  center  of 
a rotation  and  the  origin  of  the  coordinate 
axes ; 
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0 - the  amplitude  of  the  rotational  oscillations. 

Let  us  determine  the  lifting  force  and  the  moment  by 
the  formulas 

P = I Ik  (if  + §>)  — Pi  C (ft)  Yl  - W ^ Y»  + 

+ |u«**(if+iP)-PlY.-iAPY.}.  (V.83) 

JM  = 1 C (A)  [ik  (if  + IP)  - PJ  Yo  - ^Y»  + y[(^(if+P)- 

-flY4-|PY.|.  <*.84) 


Y6  = 1 — tCoio  — T2  ^Co2o  — Ci»  + igr  C^,,  (1  — C (ft)  j — 

— t*|Co30  — C*30+  Cao  + y(Co3l  — C|3lXl  — C (ft)J  + 

+ -J-  Co32  [c  (ft)  — -J-JJ  — T4  |C(M0  — Cl«  + Cao  — C}40  + 

+ 2*  (C041  — Chi  + C2<i)  [1  — C (ft)]  + ^-^-C  (ft)  — j (Cm*  — Ci«)  + 

+ ‘g‘Co43(l  — C(ft)]J.  (V.85) 

Y»  = — "g-  Co2i  — (Cost  — Chi)  — ^Co4i  — Chi  + C2«  + yCo«i  j,  (V . 86 ) 

Y?  = -^-(l  — C (ft)]  — y CoioC  (ft)  — t*  (Co»  — Cijo)  + 

+ [l  — C (ft)]|  — T3  |— (Coso  — C|33  + Cao)  + 

+ Coil-7  C|-[i-c  (ft)] + 1 [ c (ft)  - 1 jj  - t4  {c  (ft)  (cU  - 

-e,« +g^,-g^)+ c*'~  c\l  n -c(ft)i  + ' 

+ CMil-CH»  [c(ft)-- l]+Ae^[l-C(ft)l}.  (v.87) 

Y;  = 1 — Coat*  — ^(CjBI  — C|3l)  — T4  ^Co4l  — ^141  + ^Ml  + ‘2"Co4S  j*  (V.  88  ) 


(V.8?) 
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One  could  study  the  problem  dealing  with  the  determi- 
nation of  the  suction  force  during  the  unsteady  motion  of 
a profile  as  well  as  the  related  problem  concerning  the 
thrust  and  efficiency  of  an  oscillating  hydrofoil  in  the 
same  way  as  it  is  done  in  aerodynamics.  However,  these 
problems  are  not  discussed  here.  Also,  the  problem  of  the 
profile  wave  drag  during  the  unsteady  motion  will  not  be 
discussed  here. 

5.6.  The  Unsteady  Motion  of  a Two-Dimensional  Profile  of  [192 
an  Arbitrary  Shape  Under  the  Free  Surface  of  a Fluid 

A problem  concerning  the  motion  of  an  arbitrary-shape 
two-dimensional  profile  is  discussed  by  A.  N.  Shebalov 
[170-172J.  Shebalov  examined  a special  case  of  the  pro- 
file motion  in  which  the  circulation  of  the  velocity  along 
the  profile  remains  constant  and  there  is  no  vortical 
trail.  By  using  such  a formulation,  the  problem  is  sim- 
plified considerably  and  can  be  solved  by  Kochin's  method 
even  if  the  profile  has  an  arbitrary  shape. 

The  problem  of  the  unsteady  motion  of  a profile  with 
a constant  circulation  requires  an  investigation  of  condi- 
tions which  are  necessary  for  ensuring  constancy  of  circu- 
lation. Such  conditions  may  become  impossible  to  achieve 
for  all  possible  types  of  hydrofoil  motion.  In  addition, 
these  possible  types  of  hydrofoil  motion  are  limited  con- 
siderably by  the  assumptions  made  in  the  derivation  of  the 
linear  boundary  conditions  on  the  free  surface. 

In  deriving  boundary  conditions  it  is  assumed  that 
only  the  horizontal  velocity  of  the  incident  flow  has  a 
finite  value.  The  vertical  velocity  is  very  small  and  is 
disregarded.  Consequently,  it  follows  that  under  the  as- 
sumed boundary  conditions  one  should  consider  such  motions 
which  have  very  low  vertical  velocities.  However,  the  case 
of  motion  with  a constant  circulation  along  a circular 
trajectory,  which  is  well  known  in  aerodynamics,  cannot  be 
considered  here. 

Let  us  discuss  briefly  certain  results  obtained  by 
Shebalov. 

The  boundary  conditions  on  the  free  surface  are  as- 
sumed to  be  in  the  form 

<P„  + gfy  + * (0 9, v-2t> (0^  = 0;  (y  = 0)  (V.58)  [sic] 

conditions  on  the  profile 


m,K,WVm^„rn  i - ■ ™— — 


<p«  = »„  (0; 


at  infinity 


<P (*•  (/./)-*■  0 x— + oo, 

<p  (x,  y,  t)  -*■  0 y -*  — oo; 

initial  conditions 

(?,)„,<>  = °-  (<F)„=0  = (/  = 0). 


(V.90) 


The  potential  of  the  vortex  under  the  free  flow  is 
determined  in  the  form 


'>~-k  (arcl8  !£tt  + >rc,g  ~ir) 


<Pi. 


(V.91) 


where  9^  is  a function  which  is  harmonic  in  the  half-plane 
and  which  is  determined  from  the  equation 


<P|«  * - 2t,<Pu<  + v-<plxx  + g%y  - «ypu  = 

00 

= — S “ 1 e>'ii'~h) s\n  kxdk. 


(V.92) 


from  which 


- — j*  |*  -e-r—  -sin  /.  x 4-  j vdt  sinV'g/wf?  — T)drdk.  (V*93) 


<Fi 
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According  to  the  Cauchy-Rieman  conditions  for  the 
function  of  current  we  obtain 


"f 


_^Tj_ 

oy 


dx  — h (y). 


where  0(y)  is  an  unknown  function  of  y,  which  may  be  as- 
sumed to  be  equal  to  zero.  Then 


,■»  J.yy — h) 


^1  = — 


cos  X 


Vgk 


-r  j i>dt"|sirii  gk 


•.  (t  — t)  dxdk. 


(V.94) 


The  complex  potential  of  the  vortex  during  the  un- 
steady motion  was  obtained  in  the  form 


, r . z-ma 

V(Z.  t)  = -s-^-ln rr- 

2.ii  z — ih 


I* 

t 

f • 

' • 


b 


Similarly,  for  the  source 

«p  = -^-[lnv  0 + {y+  h)5  — In  Vx*  + {jj  — h)*  ]+  <Pi* 

<P,„  - 2 o0T,„  + »»„  + g<F„  - ofiu  = ^ j «**“*’  cos 

and  the  complex  potential  of  the  source 

W (z,  /)  = -5-  In  (z  + /A)  (z  — ih)  + 


(V.96) 

(V.97) 


cd  t -afar 

X (*  f * sinV' gJt  (<  - t)dXdT. 


+ *jjr* 


(V.98) 


From  the  expressions  (V.9 5)  and  (V.98)  we  obtain  the 
expression  for  the  complex  potential  of  the  vortex  source  1 

W(z,t)=  (z  2i)  — gjg"  In  (2 — *i)  + 

« p p -ttd-i-,)  _ -/Xjwfr  

+ |1|  -iw  Be  * sinV^(/-x)dXdT.  (V.99) 

00  T • 

Using  Cauchy’s  formula  for  the  doubly- connected  re- 
gion between  the  and  C2  contours,  which  envelop  the 

hydrofoil  profile,  we  obtain  the  for  complex  velocity  of 
a two-dimensional  profile  the  following  expression* 

■’“■fl-sr]  -ht[t^  ■*  + 

+ 7T J J x_ v ~ 0 ®* 0 e-,x*I-— &t> sinVgW— 1/jX cos /tfW] dXd|,.  ( V . 

Forces  acting  on  the  profile  may  be  determined  from 
the  L.  I.  Sedov  formula  [128].  Let  us  limit  ourselves  to 
the  calculation  of  the  first  term  of  Sedov's  formula  only* 


■ o(5,0  dXdi  + 


100) 


Y-tX=\ 


After  transformations  we  obtain  the  expressions  for 
y and  x in  the  following  form* 
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In  Ifb  1 1 1 ftidbhiteiMlbi 


m 

K = oo(or--^-  + 


7.r  . 


m tt 

+ -|-J  | //  (X,  /)  \t]/~g%dk  J cos  ^X  J odtjcosj/ff^  (f  t)dx  + Qgs,  (V.101 ) 

m t t' 

X = —-|  J|//(X.O|Vi^jsin^xrwhjsinl/^X(/— x)dx,  (V.102)  [195 

o o x 

where  H(X,  t)  is  the  Kochin  fxmction. 

For  a cylinder  with  a radius  R and  circulation  along 
the  contour  T the  force  X is  determined  from  the  formula 


x - - ± j ir  + 2ao  (t)  x jpjyx  x 

# * 

X Jsln  (xj  odx  j sin  l/gt.  (t  — x)  dx. 


(V.103) 


With  T = 0 formula  (V.103)  transforms  into  the  formula 
for  determining  the  wave  drag  of  the  cylinder  during  the 
unsteady  motion,  which  was  obtained  by  L.  N.  Sretenskiy  in 
a somewhat  different  formi 


R*  - - X - 4nogR*  j e-^’V^Zdi.  x 

t i 

j v ■ (t)  sin  (X  J o (t)  dr)  sin  Vgk  ( / — t)  dx. 


(V.104) 


For  any  given  moment  of  time  after  which  the  velocity 
becomes  constant,  the  wave  drag  of  a cylinder  with  circu- 
lation will  be  determined  by  the  formula 


R.-lm'5^rJi:?-<r+2,,oUWx 

fo  + VW>-l'gl 


(V.105) 


For  hydrofoils  having  a small  relative  thickness  the 
principal  effect  of  the  free  surface  will  be  determined  by 
the  variation  in  circulation  along  the  profile.  However, 
Shebalov  did  not  examine  this  problem. 
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CHAPTER  VI.  THEORY  OF  THE  HYDROFOIL  IN  A PLANE- PARALLEL  [l 96 

FLOW  OF  FLUIDS  OF  VARIOUS  DENSITIES 

6.1.  General  Aspects.  Formulation  of  the  Problem 

A number  of  technical  problems  are  reduced  to  the 
study  of  the  hydrofoil  motion  near  the  interface  of  fluids 
with  different  densities.  The  problem  of  the  hydrofoil 
motion  iri  a three-dimensional  flow  of  fluids  of  different 
densities  will  be  discussed  in  Chapter  XII,  while  this 
chapter  will  be  devoted  to  the  hydrofoil  motion  in  a plane- 
parallel  flow. 

There  are  literature  sources  discussing  the  investi- 
gations of  motion  of  fluids  with  various  densities,  i.e., 
motion  caused  by  a body  submerged  in  one  of  these  fluids. 

The  problem  of  waves  on  the  interface  of  fluids  with  dif- 
ferent densities,  caused  by  the  irregularities  of  the 
Earth,  is  analyzed  in  two  publications  by  Kochin  [53,  5^]* 

His  two  other  publications  [62,  63]  are  devoted  to  the  ac- 
curate analysis  of  the  steady  waves  of  finite  amplitude  on 
the  interface  of  two  fluids  of  finite  depth.  V.  S. 

Voytsenya  [12,  13]  studied  a two-dimensional  problem  con- 
cerning the  motion  and  oscillation  of  a body  near  the  in- 
terface between  two  fluids  of  different  densities.  In 
problems  considered  by  Voytsenya  the  upper  layer  of  the 
fluid  is  of  finite  depth.  Very  recently  a study  was  pub- 
lished by  A.  B.  Lotov  [75]  dealing  with  the  problem  of  the 
hydrofoil  motion  above  the  interface  between  two  fluids. 

Let  us  first  consider  the  stationary  problems  of  mo- 
tion of  the  hydrofoil  in  fluids  of  different  densities. 

In  analyzing  such  problems  two  half-planes  of  complex  va- 
riable are  introduced:  an  upper  half-plane  where  the  fluid 

has  a density  and  a lower  half-plane  in  which  the  den- 
sity of  the  fluid  is  93*  I11  "the  discussion  below  all  para- 

meters related  to  the  upper  half-plane  will  be  designated 
by  an  index  1 and  those  related  to  the  lower  half-plane  by 
an  index  2. 

Let  us  denote  the  basic  velocities  of  both  flows  as  [197 

V^  and  V£.  Let  -V^z  + W^(z)  and  -V2Z  + W2(z)  be  the  com- 
plex potentials  of  the  flow  of  the  upper  and  lower  fluids. 

The  components  of  the  velocities  along  the  Ox  and  Oy 
axes  will  be  in  the  form 

“*  = "*  + 9*,;  »*=9*,-  (VI.  1) 
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If  Y)  is  the  equation  for  the  interface  between  the 
fluids,  then,  disregarding  the  small  values  of  the  second 
order,  we  obtain  an  expression 


(y  = 0). 


(VI. 2) 


According  to  Bernoulli’s  formula  the  pressure  in  the 
flow  is 

p*  = c*--y  («*  - + <&  + <p*„)  - gp>y- 

Disregarding  the  small  values  of  the  second  order, 
we  can  write  the  following  for  the  points  on  the  interface 
between  two  fluids : 

^ = + 

However,  since  the  pressure  is  continuous  along  the 
L line  and  since  p^  = P2»  then 


(o, — e2)  = op#* — e,e,<pu.  (y  = o). 


(vi. 3) 


If  we  denote 


W (z)  = uW  (zl  m & (^»  ^ „ 

*()  * k{)>  Qtf  + Vi  *’  Qrf+v*  ’ 

then  conditions  (VI. 2)  and  (VI. 3)  may  be  written  in  the 
form 


= v (y=  0) 

ff's'Plr  — ffl,<P,x  = — VTl- 


(VI. 4) 
(VI. 5) 


After  differentiating  (VI. 3)  with  respect  to  x and 
using  (VI. 2)  in  the  linear  approximation,  the  boundary 
conditions  may  also  be  written  in  the  form 


"•  v. <Pj"’ 


(VI. 6) 


■ (<p„+  v,  (flt) — (tpjxj,  + WiJ)  = °.  (y  = °) 


(vi. 7) 


where  Vt = A. 

* 

Let  us  formulate  the  boundary  problem  for  the  Laplacian  [198 
equation  for  the  hydrofoil  motion  in  a plane-parallel  flow 
of  fluids  of  different  densities. 


Let  us  find  the  solutions  of  equations 
V*q>*=*0,  6=1,2 

for  the  upper  and  lower  half-planes,  excluding  that  part 
which  corresponds  to  the  hydrofoil  profile,  using  the  con 
ditions 

(vi.  8) 

n.y. 

4-  vi(Piv) — («pta  + = o, 

‘P/<.== + °«/COs(n,x)  (VI.  9) 

on  the  profile  of  the  hydrofoil  C in  the  j-th  half-plane. 


V<P*  = 0,  (VI.  10) 

for 

X oo 

y—±  <» 

is  finite  at  the  trailing  edge  of  the  hydrofoil  C. 

(VI. 11) 

With  the  appropriate  selection  of  the  new  unknown 
function  93,  the  nonuniform  conditions  (VI. 8)  may  be  re- 
duced to  the  already  known  uniform  condition. 


During  the  motion  of  a singularity  located  in  the 
lower  half-plane,  the  expression  for  the  complex  velocity 
may  be  written  in  the  following  way: 

Wt{z)  - v (2)  rwAz),  (VI.  12) 

where  W^(z)  is  an  analytical  function  in  the  lower  half- 
plane. 

Let  us  assume  that 


«M*)-7r<»(*M  -£-»*(*)•  (VI. 13) 

Naturally,  the  function  W2(z)  should  be  analytical 

in  the  upper  half -plane.  In  addition,  the  function  W(z) 
is  also  analytical  in  the  upper  half-plane. 

If  we  denote 

W„  (2)  = <D*(x,  y)  + ftp*  (x.  y),  (k  = 1,  2) 
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then  the  condition  (VI. 6) 


®u,  - 

with  y = 0 will  be  satisfied  if 


from  which 


(D-,  = — <Ki_. 


(vi. 14) 


[199 


Therefore,  from  the  expressions  (VI. 12)  and  (VI. 13) 
we  find 

‘fix*  = fx*  + 


and  the  condition  (VI.?)  will  acquire  the  form 
9i„  + V9ljf  = 2 mjfxjr  iy  = 0), 

Let  us  examine  the  function 

0D1(2)  = W(2), 

which  will  be  analytical  in  the  lower  half-plane, 
In  addition,  let  us  assume  that 


With  y = 0 


and  then 


O)  (2)  = <0  (2)  + ©!  (2). 


9 = 2cp.  9 = 0, 

9,  = 2q>,.  9,  = 9*  =0.  ' (y  = 0) 


(VI. 15) 


(VI. 16) 


(VI. 17) 


If  we  assume  that 


»i(2)  = m,<a  (2)  + w,  (2). 


(VI. 18) 


the  condition  (VI. 15)  will  yield  the  following  known  ex- 
pression for  the  function  93 : 

9axx+^==  °-  (y=°)«  (VI. 19) 

The  above  approach  was  used  by  N.  Ye.  Kochin  in  [53]* 

The  advantages  of  the  boundary  conditions  (VI. 19) 
consist  in  the  fact  that  they  coincide  with  the  boundary 
conditions  on  the  free  surface  in  problems  which  were 


7 
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discussed  in  the  preceding  chapters.  Also,  one  may  use 
the  results  concerning  the  motion  of  isolated  peculiarities 
under  the  free  surface  when  analyzing  motions  considered 
here  and  utilize  the  theoretical  methods  of  motion  of  bod- 
ies under  the  free  surface. 

Utilization  of  the  boundary  conditions  in  the  form 
given  in  (VI. 8)  also  does  not  present  any  particular  dif- 
ficulties so  that  the  problems  can  be  easily  solved  under 
these  boundary  conditions  as  well  with  the  aid  of  the 
Fourier  method. 

Given  below  is  a solution  of  the  problem  of  motion  [200 

of  singularities  under  the  conditions  (VI. 19).  It  was  ob- 
tained by  Kochin.  In  the  discussion  below  the  boundary 
conditions  (VI. 8)  and  the  more  general  conditions  for  the 
case  of  unsteady  motion  will  be  used. 

6.2.  Motion  of  Isolated  Singularities  Near  the  Interface 
Between  the  Fluids  of  Different  Densities 

Let  us  examine  the  solution  of  the  problem  of  motion 
of  singularities  under  the  interface  which  was  obtained 
by  Kochin  [53] • First  let  us  present  certain  general  re- 
sults and  obtain  the  expression  for  W2(z).  Condition 

(VI. 19)  may  be  written  in  the  complex  form  in  the  same  way 
as  was  done  in  Chapter  I. 

Im[(tt73«(z)  -vtt7„(z)]  = 0.  (y  = 0)  (VI.  20) 

Let  us  introduce  a function  of  the  complex  variable 
z s 

/(2)=^(2)-tWte(2). 

Function  f(z)  is  a single-valued  and  analytical  func- 
tion in  the  entire  lower  half-plane  with  the  exception  of 
the  point  z = a.  Since  both  W^(z)  and  C(z)  have  a singu- 
larity C0(z)  at  point  z = a,  it  follows  from  (IV.  18)  that 
W^(z)  has  a singularity  W(z)m-j  and  the  function  f(z)  has 
a singularity  F(z)  = -f  iv<o,)  at  this  point.  However,  ac- 
cording to  condition  (VI. 20)  the  function  continues  analy- 
tically into  the  upper  half-plane  in  correspondence  with 

the  formula  f(z)  = -f (z ). 

Considering  that  the  function  f(z)  vanishes  at  an 


. jM 
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infinitely  far  point,  we  obtain 

f(z)  = W3a  (z)  - |W„  (2)  = F (2) -F  (2).  (VI.  21) 

After  integrating  the  equation  obtained  let  us  de- 
termine the  function  W^(z)  with  an  accuracy  of  up  to  and 

■■  i v z 

including  functions  ae  + b. 

The  constant  b does  not  affect  motion  of  the  fluid. 
The  constant  a is  determined  from  the  condition  (VI. 10). 

Taking  into  consideration  that 


W3  (2)  =»  (2)  — to  (2)  = <D  (z)  m,  — co  (2)  mj  -1-  W3  (2),  ■ 

we  will  find 

^*(2)  = — (m^(z)-W3(I)].  (VI.  22) 

vi 

The  uniqueness  of  the  solution  obtained  may  be  proven 
in  the  same  way  as  was  done  in  Ch.  II. 

Now  let  us  examine  motion  of  the  vortex  under  the  in- 
terface between  two  fluids.  In  this  case 

<o(z)  =-2^-ln(z— S). 

m(2)  = — -g^rMz  — £). 

F(2)  = m1^r  (-  (z_ga  +lZTf)* 

The  solution  of  equation  (VI. 22)  is  given  by  formula 
(1.15),  Chapter  I,  in  which  m^T  should  be  used  instead  of 

r. 

From  formula  (1.15)  we  obtain  the  formulas  for  W^(z) 
and  W2(z ) * 

^<z>=w("'|E§-+2m-cWi'l-rrr'“}  <VI'23> 

+<© 

W'U  - 5®,  (2m'e+r"  j <VI- 24) 

+» 

For  the  source  with  the  intensity  Q the  calculations 
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are  similar.  Formulas  for  W^(z)  and  W2(z)  are  in  the  form 


= £ [ln(z-C)(z-C)-2m^  f 

(VI. 26) 

(VI.  27) 

Formulation  the  dipole,  obtained  in  the 

same  way, 

wi  (2)  = ; — f + (m,  — l +2i\Bm1e~lvz  \ T dt, 

2 — 5 z — £ J*  — t 

(VI. 28) 

+0» 

(VI. 29) 

Let  us  now  solve  a number  of  problems  by  the  Fourier 
method. 

For  the  purpose  of  simplification,  let  us  consider  a 
case  of  motion  when  = V2.  This  case  is  of  the  highest 

interest  in  the  hydrodynamics  of  high-speed  ships. 

In  the  complex  form  the  boundary  conditions  (VI. 8)  [202 

will  be 

Im  (q  [iWl2I  (z)  —vWit  (z)]  — [iW^  (z)  (z)]}  = 0,  ( V 1 . 3 0 ) 

Ini  Wu  (z)  = Im  Wu(z),  e = -^-<I.,  (VI.  31) 

Ca 

As  in  the  preceding  chapters  the  following  integral 
representations  are  used  in  the  solution: 

CO 

— = * J e~ix*dk,  Im  z < 0, 

o 

<X> 

— = —i  Im  z > 0. 

o 

In  problems  dealing  with  the  hydrofoil  motion  in  the 
upper  half-plane  we  will  look  for  the  complex  potentials 
for  the  respective  motion  in  the  following  form 

(z)  = W°\(z)  + Fx  (z), 

1T,(*)  - Wt(z),  (VI.  32) 
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where  W°(z)  is  a function  analytical  in  the  upper  half- 
plane. 

Then,  from  the  boundary  conditions  (VI. 30)  and  (VI. 31) 
we  obtain  the  relationships  which  are  satisfied  when  y = 0: 

im  (q[  (2)  — vW°lz  (2)J  — [[Wm  (z)-vWu  (z)JJ  =qN,(z),  ( V 1 . 3 3 ) 

Im  K (2)  + Im  Fu  (2)  = Im  Wu  (2). 

(z)  = — Im[t'F la  (zj  — vFu  (2)].  (VI.  34) 


tion : 


Function  F^(z)  is  determined  according  to  one  condi- 


Re  Fla  (z)  = 0,  Im  Fu  (z)  = 0.  (y  = 0) 


(VI. 35) 


The  complex  potentials  for  a hydrofoil  moving  under 
an  interface  may  be  sought  in  the  following  form: 

Wl(z)=W1(z),  . 

R7a(2)  = ^(2)  + F1(2), 

where  wj?(z)  is  a function  which  is  analytical  in  the  lower 
half-plane. 

And  again,  from  conditions  (VI. 30)  and  (VI. 31)  we  ob- 
tain the  relationships 

Im  {q  {Wut  (2)  - vWu  (2)1  - (flC  (2)  - vWUz))\  = Nt  (z),  (VI. 36) 

Im  W°2,  (2)  + Im  Pu  (2)  = Im  Wu  (z), 

/Va(2)  = Im  [IF**, (2)  — vFu (z)  j.  (VI.  37  ) 

The  function  F2(z)  should  also  be  determined  from  one  [203 
of  the  conditions  (VI. 35). 

Let  us  examine  in  greater  detail  the  problem  of  mo- 
tion of  a vortex  located  at  point  £ in  the  upper  half- 
plane. We  will  determine  F^(z)  from  the  condition  ImFiz(z)  = 

= 0 for  y = 0 : 

r . tz — c \ 


Using  the  integral  representations  we  obtain 


Nt  = J e r“X  sin  (*  — £)  dX 

o 

and  W®(z)  and  W£(z)  will  be  sought  in  the  form 

r ? A<»— o 

= l4i(X)+ifix(X)ji  dX. 

0 

r>  * .-W»-0 


From  the  relations  (VI. 33)  and  (VI. 34)  we  obtain 

-4*(X)  = i4,(X)=  0. 

fl1(X)^B1(X)=  Q -A-.  v = va,  a = 

1 — qX  — v i -f  c 

Then,  the  solution  which  satisfies  the  condition  in  which 
there  are  no  disturbances  ahead  of  the  hydrofoil  at  infin- 
ity will  be  in  the  form 


a — lMz~0 


=--nfe-'v(z- °V 


(VI. 39) 


Functions  Wj_(z)  for  the  source  are  determined  in  a 
similar  wayi 

r>*»  - 4 (vi.  w : 


wt (z)  - -2.  « ( - fg -^dx  + ( VI . 41 ) 

« l +c\  J x— v / 

0 

Combining  (VI. 38 )-(VI.4l ) we  obtain  for  the  vortex 
source 

rlW.^lB(._0+^J^.4+S^  («.«> 


Let  us  introduce  the  expressions  for  the  complex  po- 
tentials of  individual  singularities  located  at  point  £ in 
the  lower  half-plane,  which  were  obtained  by  the  Fourier 
method « 


for  the  vortex 


Vi  w = - -77^r  ( f -f—  dX  + (VI.  44 ) 

»(l  + c)\j  * — v ) 


w,  (z)  =--  JL( In dx — ;ue-<vrt-&);  (VI.  45  ) 

2m  \ (*-0  1+cJ^-v  l+o  /’ 


for  the  source 

«M*)= f— (VI. 46) 

«(1  +0)  l J X — V J 


2n 


00 

ln(z  — £)+a  fe-^-6  X + v_  aX  + J^Li-^-^l;  (VI. 47) 
J i(A.— v)  1+e  J 


for  the  vortex  source 


W1(2)  = -—.B  (VI.  48) 

«(i  + e)  \J  v • y 


(*)  = o|-In  (2  - 0 — gL  di-JL r*-6.  ( VI . 49 ) 


2ra 


J* 


X(X—y)  l + o 


6.3.  Motion  of  a Two-Dimensional  Profile  Above  the 

Interface  Between  the  Fluids  of  Different  Densities 


The  problem  of  motion  of  a two-dimensional  profile 
arbitrary  in  shape  is  solved  by  the  methods  discussed  in 
Ch.  II.  Let  us  take  a point  z in  the  upper  half -plane  and 
draw  two  contours  and  C2  in  such  a way  that  the  point  z 

would  be  outside  the  contour  Ci  and  within  the  contour  C2. 

Using  Cauchy's  integral  for  the  doubly-connected  area  and 
expressions  (VI. 42)  and  (VI. 43)  for  the  complex  velocity 
v^(z)  we  obtain  the  expression  for  the  complex  velocity  of 

the  flows 
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Vi  (2)  = — O0+  Ou(z)  + VU(Z) 

_ ,-v_  1 f * 


1 f p(U 


(VI. 50) 


»„«  -tj  *n-  + ‘rJj 


where  //( — X)=|e%1(z)dz  - the  Kochin  function; 

v^(z)  - analytical  fvinction  in  the  entire 
plane  outside  s 

vi2(z)  • analytical  function  within  C£> 

Let  us  restrict  ourselves  to  the  calculation  of  the 
lifting  force  and  wave  drag  acting  on  the  body.  To  calcu- 
late the  lifting  force  P and  the  wave  drag  Q we  will  use 
the  first  S.  A.  Chaplygin  formula. 


After  transformation  we  obtains 


p = w>.r  — -§£-  J | . h (- ; M |»  eft . 


Q = + v-^Cl|//1(— i)|*. 
1+C1 


(VI. 51) 


(vi. 52) 


When  a = 1 and  Q = 0,  formula  (VI. 51)  will  give  the  value 
of  the  hydrofoil  lifting  force  near  a solid  wall.  With 
a = 0 formula  (VI. 51)  will  become  the  Zhukovskiy  formula. 

To  determine  circulation  T it  is  necessary  to  express 
vi (z)  through  the  function  H(X). 

Let  us  map  conformally  the  shape  of  the  contour  C on 
a circle  with  a radius  R so  that  an  infinitely  distant 
point  z in  a plane  would  become  an  infinitely  distant 


point  u and  [ ~ j, 

\dz)z-m 


The  boundary  conditions  on  the  contour  may  be  written 
in  the  form 

Rc °ti  (2) CT  = — Re [wu (z)  — a on  K. 

Using  the  Schwarz  formula  which  determines  the  func- 
tion analytical  outside  of  the  circle  in  terms  of  its  real 


part  on  the  circle , we  obtain 

<*»-  £{-*+ i^L+ -T  + -m  j + 

+ £o(ITS)h(-x) 


— — — di  4* 

X — v 2n(l+<h) 


— X 


X |^G  (v,  u)  //  ( — v)  G y — V -4p-  j W ( v)  J |.  (VI.  53) 

In  order  to  determine  the  value  of  circulation  T it 
is  necessary  to  gather  the  terms  containing  ^ in  the  ex- 
pression (VI. 58)  and  to  use  the  Zhukovskiy- Chaplygin  postu- 
late . 

Let  us  examine  a special  case  in  which  the  hydrofoils 
were  obtained  with  the  aid  of  the  Zhukovskiy  transforming 
function.  Function  G(X,  u)  will  be  determined  by  formula 
(11.35).  Then,  from  the  expression  (VI. 53)  it  follows 


°0‘ 

(z)  - W {-  [«•  + -sr  I r“J> 

<r 

"f^  e~^H ( — V) y0 (2X/?) ] 4-  + £ J e-»U2\R)x 

x 11  (“X)br^a + tti  Jo{2XR)  {~ X)] + 2^} + 

+ 5^rj[SlWe~WFeX) +-§rsiWe~x**(-*>  * 


x-==- 
d 


|.  (VI. 5*0 

u -*  L 


du 

i*  ‘ 
u 


Satisfying  conditions  of  the  Zhukovskiy- Chaplygin 
postulate  at  the  point  Uq  = -R  we  obtain 


oo 

r - 4n/?  Im  f 0,  + £ f H (-  X)  (2 X/?)  rfX  - 


-^L-  H (-  v)  e-’V,  (2X/?)1. 

1 + Q»  J 
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(VI. 55) 
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.V  ••  * 


1 


The  function  H(-X)  will  be  determined  in  the  first 
approximation  from  the  complex  velocity  of  the  hydrofoil 
motion  in  an  infinite  flow.  Then,  after  calculations  we 
obtain 

~y " £ " 1 + 20  [An ~ * (i  ~ 

. . (VI. 56) 

Anm  = R j e-^Jn  (2 XR)  Jm  (2 XR)  dX 

Bnm  = J e-JV<1-^/Bl2v(l  -X)  /?]ym[2v(l  - V)  R]dX 


The  combination  Anm— ^1  — may  be  determined  in 

the  form  of  a series  in  powers  of  the  parameter  x = ■/  4ft*  + 1 — 2ff: 

- (I-)] 

±X}i*+2 V (—  l)*(2s-M)!(s+rt-f  1)1 

“ aZj  Zgl  slsl(s+l)l(5+ljl(n-s)l22,+2  (VI>57) 

x [a-Ha- 0 Re  F„+<+l  (-£-)]  [ 

( — 1)*  (2s  + 2)1  (5  + n + 2)1 
= fl  Zj  Z 5!  (i  + 1)!  (S  + 2)1  (n—s)l  22,+3 

rt— 0 s—Q 

xfa  + (a-l)Refwl(^-)J 


When  a)-*  ao,  formulas  (15)  and  ( 1 6 ) provide  the  char- 
acteristics of  the  hydrofoil  near  a solid  wall. 


i.  ?j  4 , 


If  only  the  first  terms  are  retained,  the  formula 
(VI. 7)  will  acquire  the  form 

T _ 1 + « ,.  [l  *,.  (.£)]  (VI.  58 ) 

For  the  hydrofoil  moving  in  air  near  the  surface  of 

water  Gi  = (1 -a)  = 2q.  For  function  Re has 

a minimum  which  is  equal  to  1.8.  It  follows  from  formula 
(VI. 7)  that  deviation  y in  this  case  as  compared  with  the 
deviation  obtained  during  motion  near  a solid  wall  is 
less  than  0.3#. 


Thus,  for  the  hydrofoil  moving  in  air  near  a water 
surface,  the  lifting  force  differs  little  from  that  of  the 
hydrofoil  moving  near  a solid  wall. 

6.4.  Motion  of  a Two-Dimensional  Profile  Under  the 

Interface  Between  the  Fluids  of  Different  Densities 


This  problem  is  solved  in  the  similar  way  as  the  pre- 
ceding problem.  Using  the  same  approach  we  obtain  the 
following  expression  for  the  complex  velocity  V2(z)« 


vt  (z)  = — v0  + ou  (z)  + u*  (z) 

1 .forfWt 


. (VI. 59) 


2*1( 


tv 


r0aB<M±±ZdK+ 1 _ 

A — V I + Q 


■=e 


ti  (v) 


The  complex  velocity  in  the  upper  half-plane  will  be  [209 
determined  by  the  expression 

' " - TO  J'«  (-1^1-=;*  + <«•*>) 

C|  o 


The 
from  the 


lifting  force  and  wave  drag  will  be  determined 
formulas 


P=QtV0T 


2 n 


CO 

[\hm±±Za. 

J A— V 


(VI. 61 ) 
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(VI. 62) 


When  a = 1 formulas  (VI. 6l ) and  (VI. 62)  acquire  the 
form  of  formulas  (11.12)  and  (II.13)« 

Values  of  v2i(z)  and  T are  determined  in  the  same  way. 

(VI-63) 

and  for  the  hydrofoil  described  by  the  Zhukovskiy  function, 

(z)  “ 1 0#  + W f *"U/*  (2X/?)  tf(*)^<&- 

L o; 

99 

- j-jU  iH  (v)  e^/0  (2v  /?)]  + •—  [p0  + je-MJa(2kR)Ir  (i)X 

*r=>  + rfi + -sari + 

+ to  f \B‘  w «■"»«+ 4 

o d a J 

+ 2n(W  j’fli(v)ff,(v)  -- §■  Bt  (v)  //  (v)  1 (VI.  64 ) 


(VI. 64) 


T = 4 nR  Im 


Im[°o  + ‘S‘  j (2X/?)^=dX- 
0 

— 7-^=  (V)  /,  (2W?)  «~**1 . 

l+o  > 


(VI. 65) 


When  determining  function  H(l)  from  the  complex  velo- 
city of  the  hydrofoil  in  an  infinite  flow  the  lifting  force 
and  the  relative  circulation  will  be  determined  by  the 
following  formulas : 
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f = Cl0J-'§.a[^!!^i!--!S(i+l)(fl»  + S1j].  (VI.66) 

v_,_2a[^_  » (±+  l)*]-if-*(4)'~- 

The  combination  A^  — ~ (--  + may  also  be  determined 

by  formulas  (VI. 57),  in  which  a + 1 should  be  used  instead 
of  a - 1. 

Taking  into  account  the  first  terms  in  the  expansion 
(VI. 57)  the  relative  ciruclation  will  be  determined  by  the 
formula 


‘-•f* 


<L±iLRef,(^)]_^(“).-^_  (vi. 68) 


when 


0 y 


l-i* 


During  the  motion  of  the  hydrofoil  under  the  inter- 
face between  the  air  and  water  the  lifting  force  differs 
slightly  from  that  of  the  hydrofoil  moving  near  the  free 
surface. 


Let  us  compare  the  values  of  the  wave  drag  of  the 
hydrofoil  above  and  below  the  interface.  Let  us  consider 
two  identical  hydrofoils  located  at  the  same  distance  from 
the  interface.  In  determining  function  H(X)  according  to 
approximations  discussed  in  Chapter  II 

//,(_*)  = E7(i). 


then 


Qi 


\n,m. 


and 


(VI. 69) 


r 

With  equal  lifting  forces  on  the  hydrofoils  -=L 

* * 


2 

0 


and  hence  4 = 1*  Thus » hydrofoils  which  have  the  same 
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lifting  force,  geometrical  dimensions  and  which  are  located 
at  the  same  distance  from  the  interface  have  the  same  wave 
drag. 

6.5*  Motion  of  a Two-Dimensional  Profile  Under  the 

Interface  Between  the  Fluids  of  Different  Densities 
and  with  the  Upper  Layer  Having  a Free  Surface 

The  two-dimensional  problem  of  motion  of  a body  under 
the  interface  with  the  upper  layer  having  a free  surface 
was  investigated  by  V.  S.  Voytsenya  [13] • Given  below  are 
the  principal  results  of  his  study. 

Let  us  denote  the  thickness  of  the  upper  layer  of 
fluid  by  symbol  d and  use  the  following  dimensionless  para- 
meters in  the  analysis : 

= W',  = WIV<4,  ig-  = vo.  iL  = c. 

*''0  Vi 

Let  us  assume  that  a profile  with  a velocity  vq  in 

direction  of  the  positive  axis  moves  under  the  interface 
between  two  layers.  The  x axis  is  located  on  the  undis- 
turbed free  surface  of  the  upper  layer.  The  problem  of 
determining  the  type  of  flow  produced  by  a moving  body  is 
reduced  to  the  following  mathematical  problem  in  which  it 
is  necessary  to  find  functions  W^(z)  and  W2(z),  which  Eire 

analytical  in  the  areas  and  D2,  and  which  satisfy  the 

following  conditions  : 

ti  — =»  0 y = — \, 

(Da(l  = cos  (n,  x)  on  body  contour  C,  [212 

V<p*  = 0 x — + 00 

V<P2  is  finite  at  the  given  edge  of  the  hydrofoil  c. 

The  area  is  an  infinite  strip  1 < y 0,  while  the 
area  D2  is  contained  between  the  contour  and  the  line 
y = -1. 

Using  the  Fourier  method  for  the  complex  potentials 
of  the  vortex  and  the  source,  located  at  poing  L = -ih, 
the  following  expressions  were  obtained: 
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where 


,-/«»-«)  __  Be‘Ui+ih^  dk_  + 


+ r w,.-"-**-*  + as*"*-*  + A^\ 


*• « = W |=ty  + V J *-‘u~w  * + 


+ r 


A' 

2n 


«0 

In  (z*  + **)  + -2.  j"  (Ae~'u‘-“"  + Be““+«)  * 


- id  (A, 

* O© 

f,p)  - -g-  In  <*  + *■)  + i J-  _ 

. r,  (X)  (X  (2  + x)— XV,)  x , 

A, (A.  — vrf) Tj (X)  afe  + v^chA.); 


p-  x(A  + v)(l-e-^)  p_ 

w.W  ’ = (X-v,)  r0(A)* 


vi' 

2rt(X) 


7",  (A)  = A*  (1  + xch*A)  — xvj*  sh*A; 
r0  (A)  = A (2  + x)  — xv/-2*;  x = i — 1; 


(VI. 70) 


(VI. 71) 


(VI. 72) 


(VI. 73) 


A0  is  the  root  of  the  equation  T0(A)  = 0; 

2r,(v„)  2?,(A0) 

' W<v/  2=  i0(lo  — V)7’0(A0)  ’ 


£. 


-4,  = £,; 


y,  X (^0  + Vd)  ^1  W 

r»l  33  ’ ’ * * * "**  V a 

Ag(A0-v^f0(A0) 


4 <i+  X) 


7*0  (Ao) 


In  the  same  way  as  above  we  obtain  the  expression  for 
the  complex  velocities  of  a two-dimensional  profile  moving 
under  the  interface  between  two  fluids  as  expressed  by 
Kochin’s  functions: 


»i(z) 


e~lu  + 
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u •* 


+ H (X)  Be^dX  - « <Vtf*  - 

- iX^Aji (X.) «“a**  4-  tf-oW  (Xo) «***.  (VI.  74) 

».« - wj- ^f- +v  I*»  (*-4)'**- 

C 0 

— ivJEjTJy)  e~** — iXJijffJXJ e~a'*.  (VI  .75) 


The  asymptotic  expressions  for  the  function  Vj(z) 
far  behind  the  moving  body  are  in  the  form 

= -2/(v^,ff(^e~'v+  X0A2jT(Xje~‘X*- 

— XoA,H  (X#)  e1***, 

= - aiv^^r'^+X/^e-^].  (VI. 76) 

The  equations  for  the  free  surface  and  the  interface 
between  fluids  are  found  by  the  formulas 

’ll  (*)  =>  -i-  Re  »!  (z),  t),  (x)  - — j-1 r Re  T 4-  vt(z)  — vx(z)  1. 

v</  *-°  vi  — — 1]  L e 1 

y(y  = -l)  (VI. 77) 

Using  formulas  (VI. 76)  and  (VI. 77)  let  us  determine 
the  wave  profiles  at  infinity: 

Hi  (x)  = 2Et  Im  [//7vd)  e~'VdXJ  — 2xE^e~n‘  Im  f/TTX.,)  «“'*•*], 

(VI. 78) 

*1*  (Jf) « '2ELe~v  Im  [//  (vd)  e”'Vjx]  + 2fi*r**  lm  [//  (X0)  j. 

Thus,  there  is  superposition  of  two  types  of  waves 

with  lengths  X^^  and  X0=?^  and  amplitudes  a^  and  b* 

at  both  interfaces  between  the  fluids  far  behind  the  mov- 
ing body: 

a1  = 2|£1||//(vrf)|,  a,  = 2 1 £,  | H (v„)  | e~\ 

Bl  - 2x | Et 1 1 H (X,) | e_2\  Bi  = 2\Ei\\H (X0) |e“*\ 

The  ratio  of  the  amplitudes 
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at * Bx~  * 

shows  that  the  waves  of  the  first  type  are  developing 
mainly  at  the  free  boundary,  while  the  waves  of  the  second 
type  are  developing  at  the  interface  between  two  fluids. 

The  expressions  for  the  hydrodynamic  lifting  force  P,  the . 
wave  drag  Q and  the  moment  M are  found  from  S.  A.  Chaplygin's 
formulas : 

CO  oo 

P=L+  f£|tf(X)|*dX,  (VI. 79) 

o c2«  J e2n  J 


where 


Q = — (v,) \*~  l (X0)  |a. 

e c 

oc* 

M = - j Re  [iH  (0)]+iRe[±J(£- X 

0 

xtf(X)dX  + \dE,.H'  + X0 £,//'(X0)  H (X)]. 

f = $ v2(z)dz. 


(VI. 80) 


(VI. 81  ) 


The  transition  to  dimensional  quantities  is  made  by 
using  the  formulas 

P'  = Ci gd^  Q = Qigd*Q’  M = Qigd3M. 

V.  S.  Voytsenya  has  also  suggested  an  integral  equa- 
tion for  determining  the  unknown  density  of . distribution 
of  sources  along  the  hydrofoil  profile.  This  equation  is 
obtained  in  the  same  way  as  that  derived  in  the  Kochin 
solution  (see  Ch.  II). 


This  equation  has  the  following  form: 
Y (s)  = — j K ( s , a)  y(a)  da  + f (s). 


(VI. 82) 


K (,.  O = i Re  (,-^f  + ^j-  *>'  j - 

oo 

r „ f ie‘e  te?  o jo  C Fe-mt-t.]  ^ , 
s)  = 2cos„  + _Re)— -CTo-2e  <*  + 

v n 


(VI. 83) 
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+ 2 + XoE^^I  (VI.  84) 

where  v is  the  angle  between  the  outer  normal  to  the  con- 
tour C and  the  x axis. 

Voytsenya  proves  that  for  the  contours  which  satisfy 

the  condition  J |/C0(5.o)|  da  < p < 1 the  solution  of  the  equation 
c 

may  be  sought  in  the  form  of  (II. 91)  by  the  iteration 

method.  Here  K0 (s,  a)  = K (s.  a)  — -L  s is  the  length  of  the  con- 
tour C.  L 

For  a special  case  of  a cylinder  with  circulation  P, 
equations  for  determining  forces  are : 

-i-[r  + S + 2^  + i1- J<r  + ]•  (VI.  85 ) 

0 

Q = + -i-v.E^r  + 2n/?*vrf)* e-2v<<*  + -i-XoE,(r  + 2*#X0)*e“a‘'\  (VI.  86 ) 

M = hR+~  [v^i  (r  + 2nR*vd)e-2v'th  + (r  + 2nR*K)  (VI.  87  ) 

Q 

These  formulas  were  obtained  in  determining  function 
H(x)  from  the  complex  velocity  of  a cylinder  moving  in  an 
infinite  flow. 

6.6.  Motion  of  a System  of  Hydrofoils  Near  the  Interface 
Between  the  Fluids  of  Different  Densities 


The  problem  of  interaction  of  hydrofoils  moving  in 
the  fluids  of  different  densities  is  of  great  interest. 

This  problem  can  be  investigated  by  the  methods  discussed 
in  Ch.  IV.  Given  below  is  a study  of  the  interaction  of 
two  hydrofoils,  one  of  which  is  located  above  and  the  [21 6 

other  below  the  interface  between  two  fluids.  This  case 
is  very  convenient  for  determining  the  nature  of  interac- 
tion and  is  of  great  practical  interest.  More  complex  sys- 
tems may  be  studied  by  means  of  the  methods  discussed  in 
this  section  and  also  in  Ch.  IV. 

Let  us  examine  a steady  forward  motion  of  a system  of 
hydrofoils  of  an  arbitrary  shape  which  consists  of  a hydro- 
foil located  above  an  interface  and  a hydrofoil  located 
below  it.  The  solution  of  this  problem  will  be  similar  to 
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that  of  the  problem  of  interaction  of  hydrofoils  below  the 
free  boundary. 

Let  us  take  a point  Zj  and  draw  two  contours  Cji  and 

Cj2  in  such  a manner  that  point  zj  would  be  outside  the 

Cji  contour  but  inside  the  Cj2  contour.  Using  Cauchy's 

integral  for  the  doubly-connected  area  we  obtain  the  ex- 
pressions for  the  complex  velocities: 

Vj  (*)  = — V„+  VU  (2)  + Vy  ( 2 ) \ 


(VI. 88) 


Let  us  use  a different  presentation  for  function  v2j, 
which  is  analytical  within  the  Cj2  contour.  From  the  ex- 
pressions (VI. 42),  (VI. 43),  (VI. 48)  and  (VI. 49)  we  obtain 
for  the  complex  velocity  of  two  vortex  sources: 

do>i  (z)  B I Bxa  f <**<*-{,>*,  _ v j, 
d2  ~2*f  2-1,  +-2H-J  ^_v  d + 

0 

co 

+ Bjiv  -i-  _ A _L  f dX  + -A^’-U , ( V 1 . 8 9 ) 

1 + C « l + eJ  X — v l+e 

0 

= A__2_  + ^ P g-att-i.)  i_±_v 

dz  2m  z—  £,  2n  J \ _ y + 


+B  +&-A, 

l + e ni+Q.Jx — v 1 + q 

0 

Introducing  Kochin’s  function  H(X)  we  will  find  from 
the  expression  (VI. 89): 

oo 

Vu  = C W r — - dk  + i -~=  ve*  W .Q—  v)  — 

X — v 1 + g 
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-~L=-  f (X)  * dX  + -il=  (v)» 

nO  + eJj)  X— v l + e 

*«  -s  J'-“'«*  + rfl  *^'TO + 

„ ■»  — 

+ — — — f e-t^Ha  (-  X)  ^ dX  + ^ ^iv,Wi,  (-  7). 
«(H-C)jl 


X — v 


1 + 8 


(VI. 90) 


(VI.  91) 


where  Hu(\)  = e^/je-'VWiv^dz  - the  Kochin  function. 

For  the  lifting  force  and  the  wave  drag  of  hydrofoils 
the  following  expressions  are  obtained  in  the  usual  way: 


o' 


- H-n  (-  X)  ffu  m — dx  + [ fTn  ( - v)  **„  (v)  + 

4-  H\i  ( — v)  Hn  (7)1. 


(VI. 92) 


= rt/rl,(~x)/r2.(X)  + 


+ ^.(-XjIfaWl  ^dX  + H’ll(-v)H-ii(y)- 


(VI. 93) 


— //'„  (—  v)  //^ 

- wa  - °4 1 1 «= « 

o 0 

-«a(X)//;,(-X)J^vdX  + 

+ [//»  (v)  fTa  (-  7)  + //>)  /Tu  (-  v~)]. 

— om 

Q»  - j-^v|tft(7)|*  + j f^aWj(-X)+/ra(X)/f12(-X)Jx 

0 

X dX  + 7C, ^ [H-n (7) /fu (_ 7) - H‘a (7) w;2 (- 7)].  (VI. 95) 


(VI. 94)  [218 
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With  f=l  formulas  (VI. 92)  and  (VI. 94)  will  give 
forces  acting  on  the  foils  of  a biplane  in  an  infinite 
flow. 


For  identical  hydrofoils  without  a stagger 
Hu  (1)  =■  Hi  (- 1).  Hu  (-  X)  = F,  (X), 


- Vf  + £ f A 


(VI. 96) 


It  follows  from  formulas  (VI. 96)  that  the  lifting 
forces  for  the  upper  and  lower  hydrofoils  are  different. 

In  the  same  way  as  in  Chapters  II  and  IV  the  circulation 
fj  present  in  formulas  (VI. 92 )- (VI. 95 ) are  values  which 

are  not  known  beforehand.  To  determine  these  values  it  is 
necessary  to  determine  the  functions  vij(z)  which  satisfy 

the  boundary  conditions  along  the  Cj  contour.  Let  us  map 

conformally  the  shape  of  the  Cj  contour  on  the  shape  of  a 

circle  with  a radius  Rj  so  that  the  infinitely  distant 

point  zj  would  become  point  u j and  *™  1.  Then,  the 

boundary  condition  on  the  contour  may  be  written  in  the 
form  of  a boundary  condition  of  the  problem  for  determin- 
ing the  function  analytical  outside  the  circle  in  terms  of 
its  real  part  on  the  circle. 


tions 


Using  the  Schwarz  formula  we  obtain  after  transforma- 


0 

- 1 C,  ( - X,  (_  ijorf-X, „,)»„<!) + 

0 

•f  °{~K  z)  ^Jdh;  * 

HA—  v)j  +Gi(—  v,«J//n(v)  — 


(VI. 97) 
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k 


*»-%■ 


o L 


where  G/(X,«/)  = 


-~ja.  (*5)  Ht  (v)  + c ]g&  uj  Hu<~  v)  - 

*/ 


(VI. 98) 


Let  us  examine  a special  case  of  hydrofoils  obtained 
with  the  aid  of  Zhukovskiy’s  function.  The  function  G(X, 
u)  in  this  case  will  be  determined  from  formula  (11.35)* 
From  the  expressions  (VI. 97)  and  (VI. 98)  it  follows: 

- 7^-Tfc-**./OT)'y0(2i/?)  * A - e-^JtfvR) X 
*(‘+<yJ  X — v 1 + 8 

]+^[5,+l;J 


XW,(- v)8+/?u(v)) 


X — v 


n(l 


J r^-y,  (2X/?x)  (X)  J^dX  + (2v/?,)  x 


X — v 


+(Ci^:(— v)+^a(v))  +2^ 


f 

«i  J 


1 + 8 
~r 

a r,c-«.B1(-X.«)^1(-X)+ 


— v 
— dX  + 
v 
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+ 


1 


2**f(l  +Q) 


aM**"*1 


«i)  Ht  + 


ow  L 


+ ^ fli (- X)  ^ //« (X)  + 

a"iTJ 

+ flx(- v.  uj  Hn  (v)-^  (-v,  =j^) 


»ii  (*)  “ j-  j ®.  + £ J ^ (X)  dX  + 

— °®  — 

+ t-^=  ~ f e-M‘J0  (2Xi?j)  /Q=T)  — ^ dX  - -2L  ^‘JoPvRJ  x 

1 + Q * J * — V 1 +Q 

0 

* oo 

X [«//»(—  V)  + //,(V)]J  + ^jiTo  + ^ j*  *“*V0  (2viRj  Hi  <#•+ 

o; 

— « 


+ + //u(v)l)  + 5^- 


(VI. 99) 


+ ® JT  «-“«■»■■ + ls'(l’|)  »■«  4r  ,j£>  + 
” L V J 


'i1 


rb“  + 2ra  [ *fl  "I8’  (’•!)  ]H'^ 

LL 

+ ^B««»(-v)-|s.  (7,  |)  »„(-  »> 


(VI. 100) 
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Let  us  assume  that  the  conditions  of  the  Zhukovskiy- 
Chaplygin  postulate  are  satisfied  at  the  point  UQj  = -Rj. 

Then,  from  the  expressions  (VI. 99)  and  (VI. 100)  we  obtain 
a system  for  determining  the  circulation! 


rx  = 4* 


4n7?17m  + = dX  - 

oo 

f (X)  7,  (2X/?i)  -^d\- 

n(l+c)J  X — v 

0 

lViT“V/l(  __  _ _ ■ _ 

- -^-=-  ^HJl8ffi(-  V)  + Hu  (V)]  . 

i + e 


(VI. 101) 


e-w*x 


X 70(2X7?.) /^(-X)^ --^=e-^.y0(2v/?jrcfl1,(-7)+//^v)l  . (VI.  1 02  ) 

x— v i+e 


To  determine  the  nature  of  interaction  and  to  obtain 
the  finite  results  for  a simple  special  case,  let  us  exam- 
ine the  motion  of  a biplane  without  a stagger. 

We  will  determine  the  function  Hij(\)  from  the  com- 
plex velocity  of  the  hydrofoil  motion  in  an  infinite  flows 
Hu  (-  X)  = r-**-rla.[y0  (2X7?,)  + Ux  (2X7?,)], 

H*  (X)  = ^iwy.  (2X7?,)  - ;y,  (2X7?,)], 

//„  (-  X)  = 7/u  (-X),  //„  (X)  = //„  (X). 

After  transforming  we  obtain 
Pi  — Ojt'ol’,  — q & j^oo (7?i)  + ^xi(7?J  — -^1  — “j^oo(7?J  + 


Ju(7?i)l} 


c.r.r, 


«(H-cK 


==-(Doo  + 0«)  + 


r r 

1 Im1  — 


Ql  A loo1  2» 
1 +Q  t»0 


ve~ (*,+*•) v x 


X [-  y0(2v7?jy1(2v7?^+  Ji  (2v7?1)y0(2v7?J], 

Qi  = -^rU«-^'[yi(2v7?j  +7?  (27/?,)]-  -i^rl#.r2oo(n(-D01+ 
i + c i + e 

+ D,0)+  [70(2v7?,)7 o (2v7?J  + 7,  (2v/?J71(2v7?J]}, 


(VI. 103) 
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Pi  = C»WoTa  — {i4o#  ^ ^ — T ( a"  1 ) + 

x i;  o (2v/?j)Ji(2vi?j  - y 1(2v/?1y0(2vi?1)i,  ( v i . l o 5 ) 

q4=  _^r?ve-^»[yS(2vi?I)+y?(2v/?1)]+  r^r,.r2oB{n(D10- 
1+0  1 + 0 , 

— Doi)+ ve-5<'k‘+**>[y«(2v«1)  /« (2v/?,)  + 7,  (2v/?J  Jx  (2v/?J]},  (VI.  106 ) 

r»  - 4nRj  [sin a.  + ^J  [^(a»i - T (l  “If)  Boi)“ ^ ^ f*)* 

x '-^'Thl-(TT|ri^D» + i ‘VI-107> 

r,  - 4.* , (sin  [g  (*«  Hf  (t  + ')  ®“1 “ 

(VI-108) 

i4«.  (Pi)  a P‘§  e-»'V»(2X/?i)/*  (2*^) 

*.<«-  f r*-» ;^(l ~ X> 

**  X 

0^  an  |[  g — XtA,-t-A»)  J n(2XR^J  m (2X/?»)  ^ 

0 

jn(x)  is  the  Bessel  function. 

The  functions  Anm  and  may  be  presented  in  the 
form  of  a series  in  powers  of  the  parameter 

x,  = V 4h*  + 1 — 2A/  • 

The  combination  will  be  determined  by  the 

formulas 

j 5,  a,  iyL-,.y  ( l)*l  2sl  (s  + n)l  ^ 

At0  T a B##“  a I slsislsl(n-s)!2JH-' 

x^  + o/Ref^-g;)] 
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J 


(VI. 109) 


A -^-SLb  _ 1 VV+a  V (~l)»(2s +!)(*+» +1)1  M 

01  4 a flw  «2gJ  ‘ ^js!s!(s  + l)l(s+ l)!(n  — s)l2“+‘ 

X | a + 0/  ReF.+H-i  ^ j j 


x a + ay  Re 


fe)] ,,,_ 


1 + a.  a,  = a — 1 


When  Rj_  ^ R2»  functions  can  be  determined  in  the 
form  of  a series  in  powers  of  parameter  T. 

With  P2  and  then 

e 

px . P10  + 0(c),  Qt  = Q10  + 0(e),  Tx  = r,o  + 0(e). 

^ = ^0  + 0(1),  Q2  = QSo  + 0(i),  r,  = rM -ho (i).  (vi.no) 

where  Pjo>  Qjo  2111(1  ^jO  are  11116  lifting  force,  wave  drag 

and  circulation,  respectively,  for  a single  hydrofoil  mov- 
ing near  the  interface. 

Thus,  the  effect  of  the  lower  hydrofoil  on  the  hydro- 
mechanical characteristics  of  the  upper  hydrofoil  is  de- 
determined  by  a value  of  the  order  of  q,  while  the  effect 

of  the  upper  hydrofoil  on  the  lower  is  determined  by  a 
value  close  to  unity.  For  hydrofoils  moving  near  the  air/ 

water  interface  $ = and  the  effect  of  the  lower  hydro- 
foil is  so  negligible  that  it  can  be  disregarded.  The  up- 
per hydrofoil,  however,  changes  the  characteristics  of  the 
lower  hydrofoil  and  this  effect  should  be  taken  into  ac- 
count. 

It  is  not  difficult  to  show  that  with  an  accuracy  in- 
volving the  terms  of  the  first  order  of  smallness  for  the 
angle  of  attack,  the  lifting  force  of  the  hydrofoils  will 
be  determined  by  Zhukovskiy's  formula.  In  such  a case  the 
principal  effect  of  the  interface  will  be  governed  by  the 
change  in  circulation. 

With  U)j  -►0,  from  formulas  (VI. 107)  and  (VI. 108)  we 
obtain t 


I 

c 


I\  = 4 nRx  f sin  ax  + 2a  sin  a^A0l  (/?J  — - — 2= — -40l  (#!#»)  1 

L (1  + e)nUo  J 

r,  = 4ji/?,  [sin  a,  — 2a  sin  A01  (RXRJ  ] 

L (1  + C)jto0  J 

A^  (RXRJ  = 7 7,  (2X/?J  Jm(2KRJ  dk 


(VI. Ill) 


In  conclusion,  let  us  present  the  formulas  for  deter- 
mining AnmfRj^)*  Using  the  presentations  of  functions 

Anm  through  the  hypergeometrical  functions  one  may  prove 

that  the  following  relationships  are  valid: 


A io  (RiRj)  + kA0i  (RXR^  — 1 1 — 4/tcpA00  {RxRt)], 
Jim  (RlRt)  - 2RtAnm  (RXRJ,  Kc P “ flg.  * " j|. 


(VI. 112) 


mu  la 


Function  Aoo(RlR2)  will  be  determined  from  the  for- 
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Function  Aoi(RiR2)  may  be  determined  by  the  expansion 


(p  + 1)1 2,+lp 


• s fit 


lx,  - fr-«c^y0(x),+*p<ot.  y, — 

V / < /»7«  . 


(16A*+  1)2 


(VI. 114) 


With  small  values  of  k,  function  Aqi(RiR2)  may  be  de- 
termined by  the  first  term  only: 


Jot  (RiRt) = k 


---  --  3 +6<n 

(16/t*  + l)1 


(vi. 115) 


Aio  will  be  determined  from  the  relation  (VI. 112) 


For  the  motion  near  air  and  water,  formulas  (VI. Ill) 
may  be  rewritten  (retaining  in  the  expansions  A^  one  term 

only)  in  the  following  form: 
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(vi. 116) 


1 le* 

Y.  = J-*-  - 1 r = r^- 

1 2m  * *• 

With  ft-  ! a, t,  = 1/4/1^+  1 2Acp.  [226 

Then  y2  will  be  determined  by  the  formula 

v,=  i_|^_r3.  (vi. a?) 

It  follows  from  the  expressions  (VI.116)  and  (VI. 117) 
that,  under  the  influence  of  the  upper  hydrofoil,  the  de- 
crease of  the  hydrofoil  lifting  force  under  the  interface 
will  be  very  considerable.  The  curves  showing  the  depend- 
ence of  functions  y2  on  H for  various  values  of  r are  given 

in  Fig.  14. 
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7.1. 


THE  THEORY  OF  THE  SUBMERGED  HYDROFOIL 
IN  A THREE-DIMENSIONAL  FLOW 

CHAPTER  VII.  BASIC  CONSIDERATIONS  IN  THE 
THEORY  OF  HYDROFOILS  WITH  FINITE  SPAN 

General  Considerations.  Methods  of  Studying  the 
Three-Dimensional  Motion  of  Lifting  Surfaces 


The  first  part  of  this  monograph  considered  the  the- 
ory of  the  submerged  hydrofoil  in  the  plane-parallel  flow. 
It  was  based  on  the  theory  of  complex  functions.  In  this 
part  the  three-dimensional  motion  of  lifting  surfaces  will 
be  analyzed.  The  basic  methods  for  studying  it  are  the 
methods  of  the  potential  flow  theory. 

For  the  aerodynamic  studies  of  an  airplane  wing  of 
finite  span  moving  in  an  incompressible  fluid  the  most 
prevalent  method  used  is  that  which  is  based  on  the  con- 
cept that  the  lifting  surface  is  formed  by  a system  of  en- 
trained and  trailing  vortices  and  on  the  use  of  the  lift- 
ing line  theory. 

However,  in  the  case  of  a submerged  hydrofoil  this 
method  leads  very  seldom  to  the  desired  goal.  In  order  to 
use  it  a clear  and  a distinct  idea  of  the  physical  picture 
of  motion  is  necessary  which  will  permit  the  transition 
from  the  real  lifting  surface  to  a model  that  represents 
the  combined  vortex  phenomenon  in  the  flow.  A clear  phy- 
sical picture  for  the  submerged  hydrofoil  may  possibly  be 
constructed  only  for  the  limiting  degenerate  cases  of  mo- 
tion (Fr  0 and  Fr  oo) . For  this  case  the  linear  bound- 
ary conditions  at  the  free  surface  are  as  follows  s 


|-0|Fr-.0|.  | = 0 [Fr- 


•OO 


These  conditions  can  apparently  be  satisfied  by  a biplane 
system  consisting  of  a real  and  an  imaginary  wing,  with 
different  (Fr-*  0)  and  identical  (Fr  -*  oo)  directions  of 
circulation.  This  method  can  be  used  to  construct  a vor- 
tex model  for  a biplane.  However,  for  the  general  case  of 
motion  it  is  impossible  to  find  such  a model  and  the  lift- 
ing line  theory  becomes  inapplicable.  Therefore,  to  study 
space  problems  it  becomes  necessary  to  use  the  methods 
which  are  based  directly  on  the  hydrodynamic  equations. 
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The  very  convenient  methods  for  investigating  such  prob- 
lems are  the  methods  of  acceleration  potential.  Initaily 
these  methods  were  used  in  the  study  of  the  unsteady  mo- 
tion of  a finite-span  wing  by  Kussner  [92].  They  proved 
to  be  useful  and  were  subsequently  employed  in  a series  of 
problems  dealing  with  the  unsteady  motion  and  the  motion 
in  compressible  fluid. 

T.  Nishivama  [213,  214],  U.  Vu  [195,  196],  M.  D. 
Khaskind  [l 55 J and  A.  M.  Panchenkov  [lio]  use  the  methods 
of  acceleration  potential  in  the  hydrodynamic  studies  of 
the  hydrofoil.  The  closest  to  the  acceleration  potential 
method  is  the  method  which  is  based  on  the  representation 
of  the  lifting  surface  and  the  accompanying  zone  behind  it 
by  a semi-infinite  surface  with  dipoles  distributed  over 
it. 

The  problem  based  on  this  concept  for  the  investiga- 
tion of  the  hydrofoil  has  been  treated  by  G.  A.  Goshev 
[21,  22].  It  will  be  shown  below  that  this  type  of  physi- 
cal picture  will,  from  the  point  of  view  of  the  accelera- 
tion potential,  determine  the  flow  produced  by  the  motion 
of  a lifting  line  with  the  span  equal  to  that  of  the  foil. 

Before  discussing  the  study  of  the  hydrofoil  motion 
let  us  clarify  the  basic  aspects  of  the  acceleration  po- 
tential method  by  considering  a more  simple  problem  of 
wing  motion  in  an  infinite  flow. 

Let  us  introduce  the  concept  of  velocity  potential 
for  an  infinite  liquid. 

The  vector  form  of  the  hydrodynamic  equation  in  the 
fixed  coordinate  system  is  as  follows  : 

dv  1 1 

i.e.,  the  vector  field  of  the  accelerations  4^  contains  a 
potential  0 . QX 

The  relation  between  the  velocity  potential  cp  and  the 
acceleration  potential  9 in  the  linear  approximation  is 
established  by  the  following  relationships 

0 “ V ( V 1 1 . 1 ) 

For  the  steady  motion  the  acceleration  potential  will 
be  determined  from  the  relation 

0 (x,  y,  z)  = — (VII. 2) 


.4 
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The  integral  in  equation  (VII.  2 ),  which  converges  to 
zero  when  x -»  oo,  will  be  as  follows  : 

X 

<t  = -^9(x,y,z)dt.  (VII. 3) 

OO 

For  the  unsteady  periodic  motion,  the  acceleration 
potential  may  be  written 


0 ( x , y,  z,t)  = Q (x,  y,  zje'1'*, 

and  for  determining  Q(x,  y,  z)  the  following  differential 
equation  is  obtained  from  the  expression  (VII.l)s 

Q (*,  y,  z)  = v0  (—  <p,  + m)\  p = ( VII . 4 ) 

The  integral  form  in  equation  (VII. 4),  which  converges 
to  zero  when  x = oo,  will  be  as  follows: 

cp=-.^  Jq(t.</. 2)e~lcndx.  (VII.  5) 

oo 

If  the  small  values  of  the  second  order  are  disregarded 
then  the  pressure  in  the  flow  will  be  determined  by  the 
formula  (24)  as  follows: 

P = — C9ic 

Equating  this  equation  to  that  of  (VII. 1)  we  obtain 
the  following  expression: 

p = _c  Q.  (VII. 6) 

From  this  it  follows  that  the  pressure  in  the  flow  is 
proportional  to  the  acceleration  potential  and,  therefore, 
the  acceleration  potential  will  have  a discontinuity  at 
the  intersection  with  the  lifting  surface  S and  remain  con- 
tinuous at  the  intersection  with  the  semi-infinite  velocity 
discontinuity  surface  2 formed  behind  surface  S. 

Precisely  this  characteristic  determines  the  essential 
feature  and  the  advantage  of  the  acceleration  potential 
method,  because  the  conditions  that  are  satisfied  at  the 
2 surface  are  the  general  conditions  which  are  satisfied 
at  any  other  point  in  the  flow.  Therefore,  in  this  method 
the  boundary  conditions  at  the  surface  21  are  trivial  be- 
cause they  become  automatically  satisfied  when  the  velo- 
city potential  is  determined  from  formulas  (VII. 3)  and 
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(VII. 5)  and  the  acceleration  potential  from  the  disconti- 
nuity on  the  lifting  surface. 

Since  the  determination  of  the  function  (which  is 
harmonic  outside  of  the  surface  on  which  the  function  va- 
lues obtained  when  approaching  the  surface  from  above  are 
different  from  those  obtained  when  approaching  it  from  be- 
low) is  a classical  problem  in  the  theory  of  potential, 
the  problem  of  motion  of  lifting  surfaces,  therefore,  can 
be  effectively  solved  by  the  methods  used  in  the  theory  of 
potentials . 

The  advantages  that  follow  from  the  properties  of 
the  acceleration  potential  are  not  difficult  to  appreciate, 
if  we  recall  that  the  direct  solution  of  the  velocity  po- 
tential requires  a rather  intricate  selection  of  the  basic 
solution  which  satisfies  conditions  (31)  and  (35)-  An  ex-  [232 
ample  of  the  solution  of  the  problem  dealing  with  the  mo- 
tion of  a circular  wing  is  the  Kochin  solution  [64-67]. 

Let  us  examine  the  steady  motion  of  a lifting  surface 
of  an  arbitrary  shape  in  an  infinite  fluid. 

The  acceleration  potential  has  a discontinuity  at  the 
intersection  with  the  surface : 

e_-e+  = -Y(8)a0.  (VII. 7) 

The  acceleration  potential  will  be  evaluated  as  a 
double-surface  potential.  By  using  the  known  discontinuity 
it  can  be  expressed  by  the  following  formulas 


where  r=V(x  — £)a  + (y  — t])*  + z — C)J, 

£,  r)  and  £ are  the  coordinates  of  the  point  Q on  surface  s. 

Using  the  formula  (VII. 3)  we  will  obtain  the  expres- 
sion for  the  velocity  potential 

X 

(VII. 9) 

S 00 

By  employing  the  condition  (31  ) the  integral  equation 
is  obtained.  The  component  of  the  velocity  induced  along 
the  z axis  will  have  the  following  form : 
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(VII. 10) 


’■“-sJJ’WeJaET**' 

S CO 

The  expression  for  92  transforms  into  the  following 

form  : 

t 

Let  us  examine  the  limiting  expression  <p2  for  x -♦  +00 
and  x -0 0.  From  the  expression  (VII.  11)  it  follows: 


with  x -*  + 00  <p,  = 0, 

with  (VII. 12) 

Ml 

and  with  <p,=  gL  (VII.  13) 

S 

The  following  known  aerodynamic  result  is  obtained:  [233 

the  vertical  velocity  is  equal  to  zero  (in  front)  at  infin- 
ity, and  in  the  area  of  the  lifting  surface  it  is  equal  to 
one -half  of  its  value  behind,  at  infinity. 

The  integral  equation  (VII. 11)  does  not  lend  itself 
to  the  analytical  treatment.  Therefore,  additional  approx- 
imations are  introduced  into  the  theory,  which  hold  true 
for  specific  foil  configurations  and,  as  a result,  simpler 
integral  equations  can  be  obtained.  For  long  foils  these 
approximations  are  given  by  Prandtl’s  lifting  line  theory. 

The  foil  span  is  assumed  to  be  of  such  large  dimensions 
(in  practice  X > 4),  that  it  can  be  substituted  by  a single 
lifting  line,  and,  in  evaluating  the  hydrodynamic  charac- 
teristics of  the  foil,  be  considered  that  every  cross  sec- 
tion of  it  works  independently  of  the  others.  Then,  sub- 
stituting the  lifting  foil  and  the  surface  Z by  a single 
entrained  vortex  and  a system  of  trailing  vortices,  we  ob- 
tain an  integro-differential  equation  which  makes  the  de- 
termination of  circulation  at  each  cross  section  possible, 
while  bypassing  the  need  of  solving  for  the  potential. 

It  is  interesting  to  know  what  type  of  approximations 
have  to  be  introduced  into  the  equation  (VII. 11)  in  order 
tc  arrive  at  the  Prandtl  equation.  Let  us  write  formula 
(VII. 11)  in  the  following  form: 
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„ i d rr  y(9)  r - 

4ndy))y  — til 


(x  — £)»  + (y  — n)« 

(*-S> 


(VII. 12)  [sic] 


This  formula  resembles  the  Reysner  formula  [124].  In 
Reysner’s  formula  a<px  with  an  opposite  sign  in  the  paren- 
theses is  used  instead  of  <p*-  — <P*+  = y(0),  due  to  the  different 
coordinate  axis  direction. 

Let  us  write  the  boundary  condition  (31 ) in  the  fol- 
lowing form: 

<P«  = — o0o.  (VII.  13)  [sic] 

Then,  the  integral  equation  can  be  written  as  follows: 


__L L ff  y(B)  V (x-W  + ly-n)2  d. 
4*dyjjy  — i]  (*—£)) 

-H— 


(VII. 14) 


Let  us  consider  a wing  rectangular  in  shape  in  the 
plane  view  and  introduce  an  assumption  that  y(6)  = y(|)Y(n)- 

It  can  be  shown  by  a simple  computation  that  with 
y(TQ)  = const  and  the  span  extending  to  infinity,  the  in- 
tegral term  in  parentheses  will  be  equal  to  zero  and  the 
term  in  the  other  part  of  the  equation  (VII. 14)  will  de- 
scribe the  two-dimensional  parallel  flow.  For  greater, 
lengths  of  wings  we  can  introduce  the  following  approxima- 
tion:   

then  » 


and  equation  (VII. 14)  will  be  as  follows: 


(VII. 15) 


With  y(-b)  = y(b)  = 0 the  following  identity  is  valid: 


(VII. 16) 


and  then,  multiplying  expression  (VII. 15)  by 


a — x 
a + x 


in- 


tegrating with  respect  to  x,  within  the  limits  from  -a  to 
+a,  and  determining  the  circulation  at  the  cross  section 


as 


--  • > "/ 


r Cy)  = J y (6)  y (»i)  • . 

—a  • 

we  will  obtain  the  Prandtl  equation 


rM-a».(— ^1-^*1). . (vii. 17) 


In  exactly  the  same  way  one  may  show  that  if  the  ex- 
pression (VII. 10)  is  written  in  the  form 


I oo 


(VII. 18) 


then  the  first  term  in  this  expression,  with  span  increase, 
will  determine  the  two-dimensional  parallel  flow  and  the 
second  term,  which  is  independent  from  the  variable  x, 
will  determine  the  slope  angle  of  the  flow. 


It  follows  from  the  (VII.18)  formula  that  the  Prandtl 
equation  can  be  written  as  follows  t 


r to) 


(*  = £)  (VII.  19) 


The  kernel  of  this  equation  has  a floating  character- 
istic of  the  a^  = 2 order  and  will  diverge,  but  the  inte- 
gration by  parts,  under  the  (VII.16)  condition,  transforms 
the  kernel  into  a singular  equation  and  the  equation  (VII. 
19)  into  the  integro-differential  equation  (VII. 17)  where, 
naturally,  the  integral  is  determined  as  the  main  Cauchy's 
term.  Therefore,  in  further  use  of  equation  (VII. 19)  we 
will  always  consider  this  operation  and  treat  it  as  a 
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singular  integro-differential  equation. 

The  approximation,  which  is  opposite  to  that  made  in 
the  approximation  of  the  radical,  leads  to  the  Jones  the- 
ory, which  is  the  theory  of  extremely  small  wings  [222]. 


Suppose 


(*-£)* + (y-n)*»l*-£|. 


then 


from  where  it  is  easy  to  obtain 


l f o'(n.  x)  . 

•75—  l — — —dr\  = u0o, 

2«  J y- r\ 

4>(y,  X)  = y (y)  j Y (5)  d\. 


(VII. 20) 


In  is  not  difficult  to  show  that  the  equation  (VII. 17), 
with  the  tendency  of  the  relative  span  to  approach  zero, 
gives  the  value  of  the  flow  slope  angle  different  by  a 
factor  of  two  from  the  results  obtained  in  the  small  wing 
span  theory. 

Clearly,  for  the  finite  values  of  circulation  and 
a -*■  oo  (which  corresponds  to  the  case  in  which  the  relative 
span  tends  to  zero),  the  expression  in  parentheses  in  equa- 
tion (VII. 17)  will  tend  to  approach  zero  and  will  become 
at  follows i 


f Hn) 

J y-T\ 


dij  = v0a. 


(VII. 21) 


In  this  case,  when  the  normal  velocity  is  independent 
of  x,  8(y,  x)  = r(y),  comparison  of  equations  (VII. 20)  and 
(VII. 21)  leads  to  the  result  indicated  above. 

Later  on,  the  approximations  of  the  lifting  line  the- 
ory in  the  form  of  the  expression  (VII. 18)  will  be  util- 
ized in  the  development  of  the  theory  of  the  submerged  hy- 
drofoil of  finite  span.  As  it  will  become  evident  later 


.» yj  vl 


on,  this  theory  happens  to  be  the  most  simple  theory  so 
that  the  data  existing  in  literature  is  fully  applicable 
to  it.  However,  this  theory  has  its  own  drawbacks,  the 
most  important  of  which  is  its  inapplicability  to  short- 
span  wings  noted  earlier  and  the  fact  that  it  becomes  im- 
possible to  obtain  more  accurate  results  by  introducing 
a series  of  lines  and  solving  a system  of  integral  equa- 
tions. 


Besides,  there  is  another  point  which  has  a specific 
meaning  only  in  the  problems  of  the  submerged  hydrofoil 
motion.  In  equation  (VII. 17)  quantity  2tt  determines  the 
tangent  of  the  angle  of  inclination  of  the  wing  with  an 
infinite  span  for  the  relationship  Cy  = f(a).  For  the  real 

wings,  for  which  viscosity  is  taken  into  account,  some 
average  experimental  value  equal  to  a*  = 5*^5  is  used  in 

calculations  instead  of  2-tt.  In  extending  this  theory  to 
the  submerged  hydrofoil,  an  = a^V  is  used  instead  of  a*, 

in  equation  (VII. 18),  where  is  the  function  obtained 
from  the  solution  of  the  two-dimensional  problem  (see  Ch. 

I- IV).  For  the  general  case  Y=  F(h,  Fr)  and  the  effect 
of  the  Froude  number  is  determined  by  the  wave  phenomena 
on  the  free  surface.  For  the  three-dimensional  problem 
the  picture  of  wave  formation  will  be  three-dimensional  in 
nature,  and,  naturally,  the  question  then  arises  about  the 
possibility  of  approximating  the  term,  determined  by  three- 
dimensional  phenomena,  with  that  obtained  from  the  solu- 
tion of  the  two-dimensional  problem. 

For  both  large  and  small  Froude  numbers , when  the 
problem  is  equivalent  to  one  dealing  with  the  motion  of  a 
biplane,  limitations  imposed  on  the  application  of  this 
theory  will  be  governed  by  those  imposed  on  the  lifting 
line  theory  application.  However,  it  is  impossible  to 
answer  this  question  beforehand  for  any  arbitrary  Froude 
numbers,  especially  those  that  are  close  to  unity,  i.e., 
when  the  wave  phenomena  are  most  pronounced.  One  may  only 
assume  that  for  certain  foil  spans  such  an  approximation 
will  produce  sufficiently  accurate  results.  For  determin- 
ing the  values  of  those  spans,  however,  additional  studies 
are  required. 


The  more  rigorous  theory  is  the  lifting  line  theory 
in  which  the  vortex  system,  consisting  of  an  entrained  vor- 
tex and  a system  of  trailing  vortices,  is  analyzed.  Here 
one  determines  the  velocities  induced  on  a certain  line 
(usually  on  the  line  located  at  a distance  a from  the  en- 
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on  that  line.  This  theory  is  equally  true  for  long  as 
well  as  short  spans  and  makes  it  possible  to  obtain  more 
accurate  results  [1^3,  169],  [232,  23^]. 

If  we  replace  the  lifting  surface  by  several  vortices, 
the  problem  will  reduce  to  a system  of  integral  equations , 
the  solutions  of  which  are  more  accurate.  Precisely  this 
approach  was  used  in  the  development  of  the  theory  of  wings 
of  short  span  [169].  This  theory  is  widely  used  in  the 
study  of  the  more  complex  wing  conf igurations  (for  example, 
swept-back  wings  [l^3j* 

As  applied  to  the  submerged  hydrofoil,  the  above  ap- 
proximation makes  the  determination  of  from  the  two-di- 
mensional problem  unnecessary,  but  there  is  a danger  of 
inaccurate  treatment  of  the  effect  of  finite  dimensions  in 
the  direction  of  the  chord.  Let  us  clarify  this  statement 
by  a simple  example.  If  we  increase  the  span  to  infinity 
then  the  vortex  layer  intensity  of  a thin  submerged  plate 
in  motion  with  Fr  -*•  00  will  be  evaluated  from  the  solution 
of  the  integral  equation  (see  Ch.  I) 


(x  — s)*+  16ft* 


= — )ds'=  — 
A*.  ) 


The  solution  of  this  equation  was  obtained  in  Ch.  I 

+1 

Jy  (s)ds 

and  the  function  V =-r is  given  by  formula  (1. 58). 

f Y m(s)ds 

Based  on  the  lifting  line  theory  this  equation  will 
be  replaced  by  the  relation  as  follows t 


» + l6S*  )=1 


(VII. 22) 


where 


o»  = 2jh|>, 


1 ( 1 + 16ft»  \ 
* T \ 1 + 8ft*  / ’ 


As  seen  from  Fig.  15,  formulas  (VII. 23)  (represented 
by  curve  2)  and  formula  (VII. 58)  (by  curve  1)  give  differ- 
ent results,  with  the  error  in  determining  V by  formula 

(VII. 23)  amounting  to  10#  for  fi  = 0.2. 

In  a number  of  studies  the  approximate  formula 
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(VII. 23)  is  used  as  the  basis  for  the  analysis  of  the  sub- 
merged hydrofoil  problems.  The  error  can  be  decreased  by 
increasing  the  number  of  vortex  lines,  but  this  method 
will  inevitably  lead  to  a drastic  increase  in  the  computa- 
tion volume. 


By  increasing  the  number  of  lines  we  can  approach  the 
exact  solution  of  equation  (VII. 11)  as  closely  as  desired. 
It  is  not  difficult  to  demonstrate  that  the  integral  equa- 
tion in  this  theory  follows  naturally  from  the  integral 
equation  (VII. 11)  if  we  pull  the  chord  of  the  foil  together 
to  a point. 


For  a single  line  from  the  expression  (VII. 11)  we  ob- 
tain the  following: 


T r(,»  [1 

X-h  1 

J ,(y  1D*  L 

—b 

V(*-&i)‘  + (y-ti)*J 

(VII. 24)  [sic] 


A number  of  known  results  can  be  obtained  from  this 
equation.  For  example,  for  a rectangular  foil  the  equa- 
tion derived  by  P.  S.  Chushkin  [169]  and  for  the  swept- 
back  wings  the  equation  given  by  V.  V.  Struminskiy  and 
N.  K.  Lebed'  [l43]  can  easily  be  obtained. 


Let  us  analyze  the  rectangular  foil. 


Suppose 


x — ii  = —a, 

* =J_f  J>!L 

**  4n  J (x/ — Tl)a 

—b 


a 

V a* + (y  — rt)*' 


di\ 
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and  in  the  dimensionless  form 


s i f rtn)  r1  . » 1 

1 » J tf-ipl.  V i + ^o/) (y-w  J 


drj. 


JL  f 

ft  ’ 


r 

“5^ft' 


which  can  be  written  as  follows 


1 + f 1 _ d^.  (vil. 25) 

« J (]/ — ti)  2n  J (y— ’i),l  V \+\*(y){y—  ttf*  J 

-t  -> 


For  short  spans  the  second  integral  operator  in  the 
equation  (VII. 25)  will  be  equal  to  zero  and  then  equation 
(VII. 25)  will  be  transformed  into  the  Jones's  equation 
(VII. 20). 


The  second  integral  operator  in  the  equation  (VII. 25) 
is  regular,  therefore,  the  equation  can  be  reduced  to  the 
Fredholm's  equation  with  the  aid  of  Cauchy's  transforma- 
tion formulas.  This  question  will  be  analyzed  further 
during  the  analysis  of  the  regularization  methods  of  sin- 
gular integral  equations  for  the  submerged  hydrofoil. 

7.2.  The  Integral  Formulas  for  the  Submerged  Hydforoil 
With  a Finite  Span 


For  the  fluid  with  the  free  surface  the  hydrodynamic 
equation  is  written  in  the  following  form: 


dv 

dt 


+ 8 = — ~W> 


where  g is  the  gravitational  acceleration.  It  follows, 
then,  that  the  acceleration  potential  Q’  will  be  determined 
by  the  following  formula: 


Q-  •=%.—  + (VII.  26) 

• /•■Q'  - Q + gZ.  (VII.  27) 


Using  the  Lagrange -Cauchy  integral  for  points  on  the 
free  surface  we  obtain  Q'  = 0 with  z = 0. 


As  is  evident,  for  the  potential  Q'  the  boundary  con- 
ditions on  the  free  surface  have  a very  simple  form.  The 
component  of  the  acceleration  potential  gz  for  surfaces 
enclosing  a certain  volume  will  produce  the  Archimedes 
hydrostatic  force  and  for  a thin  lifting  surface  it  will 


be  continuous  at  the  intersection  with  the  surface  and  will 
not  produce  any  forces.  It  is  convenient  to  exclude  this 
term  from  further  analysis  and  use  the  potential  0(x,  y,  z) 
only.  Differentiating  the  boundary  condition  expression 
for  the  free  surface  we  receive 

e«  + ge,  = o,  (VII.  28) 

i.e.,  the  <p  and  0 potentials  satisfy  the  same  boundary 
conditions  on  the  free  surface  with  an  accuracy  noted  by 
the  subscripts.  This  result  can  also  be  obtained  from 
the  expression  (VII. 27). 


Now  let  us  derive  a formula  which  will  represent  the 
harmonic  function  in  the  area  between  surface  s^ , envelop- 
ing surface  s,  and  the  xy  plane.  If  9 and  0n  are  given  on 
the  surface,  we. can  select  a point  P(x,  y,  z)  in  the  lower 
half-space  and  draw  two  surfaces  s^  and  S2  so  that  surface 
si  would  envelop  surface  s,  but  not  point  p,  while  surface 
S2  would  envelop  both  the  surface  s and  the  point  p.  Using 
Green's  formula  we  may  write  as  follows: 


e<*.  y.  z)  = -- 5rj’{r-^*+  4S-j-'j’9'5T7-‘'5 


+ 


*1  , *» 


r = V (*-S)*  + U/-il)‘  + (z-C)J. 


The  point  8(1,  tj,  £)  runs  over  the  s^  and  S2  with  the 

normal  to  these  surfaces  assumed  to  have  an  outward  direc- 
tion. 


The  function 

(vii. 29) 

*•  ** 

is  harmonic  outside  of  surface  s^ , while  the  function 

e.(«.  y.  (vii. 30) 

*i  V •• 

is  harmonic  inside  surface  S£.  Surface  S2  may  be  expanded 
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infinitely  in  the  lower  half-space  and  the  function 
9 (x,  y,  z)  may  then  be  represented  as  follows: 

9 (x,  y,  z)  = (x,  y,  z)  + 0, (x,  y.  z),  (VII . 31 ) 

where  0£(x,  yf  z)  is  the  harmonic  function  in  the  lower 
half-space . 

Let  us  examine  the  function  [24l 

— - is 

«l  »1 

where  G(x,  y,  z,  5,  rj,  £)  = y + K(x,  y,  z,l,  rj,  £)  is  the  function  which 

satisfies  the  conditions  at  the  free  surface  (VII. 28)  and 
in  front  at  infinity  (33  )• 

Function  0(x,  y,  z)  will  also  satisfy  the  conditions 
in  (VII. 28)  and  (33)*  Then  the  function 

A0(x,  y,  z)  = 0 (x,  y,  z)  — 0(x,  y,  z) 

will  be  equal  to  zero,  because  it  is  harmonic  in  the  lower 
half-space  and  satisfies  the  boundary  conditions  (VII. 28) 
and  (33)* 

Function  (VII. 25),  which  is  harmonic  in  the  lower 
half-space  and  which  satisfies  the  boundary  conditions  on 
the  free  surface,  determines  the  free  waves  on  the  surface. 

Since  the  condition  in  front  at  infinity  requires  absence 
of  these  waves,  it  follows  then  that  function  A0(x,  y,  z)  is 
equal  to  zero. 

Thus,  function  0(x,  y,  z)  is  determined  by  the  formula 

*)=^  j\(e^-WG)ds-  (VII. 32) 

*1 

For  a thin  lifting  surface,  surface  s1  converges  to- 

ward  surface  s coming  from  above  and  below.  Since  ~ = , 

by  determining  the  value  of  the  discontinuity  0 by  formula 
(VII. 7)  we  obtain  the  following: 

0(x,  y,  z)=^-JjY(0)^-Gas.  (VII. 33) 

In  the  evaluation  of  function  G(jc,  y,  z,  tj,  0 in 
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various  problems  we  will  mainly  employ  the  separation  of 
variables  method.  The  initial  functions  will  be  the 
Green's  integral  functions  in  an  infinite  three-dimensional 
space  [84]  as  follows : 


where 


and 


1 = -L  f f e/A-‘+**  i *-c  i ( V 1 1 . 34 ) 

' 2*  J J/X*~+  A1 

2*  00 

(VII.  35) 

2r 

1_  1 r d9 

r 2jt  J x0  — x ’ 

* = 2 + f (xcos0  + ysin 0);  x0=  $ + i(gcos0  + T)Sin0) 

(2<C) 

X — — 2 + i(xcos0  + 1/  sin  0);  x0  = — £ +-  i(£cos0  -q  sin  8). 

(2  > 0 


(VII. 36) 


Let  us  derive  now  the  general  integral  formulas  for 
the  velocity  potential,  which  satisfy  the  conditions  in 
(33). 

Let  us  first  consider  the  integral 
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(vii. 37) 


and  let  function  V(k,  X)  be  simply  zero  at  point  X£. 

Let  us  integrate  with  respect  to  X along  a path  con- 
sisting of  sections  of  the  real  axis  — <»-j-X9  — g,  X„  + l -r  + 00 

sind  of  the  minor  semicircle  of  radius  , which  encircles 

a particular  point  X0;  the  bypassing  of  the  pole  will  be 

determined  by  the  sign  of  ImXg. 

Let  us  analyze  the  following  case: 


<P(ft,  X)  - — 9 (ft,  -X),  *(ft,  *)  - *(*.  -X); 


J rt 


J J 9(ft,  J y 9 (ft,  X,  — ijiX) 


dftdX. 
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If  >k-o  = ^-0  “ i'J-  * then  in  the  first  integral  the  by- 
pass of  the  particular  point  \0  will  be  from  above  along 
Lp  while  in  the  second  integral  it  will  be  from  below 

along  the  L2  path.  From  this  it  follows 


, f f ‘cp(fe,  X)e<*  i f C ?(&.  X) 

l)  ♦&*>  jj 


■dkdX  - 


(VII. 38) 


where  the  integrals  are  in  the  sense  of  the  main  Cauchy 
value . 

Let  us  now  determine  the  limits  of  the  integral  for 
x -*■  ±oo.  With  x > 0 

I j duk~  I j-^y  -^+ 

+42^L<“’ 


if  r 

J V (k. 


h)  e~‘xK 


(VII. 39) 


With  x < 0 


r “ (p(*.  %)#*  r r q>  (*,  x) 

J )- wr"--  J J-vr 


■dkdX- 


Jv 

o 

co  co  oe  co 

If 


(VII. 39)  [sic] 


<p  (k,  X)  e~lxk 
*(A.  X) 


dkdX  + 


Because  lim  -rjr-^r  — 0. 
*+±«  '!>(*,  X)' 


then 


r 


r <p(*.  x)«-**  _ (•*<*.  M 

J — ^csnsj — j wxydl — ir) 


• ' J1  U(*.  X)  J 


for  an  unlimited  increase  x approaches  zero.  The  other 
integrals  also  tend  to  approach  zero. 

Then,  for  the  limiting  values  of  the  J integral  we 
will  get 


oo 

/ = 0;  J — 4ju  f kL  cosio xdk. 

x-*«  -r— o=  J ^ (X0>  «) 


(VII. 40) 


This  characteristic  of  the  integral  (VII. 37)  indicates 
that  we  can  search  for  the  velocity  potential  of  the  sub- 
merged hydrofoil  in  the  form  of  the  integral  (VII. 37). 

Let  us  analyze  the  potential 

Hrfre“'Hfc  (VII'41) 

5 CO  — °o— oo 

let  function  Q(p,  g)  have  zero  values  at  all  points  of  Xj_. 
Let  us  transform  this  expression. 


s ’ oo  — oo  0 

- NJr”'  s\  «-H  *U- 

pQ(—  p.  g)  J 

oo 


Q(0,  g) 


-n\d8 


g)  e-»\  dp\\ds 

r,\  / PQ  ( — Pt  g)  1 


pQ{p,  g) 


Let  us  separate  the  remainders  at  points  pj_. 


—z*>  'rtHtfL.  W.J 


* iZl  -®  / eo 

___L  1 dal  f N(P'  8\_  euP  _N(-  Pl_g>  ^U,\  ‘ 

x J dS)  {pQ(p,  g)  m-P'8)  ) " 


N(pt,  go)  eUpt 


W(-p,  g)<r'»_An_  f r NS-p:  fi.CH 


jLJ,  J P.Q'  (—  P<,  go) 


The  case  when  there  are  no  perturbations  in  front  of  £246 
the  wing  is  defined  by  the  following  expression: 

Sign  Im  p£  = -1. 

By  substituting  this  expression  in  the  final  formula 
for  9,  the  latter  may  be  written  as  follows: 


_V  f N{pl'  S)ciXPi  V C g)  e~‘XPl  dr 

PiQ'(Pi' s)  2j  J PiQ’(—Po  s) 

/ki|  —CO  1=1  —CO 

£ f de  f ( NiP'.  S)  e*’.  __  N(-P>  S)r.‘Z)  dp "|  1 ds 

« J 8 J \ PQ(P>  S)  PQ(~P • g)  ) P 

—co  0 J J 


(VII. 43)  [sic] 


The  asymptotic  values  for  the  q>  potential  are  as  fol- 
lows : 
for  x -»  00 

<p  = 0, 

and  for  x -*  - 00 


S —30  L — OO 


N(0,  g) 
<3(0.  g) 


N{—p„  g)e~lx»t 
Pfl  (—  Pi>  g) 


dg\\ds.  (VII.  44) 


The  formula  (VII. 43)  makes  possible  the  immediate 
evaluation  of  the  velocity  potential  of  the  submerged  hy- 
drofoil using  the  known  functions  N(p,  g)  and  Q(p,  g), 
which  satisfy  the  conditions  on  the  free  surface  and  pos- 
sibly some  additional  conditions.  This  formula  is  parti- 
cularly convenient  for  using  the  integral  representation 
(VII. 34). 

Let  us  consider  the  velocity  potential  formula  for 
the  general  case  of  the  unsteady  motion.  For  the  unsteady 
periodic  motion  the  velocity  potential  is  related  to  the 
acceleration  potential  by  the  (VII. 5)  formula. 

When  writing  the  formula  for  the  potential  9 , it  is  [247 
necessary  to  analyze  the  integral  of  the  following  form: 


*p(X.  k)  ^ 

* (MW 


Then,  by  utilizing  the  same  approach  as  that  used  in  de- 
riving formula  (VII. 43),  we  receive  the  formula 


+ 


a 


JV(Jt,  *) 
"0(0) 


dk 


N(\„  k)e«*-*  Jk 

(X,-p)o*(x<; « 


xS  r flV(— rffr 


< r ..  r Af(x. 

“«■  J J (*-p)< 2(x.  *) 

In  conclusion,  we  will  present  the  formulas  for  de- 
termining forces  acting  during  the  motion  of  a lifting  sur 
face  parallel  to  the  free  surface.  The  resultant  vector 
of  the  pressure,  exerted  by  the  fluid  on  the  body,  is  de- 
termined by  the  following  formulas 


ds. 


(VII. 4 5) 


P =>  — j j pnds, 

<1 

where  n is  the  unit  vector  of  the  outer  normal.  Using  the 
projections  to  the  coordinate  axes  we  may  write 


P«  = — j j pcos(/»,  x)ds, 
P*,=  t—  jjpcos(/x,  z)ds, 

*i 

P„=  0. 


Let  us  deform  the  surface  Sj_  toward  both  a surface  s 

passing  it  above  and  below  and  a cylindrical  surface  6. 
Then,  for  the  lifting  force  we  can  derive  the  following 
expression  s 


pt  = iP-  ~ P+)  ds, 

9 
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r*  *2 


^ = -oJJ(0--0+)is. 

s 

The  latter  expression  together  with  formula  (VII. 7) 
produce 


pz  = Qvojjy(0)ds. 


(VLI. 46) 


Remembering  that  the  circulation  along  the  contour  is 


we  get 


r (y)  = \y(y)dy. 

— <i 

t* 

P = C«0  j r (y)  dy. 


For  the  drag  we  have 


Px=  — P+)cos(n,  x)ds—  JJpcos(n,  x)ds. 


(VII.  47) 


(VII. 48) 


The  second  term  determines  the  suction  force  which  is 
produced  because  of  the  presence  of  a high  vacuum  in  the 
proximity  of  the  leading  edge  of  the  foil.  At  the  trail- 
ing edge  of  the  foil  the  condition  postulated  by  Zhukovskiy 
and  Chaplygin  is  satisfied  and  the  surface  envelops  the 
leading  edge  only. 

For  determining  the  suction  force  let  us  use  the  re- 
sults of  the  two-dimensional  flow  problem.  In  the  two-di- 
mensional flow  the  suction  force  is  determined  by  the  for- 
mula 

Px  = pt/,r, 

where  vz  is  the  vertical  velocity  at  the  leading  edge. 

For  the  foil  of  finite  span  the  suction  force  per 
unit  length  of  the  foil  will  be  in  the  form 

Px  = Q (0,  — AOmw)  T, 

then  the  total  drag  will  be  determined  by  the  formula  of 
the  following  type i 

PXimt  — CCl0ra  — c — At;****) 

However,  since  vz  = vQa,  we  will  get  the  known  aerodynamic 
f0rmUla  P*uhj,  = eAvnmT.  (VII.  49) 
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Defining  the  suction  force  in  formula  (VII. 48)  in 
this  manner,  for  the  total  drag  of  the  wing  we  obtain 

+* 

Q = C [[v9a-v{y)]r{y)dy,  (VII.  50) 

-6 

where  v(y)  is  the  vertical  velocity  at  the  leading  edge 
of  the  foil. 

Introducing  the  potential  <p  in  the  form  of  <p  = + 

+ <p2,  where  is  the  harmonic  function  outside  of  the 
surface  s + X and  q>2  is  "the  harmonic  function  in  the  lower 
half-space , 

<Px  = <Pu  4 *?>*’ 


where  cp^  is  the  harmonic  function  outside  of  the  surface 

s,  and  <p^2  i-s  harmonic  function  outside  of  the  surface 

X*  It  follows  then  that  the  formula  for  the  drag  can  be 
expressed  in  the  following  form: 

b b 

Q = Q J (Pi2zf('/)  dy  + e j (y)dy.  (VII. 51  ) 

—b  — t 

Here,  the  first  term  will  probably  define  the  inductive 
drag  of  the  wing  in  an  infinite  fluid. 
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CHAPTER  VIII.  THE  THEORY  OF  THE  SUBMERGED  HYDROFOIL 
IN  THE  THREE-DIMENSIONAL  FLUID  FLOW  OF  INFINITE  DEPTH 
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8.1.  The  Velocity  Potential  of  the  Submerged  Hydrofoil. 
The  Integral  Equation  for  the  Hydrofoil  of  an 
Arbitrary  Shape  in  the  Plan  View 

For  the  steady- state  motion  the  boundary  conditions 
(VII. 29),  considering  the  dispersion  coefficient  p,  will 
have  the  following  form* 

0»  — p9,  + ve,  = 0.  (VIII.  1) 


The  determination  of  the  velocity  potential  by  formula 
(VII. 43)  will  be  given  later.  However,  here  we  will  exam- 
ine the  sequential  evaluation  of  the  velocity  potential  by 
formulas  (VII. 3)  and  (VII. 33).  We  will  derive  the  function 
G(x,  y,  z,  £,  tj,  £)  with  the  aid  of  the  integral  expression  (VII. 

35 )»  and  we  will  seek  function  G(x,  y,  z)  in  the  following 
form  t 

<?  = t + 7-4-M*.  y>  *)-  (VIII. 2) 

r r\ 

where  r =V~ !*  — «*  + (y-rj)*  + (*  — »*• 


The  integral  expression  (VIII. 35)  [sic]  for  jr  gives 
the  following  for  z + C,  < 0 1 


+n  06  ’ - 

~ = j-  r r ^(*+c+toyxd9. 

r,  2n  1 1 


where 


With  z = 0 


to  = (x  — £)  cos0  -1  (y  — t\)  sin  0. 

Vl-tih  (H~(& 


(viii. 3) 


Hence 


G\xx  — C-Gu  4-  vGu 


~* (*]L 


(z-  0) 


Utilizing  the  integral  expression  (VIII. 3)  we  will 
obtain  the  differential  equation  for  evaluating  the  harmon- 
ic function  in  the  lov/cr  half-space  as  follows  j 


+>i  00 

G.x,  — pGu  4-  vG|*  = j.  J C+to]  cos!6dOdk.  ( V 1 1 1 . 4 ) 
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Let  us  seek  in  the  following  form: 

+*  0» 

*-ur  , 0)  d&dX. 

From  the  expression  (VIII. 4)  for  A{\,  0)  we  obtain 
the  following: 


A ri  - a i ^ COS*0 

J“  Xcos*0  -f  jficose  — ' 


and 


+n  oo 


G = — L f feW*+{+hD)_^ + v jQfa  (VIII  *5) 

r 2n  J J ■ X cos*0  + jp cos 9 — v a' 

This  formula  was  derived  by  L.  N.  Sretenskiy  [139],  The 
prime  pole  of  the  integrand  function  with  cose  > 0 is  lo- 
cated under  the  abscissa  axis  and  it  should  be  approached 
from  above  along  the  path  , while  with  cose  < 0 it  is 

located  above  this  axis  and  it  should  be  approached  from 
below  along  the  L2  path. 

Taking  the  remainders  from  the  approach  along  the 
and  L2  (VIII. 5) • we  can  write  as  follows: 


+* 

' 2 '*  J 


dQ  f eM«+C-K<*>  + 


J 


X cos*0  — v 


■4 


^•b  "+t+'“’SOc=0da 


lows  : 


+ Re2iv  j*  w sOc"-WdW.  (VIII.  6) 

It 

~Y 

The  acceleration  potential  (VII. 33)  will  be  as  fol- 


6 (*.  <J>  2)  - 4“  J j y (fJ)  [ -[(A.  _ 1)2  r$2  + (Z  _ Q 


:j3/2 


•fit  oo 


_ L f dQ  eW  t+to)  dX  + 

2it  J ' X cos3  6 — v 


C — - (74-t+to)  1 

Rc2iv*  e?s  * see4  0d0  I ds 

n 


(VIII. 7) 
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and  the  velocity  potential 
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- [v-^4-y  (V-  - ») + 

e2vT 


•f  Re2v  \ e“s,‘  (,+C+"*,Sec*  0d9  + 


+n  oo 

+ _L  f J«L  f 

2n  J cos  8 J 
-«  0 


^^4^,  xcos^e  + v 


Xco$*8 


i^-dxlds. 

— v 


The  point  0=  is  a special  point  in  the  double  in- 
tegral expression  (VIII. 8).  Therefore,  when  integrating 
with  respect  to  6 the  remainder  at  this  point  must  be 
taken  into  account  and  the  path  must  be  selected  so  as  to 
ensure  an  appropriate  bypass  around  this  point. 


Separating  the  remainders  from  this  integral  we  have 
+_* 

f aXfe+C+ft# 

X cosJ0  — v 


~Q  f *«•«+* 4^.5—  dX  = 


— 2 


= 2 


J C050  J 

f ■ rf<vr  f cX(r4 0 cU(t-‘*>  *“• * -r— cos  x fo-n)  s‘n  ©dx 

cos 0 J Xcos^  — v v 

n ' oo 

JiSrJ 


£>.u+t)ex«x-i)cos»  _*f^®_iJLCosX  (u—rj)  sin  0dX  — 
^ COS2  0 — V w 


T+* 


— 2 j*  -—q  J ext*+0  cos  X [y  — r])  dX, 


■fa-J-t— 'J- 


/Jt. 


The  expression  for  the  velocity  potential  will  now 
be  as  follows : 
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oo  +«  oo 

- J eM«K]  cos  X (y  — tj)  dX  + j ««*+:+*•]  x 


0 — n 

X tSJH-'1  + Re2v7^--I'K+“,-’9'ie]ds. 


(VIII. 9) 


M.  D.  Khaskind  [l 55]  determined  the  double  integral 
as  the  main  Cauchy  expression  and,  as  a result,  arrived 
at  the  wrong  conclusion. 

At  this  point,  it  is  not  difficult  to  write  a general 
integral  equation,  taking  the  value  <pz  with  z = i = -h  as 
follows : 

4_jr  J J Y (0)  [ ly-n)*  (vl^£)*  + (y-T])»  -1)~ 


4-“ 


XcosX  (y  — t])dk  4 


—a  6 

j rfs  = 


$ec®0d0 


V0 a.  (VIII.  10) 


n 

*T 


T.  Nishiyama  [213]  examines  this  problem  by  consider- 
ing the  boundary  conditions  in  (VIII. 1)  for  the  potential 
<P.  The  velocity  potential  for  the  hydrofoil  motion  in  an 
infinite  flow  he  takes  as  follows: 


(p~"  4n  J F (T°  J dz  y\x- 


d£dr] 


S»  + fo-n)*  + (*  + » 1)’ 


After  the  transformations 

+6  +n 


To,  — — g ”jf  J r (rj)  dll  j*  see  6d0  j*  +‘~'d\  -)- 

—b  — n 0 

I 

•f  b oo 

+ j r (ll)  dr)  j*  c— /.)  cos  \(y  — T])  d\ 


- b 0 

((o  ^=  a:cos0  4 (//  — ii)sinQ. 


(VIII. 11 ) 
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It  is  clear  that  from  the  very  outset  Nishiyama  for- 
mulates this  problem  as  the  problem  of  the  lifting  line 
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motion.  He  assumes  that  the  velocity  potential  of  the 
submerged  hydrofoil  is  in  the  following  formi 


9 = <P»+<P,+  <P2. 


where  op^ 
<?2 


the  potential  corresponding  to  the  wing  motion 

near  a solid  wall; 

the  so-called  wave  potential. 


The  functions  <p ± and  <p2  given  below  are  harmonic  in 
the  lower  half-space i 

-f6  +1*  oo 

= — ■ J r (t))  j sec  0d9  J dXdr\  + 

+6  oo  ' 

+ f r (rj)  dri  C e-M-1)  cos  X (y  — rtf  dX, 


<Pj 


+»  ■ +n  ’ <» 

9*  = — g^rv.j  r(ti)dri  J sc cs6d9  J 


X — v sec1 9 + iji  sec  0 


dX.  (VIII. 12) 


In  formulas  (VIII. 11)  and  (VIII. 12)  the  signs  are  op- 
posite of  those  given  in  the  formulas  in  [211 ],  because  T. 
Nishiyama  uses  an  opposite  direction  for  the  Ox  axis. 


If  we  separate  the  potential  (VIII. 9)  into  the  corre- 
sponding <p M , cpi  > <P2  and  use  the  assumptions  for  the  lift- 
ing line,  we  obtain  the  expression  (VIII. 12).  G.  Goshev 
[21 , 22]  obtains  the  following  equation  for  the  wave  po- 
tential » 


t 


= ~ J T (r\)  ^cos  x Y vX  j*  /0 cos  £|^vXd£  + 

X 

4-sin*)^vX  j*  J0  s>n  5 V^vXd^  j dXdr], 


(VIII. 13) 


where  the  argument  of  the  Bessel  function  is  J0  X Yi*  + [y—  ti)s. 

8.2.  The  Integro-Dlfferential  Equation  for  the  Lifting 
Line  Theory 


The  integro-differential  equation  for  the  submerged 
hydrofoil,  which  generalizes  the  Prandtl  equation,  can  be 
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t v.  .<m  it  St* a 
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1 


obtained  in  a similar  fashion  used  for  obtaining  equations 
(VIII. 17)  and  (VIII. 19).  Later  on,  several  forms  for  writ- 
ing this  equation  will  be  given,  which  are  more  convenient 
in  certain  cases. 


From  the  expression  (VIII. 10)  we  obtain  directly  the 
following i 


f (y)  = 2a  (i/)  anv0 


a(y)- _L_  f tM. dt\  + 

• / — B 


+ 


-B 


2 


X cos  X (y  — ri)  dX— 4v*  |'secs  ec“2v'lSiC' 6 x 
6 o 


X cos  v sec’  8 Q/  — r])  sin  0d0 


di\ 


(VIII. 14) 


The  second  integral  operator  can  be  integrated  by 
parts  with  the  condition  that  P(-B  = P(B)  = 0 and  the  gen- 
eral nucleus  can  be  constructed  which  has  a singular  and 
regular  parts. 


In  the  dimensionless  form  the  equation  can  be  written 
as  follows: 


r e - [.  0 - i - 1 «*  fi>  ( jh;  + 0 6 - « ) rfn 


where 


2 \<!f) 

roj) 


(VIII. 15) 


B 


r to)  - ~2Bv  -'  ~ ~a  {ij)  '' 


B' 


dC _ 

a»  = 
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G(y  - v)  ) is  the  regular  part  of  the  nucleus  of  the  equa- 
tion . 


In  future  computations  we  will  utilize  the  following 
formula : 


0 G_ij>  - Re[  2„i  fi+  1 .[s-i/S-H 


\ 0 
X dX- 


1 


</  — t], — 4iH 


where 


0>  ‘ VS  2Fr*;  n ~ iV 


(VIII. 16) 
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After  the  examination  of  the  limiting  values,  func- 
tion G(y ) may  be  written  in  a different,  more  convenient 
form : 

^oo  <*> 

G (i'  — t)  = — J Sin  X [y  — ri)  d\  + 2 J e~iKH  X 

x sin*  <*-*)]/*  V— J-  (VIII. 17) 

Formulas  (VIII. l6)  and  (VIII. 17)  use  the  following 
integral  expression,  known  from  the  material  discussed 
previously:  m 

Re  — — ~ ==-  = (y  — n)<tt. 

y — X]  — 4lH  J 
0 

From  formula  (VIII. 17)  the  values  of  theG(y  - rj ) 
function  with  <0  -*  0 and  id  -*  o°  are  easily  obtained: 
with  W 0 co- 

G (y  — q)  = ^ e-*"  sin  K {y  — rj)  dX, 

0 

with  U)  ->oo  * ^ 

CO 

G (y  — ’l)  = — [ e~mi  sin  X (y  — r})  dK. 

o 

The  case  when  W ■*  <x>  corresponds  to  the  motionof  a 
foil  in  the  proximity  of  a solid  wall,  while  that  in  which 
u)  0 corresponds  to  the  motion  involving  a free  surface 
with  the  boundary  condition  of  0X  = 0.  It  is  sometimes 

convenient  to  use  the  following  method  for  obtaining  the  [257 

integro-dif ferential  equation.  If  the  function  G(x,  y,  z) 
is  expressed  in  the  form 

Ci  (at,  y,  z)  = - - + fcL  ( x , y,  z), 

then,  by  considering  that  and  ku{x, y,z)  — y,z), 

the  integral  equation  of  the  problem  may  be  written  as 
follows : 

+ T e 

Vn  = VnO+-l„  J r(n)  dn  — ^j-kAx.y.Z^dz,  wLlh  2 = 5 (VIII.l8) 

b co 

""7  ' 


By  means  of  transformations,  the  equation  (VIII. 18) 
results  in  a singular  integro-differential  equation  with 
respect  to  circulation. 

e 

Let  us  consider  that  / (z.  tj)  = f [y  — ^ (*,  y,  z)l  dx  satisfies 
the  equation  <*► 


Then 


2 

vn  = vn0+-^~  j r(TD|-a*^|-+f,G,T])jdrl,  (VIII. 19: 
~“T 

M-  +4  ] 

°n  = °«o  + -4^  J [ r (n) /■  ff.  n)  rfn  I.  (viii. 20; 


r+-  1 

* r e l 

°- = ^ + T*  j 1ft  a'  % + a'’'  dn 

* L ^ J 

» j 


. (viii. 21) 


It  will  be  illustrated  in  Ch.  XI  that  the  problem 
dealing  with  a foil  moving  in  a three-dimensional  flow  can 
easily  be  solved  by  this  method. 

For  the  case  of  the  submerged  hydrofoil  moving  in  the 
three-dimensional  flow,  the  function  k(x,  y,  z)  can  be  pre- 
sented as  follows  : 

..  1 r ? ju.  * + vsecs0  ...a 


, . -»  1 \xu  X + vsccJ0  n m 

k (x,  y,  z)  = -rf—  e 

v J ’ 2jx  h — vsec*0 

t/  * 


After  computation  we  obtain 


/(z.ifl  = In  R-ln  Rt  — Re2  j O</0.  (VIII.  22! 


Let  us  represent  f(z,  T) ) in  the  form  of  two  functions: 


/(*. ’l)  = A (z.^l)  + 

7i(z,  'l)  ^ !nR  — lnR|, 


(VIII. 23) 
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ft  (2.  n)  =»  — Re  2v  j ^ edQ, 


r = V(y  -TJ)*  + (2-0* . R,  - /to  -n)*  + (*  + 0*  • 

The  function  f(z,  19)  satisfies  the  Laplace  equation 
with  regard  to  the  variables  z and  T),  while  the  function 
f2(y(  1))  satisfies  the  Laplace  equation  with  respect  to 

the  variables  z,  1)  sin  e. 

Then  we  will  have 


v =t>0-—  f*L  -J If: 

n n0  4n  J dn  y — r|  (1/  — Ti)* 


' + (2  0* 


T T . , 

Rc  2v  f ^•et-w-Dsine]  1 dQ  d ( V 1 1 1 . 24 ) 

siny  J . , sinQ  1 


f((/)  ^ a{y)anv0  a(y) --.f  — 

4nv0  J dr\  y — i\ 


J~.h.  ..  . + 

to  — ’l)3  + (24)*  + 


2 

p scc*^  0 

+ V J sine  COSV5ec30to-n).sin0e_V5K,OM40  dij  . (VIII. 25)  [259 


The  lifting  force  and  the  drag  for  the  submerged  hy- 
drofoil are  easily  determined  in  terms  of  T(y)  by  means 
of  formulas  (VII. 47)  and  (VII. 51): 


P^qv0  j f (y)dy. 


4 -b  +a 


Q " I r {,J)  J r w [oris + 0 - ")] 

-D  —B  J 


(VIII. 26) 


dr\dy.  (VIII.  27) 


8 . 3 • The  Solution  of  the Integro- Diff or on ti a 1 Fqu at ion 

Applying  the  T- Parameter  Method 


The  equation  (VIII. 15)  represents  the  generalization 
of  the  Prandtl  equation  for  the  case  of  the  submerged  hy- 
drofoil motion  and  belongs  to  the  singular  integro-differ- 
ential  type  of  equation.  The  presence  of  the  regular  part 
in  the  nucleus  makes  the  solution  of  this  equation  more 
difficult  and  does  not  permit  the  use  of  the  aerodynamic 
methods  directly. 

The  generalization  of  the  aerodynamic  methods  here 
results  in  the  absense  of  the  analytical  solution,  even 
for  the  most  simple  case  of  the  hydrofoil  motion  with  the 
optimum  distribution  of  circulation  and  requires  numerical 
calculations  for  each  submergence  of  the  foil  and  for  each 
mode  of  hydrofoil  motion. 

One  may  use  other  approaches  to  develop  the  methods 
for  evaluating  this  problem.  This  is  based  on  the  fact 
that  the  corresponding  problem  for  a fluid  with  the  infi- 
nite boundaries  has  already  been  solved,  the  deviations 
from  this  solution  are  small,  and  that  the  theory  of  per- 
turbations [84]  are  applicable  to  this  problem. 

It  is  of  interest  to  obtain  an  analytical  solution 
at  least  for  the  simplest  shapes  of  hydrofoils.  We  can 
expect  that  the  effect  of  the  hydrofoil  shape  in  the  plan 
view  will  produce  small  values  (of  the  second  order)  in 
comparison  with  the  effect  of  the  free  surface.  Then, 
this  solution  would  be  adequate  for  a number  of  applied 
problems  and  practical  calculations. 

An  asymptotic  method  of  solution  is  given  below.  It 
is  based  on  the  utilization  of  the  T- parameter.  For  eval- 
uating the  equation  (VIII. 15).  let  us  introduce  a submerg- 
ence parameter 

t=*V7R*~+\—  2H. 


We  will  seek  the  solution  in  the  form  of  the  series 

?G)  *=  r tQ)  + ^iQ)  + t4r:(y)  + • ••  (vm.28) 


Then 


r'  G)  = r o(y)  + t=r,’  (//)  + tt;  (7/)  -f- ... 


(VIII. 29) 


Taking  the  following  expansion  of  the  regular  part 
of  the  nucleus  in  the  form 

o G)  = 2 g„  G)  x2n>  (VIII.  30) 

n— I 
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a 


we  obtain  the  recurrent  equations  for  determining  Ti(y)s 


2f0  (y)\(y) 


(VIII. 31) 


- . (VIII. 32) 

—l  n= 1 —1 

The  first  equation  represents  the  equation  for  the 
finite-span  hydrofoil  in  an  infinite  flow  and  its  solution 

will  be  T0(y)  = Qo(y).  The  remaining  equations  have  the 

structure  of  a singular  integro-differential  equation  for 
the  finite-span  hydrofoil  and  for  their  solutions  the  aero- 
dynamic methods  can  be  used  [19.  39]* 

Thus,  solving  several  equations,  we  find  the  asymp- 
totic solution  in  the  form  of  the  series  (VIII. 28).  This 
series  can  produce  converging  results  in  the  entire  lower 

half-plane,  since  when  0 < h < °o,  1 >T>0. 

Later  on  we  will  need  the  expansion  of  the  regular 
part  of  the  nucleus  with  respect  to  powers  of  the  parameter 
T.  This  expansion  can  be  written  in  the  following  form.* 


+i  _ _ 


o q - y y »-'-i»(s-i-p)...(S+iK-i)i-> 
4-L  J-i  . (* — i — 


s— 2.4,6  p— 0 


*(i)' 


(VIII. 33) 


where  GS(  p is  determined  by  the  formula 

t / toV-p  ? . 

tpU  / p(s-l-p)...(s+l)  J * 

3 ® 

X (A.  + Td,_,. 

Let  us  use  this  method  for  the  case  of  the  submerged 
hydrofoil  motion  with  the  cl]iptical  distribution  of  cir- 
culation. Then,  the  solution  can  be  written  as  follows: 


r0  (u)  = ■ 


+■ 


V\  - i/> . 


r,G)  = 


4¥ 


■[•+? 


2n 


+1  i i 

122- 

—l  1-2.4  n— 1 

vr  m . (s-1-p)...(p+  l)(-l)*  ' 

* (s-l-pj!  x 


2 

P—0 

x 6— 


\V\  -fdTj. 


(VIII. 34) 


Making  computations,  we  obtain  for  the  first  three 
functions  the  followings 


(VIII. 35) 


where  ’F  = is  the  function  which  defines  the  effect 

«co 

of  the  free  surface  on  the  angular  coefficient  in  the  ex- 
pression Gy  = f(a)  for  an  infinite-span  hydrofoil. 

Designating  the  angle  of  the  flow  downwash  by  the 
series 
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mmm 


■■  ■ - — ' 


. .""i  1 u 1 h i .ji 


we  obtain 


Aai0  = 


A a(  = Aa<0  + T*Aa„  + r*Aaa  + . . . , 
2a+  A 2aY 


(viii. 36) 


* A A*  V*  a 

F+H  "Rj 


Aa„  = 


X 
2aY 


r G2.0 


^4.,— JG4.0- 


¥ 


aA„  = 


2aY 


•+?3 


2l(l+|-T) 

<j  0j,2  — 3G6.I  + -|-g-  G5.0  — 


- G|o  1 


/3  ~ / 

l( 

2G6,0rt> 3 ^ \ , 


(VIII. 37) 


Let  us  write  the  basic  formulas  for  calculating  the 
lift  and  the  inductive  drag  in  the  following  forms 


C .= 

y * 


vfa  (°0  + ak  ^uo)’ 

1 + .--^C, 

c = -3*- 5 

n\  v- 


(VIII. 38) 


(VIII. 39) 


For  the  correction  in  the  first  approximation  we  have 

ZF '=»  C/r  (A,Fr),  (VIII.  40) 

5=1  + 0,5G2.0tj  + (G4.1  — 0,75G4,o)t4  + (1 .5G0,a  + 3G6.i  + 

+ l,5625Gf,.2)t*  + (2Gs,3  — 7,5G8.2  -|- 9.375G8i, -3,8281  Gg.0)t*  + 

+ (2,5G|o.4 — 15G10,3+ 32,8 125G, 0,2  — 30.G247Gl0,,+  1 0,3359G,0.0)x10  + 

4(30 12,5 — 26,25G|2,4H-87,5Gi2,3 — 137,8Gi2,2+  i03,359Gi2,i  — 

— 29,7773Gi2.o)xu  + ... 

When  0)  ->  0 

5=  1 + 0,5x3  + 0.25x4  + 0,0625x,  + 0,0469x*  + 0,0257xlo  + O.OISSx13.  (VIII.  4l  ) 
where 


h - 


fro’ 
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8q  is  the  central  chord  of  the  hydrofoil.  The  more  accurate 
value  for  the  correction  £qf  determined  by  the  formula 
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where 


(VIII. 42) 


For  the  series  of  functions  Gs>p(X)  the  following  ap 
proximate  formulas  were  obtained: 


Cg,o  = — 

J__  ^ 

5120  122880  A + 513440 


+*(-*,(- wv  + mx#) 

,+^t2  + Tx  + 4w  + -Wv  + OTX4- 

X»)  + H/  ( X)  Jg35008  X* 

C«.,  = - 1 + e~'(2  + -|x  + —X*  + -^x'+  312  k*  + 

+ "10240  **  122880  X')  ~ '81920  VE‘  X) 

C?8.2  = -1  +C_X(2  + Yk  + w X*  + T2"A*  + ~5l2  X‘  + 

+ 5720  ^ 40960  ^ + E<(—  X)  ("20480  X*—  40960 

r t , -*(o  j 9 »'•.*  21  ^ V 35  ,»  105  ,4 

Gs.3 1 + e ^2  + - X + ,-jg-X  + -6jX  + -gf2-X  + 

+ 7096' X*)  + EA~  *)  ( ~ 7027  k%  + 4096  ) 


Using  the  expressions  (VIII. 43),  the  evaluation  of 
the  function  GS(p(\)  for  the  values  of  the  argument  0 < 

^ X < 15  has  been  performed.  The  results  are  given  in 
Table  5 ancl  in  Figures  16-18. 
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Fig.  18 

The  function  £ for  a number  of  values  of  ^ and  h have 

been  computed  by  formulas  (VIII. 40 ) and  (VIII. 42);  these 
results  are  expressed  graphically  in  Fig.  19  and  can  be 
used  in  practical  calculations. 

In  Fig.  20,  the  values  of  £,  obtained  by  formula 
(VIII. 4l ) , are  represented  by  curve  1 and  the  aerodynamic 
results  for  a biplane  with  identical  wings  [39]  are  shown 
by  curve  2.  These  results  are  in  good  agreement. 


Fig.  20 


8.4.  Wing  Drag  with  a Constant  Ci rculation  Along  the  Span*  [269 


*This  part  was  written  together  with  A.  I.  Yukhimenko. 


The  simplest  TT-shaped  vortex  configuration  for  the 
wing  may  also  be  used  to  obtain  the  analytical  results  for 
the  submerged  hydrofoil. 

Let  us  replace  a submerged  hydrofoil  with  a horseshoe- 
shaped vortex.  Let  us  determine  the  induced  drag  of  such 
a hydrofoil  by  formula  (VIII.  24).  When  Fr  £ = 1 + a, 
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. 


V 4 


r 


where  a is  determined  from  the  solution  of  the  biplanar 
motion  problem  consisting  of  two  Tl-shaped  vortices. 

Function  a may  apparently  be  determined  as  follows : 

QJ 

where  - the  additional  drag  on  the  foil  under  the  free 
surface; 

Qoo  - the  induced  drag  on  the  foil  in  an  infinite 
flow. 

Let  us  determine  from  the  complex  potential  for 
the  flow  in  the  yz  plane  as  follows  t 

/?^==‘2nTln  t + R " t=iy  + lz‘ 

C'/A  r ; 

f (/)  = -2 Hnf=Ttr  = v-{° 


or  along  the  span  t = y 


from  where 


to  = 


+4 


r 2 r 

2n  i 


.=■?«  J r“^  = ^2!n  l+R 


l-R 


(VIII. 44) 


and 


it 

for  -j-  = xo  = 1,04 . according  to  formula  (VIII. 44),  we  ob- 


tain 


For  we  have 


+i 

j Wdu, 

-i 


where  \V  = ~-\V, 


(VIII. 45) 


+ 1 

We  obtain  the  expression  a ~ — J Wclij.  (VIII. 46) 
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Because  each  trailing  vortex  produces  the  same  in- 
duced drag,  let  us  examine  one  vortex  only  and  multiply 
the  answer  by  two. 
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The  vertical  velocity  W of  the  axis  of  the  single 
vortex  will  be  determined  by  the  expression  (VIII. 19) » 


_ (n  .7 V+\  , 1 

W — 2Rel  2(o£  1 - — e 1 0+1  ldv  — = 

J v y — x0  — 4iH 


Then 


J2ol  (4+1 


y — x0  — 4itf  J 

If  we  determine  the  integrand  function  by  (VIII. 33), 
then  for  a we  will  get  the  following: 


+1  <%>  2 

if  2*2 

—1  S=2,4,6...  p—0,1.  . 


(y-xor1-2*’ 

(s_l_2p)! 


X{s-l-p)...(p+  I)(_  I)'** 


a = i v xs  V [(i-*0r;p +(-ir5p+'(i+ x0)^) 

4 Zj  Zj  (s  2p)l 

s= 2,4,6...  p=0.I 

x ft-  1 -P).  • .(P  + 1)(-  lA",“PGsp. 

Assuming  Mo  = 1 • 04  we  obtain 

a = 0,5204t2(?21o  — x*  (1 , 0824(7,, 0 — 1 .0408(7,,,)  + xc  (3,003 1G6)0  — 

— 4,3297Gg,i  + l,5612<?6l*)—t»  (9.3732708,0—  18,01868,1  + 

+ 1 O.S2-13G8i2  — 2.08 1 6G8l3)  + x10  (3 1 ,2062<3IO,o  — 7d.9S02G,o.i  + 

+ 03,065 1 G ,0.2  — 2 1 ,6486£?io,3  + 2, 602(7,0, 4)  + • . • ( V 1 1 1 . 47  ) 

For  the  limiting  case  of  high-velocity  motion  (Fr^  -* 

-*  oo)  Gs>  p -*■  1 , and  then 

a — 0,520 It2  — 0,0-1 1 Gx4  + 0,2346t8  — 0,097  lx*  |-  0,23851  x,n  -|-  . . . (VIII.  48) 

The  Frandtl  data  for  the  evaluation  of  a,  obtained 
under  the  assumption  of  the  elliptical  distribution  of. 
circulation  (curve  1,  Fig.  21)  [39]»  and  the  data  received 
from  formula  (VIII. 48)  (curve  2),  are  nearly  the  sumo. 


252 


Fig.  21 


8.5.  The  Velocity  Potential  and  the  Integral  Equation 
for  the  Submerged  Vertical  Hydrofoil 

Let  us  examine  the  problem  of  motion  of  a submerged 
vertical  hydrofoil  under  a free  surface.  Using  formulas 
(VII. 3),  (VII. 33)  and  (VIII. 6)  the  velocity  potential  of 
the  vertical  foil  is  found  to  be  as  follows : 

* = Jj*Y(0)f  j-JrrdT-Re2vi‘  j fk''u'b+'mx 

1 \ co  _ n 

' . . Y 


X scc30sin0d0-t- 


Rc  f HQ  ('  sin  0 (A.  »!-  0) 


Re  f dQ  r J 
2n  J cos0  J 
0 

— j"  sin  K {y  — ri)  dh  j (is. 


Q.  — v sccJ  0) 


(VIII. 49) 


✓ 

The  corresponding  components  of  the  induced  velocities  [2?2 
along  the  axes  are  determined  in  the  following  manner: 


1 

In 


i<o>| -i  f a ' 


H-1 

' 2 v 


f 3 1 . , D „ 4 f =i.,«^K+'w 

. 1 dx  1-  Re  2 V2  e X 

d,j  J ch]  r J 


3f,  . 2n,.,  , n l dQ  /?^t(*+O+toiXsinS0(^  + vsec20) 
X sec8 ©sin* QdQ -f Rc  I „ l X-v.^0 


2n  J cos  0 w 

—it  6' 


rfX  — j"  cu' 1 C)A,  cos  h [y  — ri)  d\  \/s, 


(VIII. 50) 
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s'  \ oo 

~ /tu+O+^-^ose+^-msme]  sin  0 ^ + v)  sec*  0 


d 1 ^ , Re  , v 

H[Sdx  + -SFlx 


*rej' 


X — v sec2  9 


dk  . (VIII.  51) 


Using  the  assumptions  of  the  lifting  line  theory,  one 
obtains  the  expressions  for  the  induced  velocities  as  fol- 
lows : 

<Px  = 0. 

h. 


r(0 


i 


+ j eX(z+t,k  cos?.  (y  — rj)  dk  — 
iim— n)siD0 

dl  (VIII. 52) 


f 


-JTu+D+^-n)siD6 

— Re  4v2  l e sec*  0 sin2  QdQ 


Using  the  expression  (VIII. 52),  the  integro-differ- 
ential  equation  for  the  vertical  hydrofoil  can  be  written 
as  follows: 


f (?)  v0a  (?)  ah 


«w-4k|r'K)(rh-m 

h,  \ 


+ 


+ 4v 


J' 


•l'os‘0  ( sec1 0 sin2  0c/0  Id? 


(viii. 53) 


This  equation  may  be  given  a different  form: 


f (?)  =*  vQa  (?)  an 


2-C 


c>UH)dk  -|- 


00 

r \ 

y 

1 - X dM 

V 

/_ 

(viii. 54) 


hence  it  follows  that  in  the  limiting  cases  of  nucleus  mo- 
tion, the  equation  will  be  as  follows: 

‘(■■O-rhi.-TT 

' < re  the  "plus"  sign  corresponds  to  the  case  of  v -»  0, 
d the  "minus"  sign  to  -v  — > «>. 
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Instead  of  the  integro-differential  equation  (VIII. 

54)  for  determining  circulation  r(z),  G.  V.  Sobolev  sug- 
gests using  an  approximate  integral  equation  which  he  at- 
tempts to  solve  by  means  of  the  successive  approximations 
method,  taking  the  circulation  obtained  for  v ao  as  the 
zero  approximation  value.  As  seen  from  equation  (VIII. 54), 
the  sign  of  the  real  part  of  the  nucleus  changes  when  0 < 

< v <o a,  so  that  the  zero  approximation  value  for  the  ar- 
bitrary values  of  v will  not  be  appropriate.  Good  results 
will  only  be  obtained  for  large  values  of  v. 

8.6.  Determination  of  the  Velocity  Potential  Using  the 
Integral  Formulas 


Let  us  examine  the  velocity  potential  of  the  submerged 
hydrofoil  using  the  formula  (VII. 43). 

Let  us  write  the  integral  representation  for  p using 
the  expression  (VII. 34): 

+oo 


J_  _ f f /4'H' 

2ji  J XT  J 


dk.  (viii. 55) 


Similarly,  from  the  differential  equation  (VIII. 4)  we  get 
the  following: 


1 1 v dk 

0 = v ~ >;'  ~ V yW+ti 


V-,  (VIII. 56) 


or 


G = - 


1 1 


dk 


( X*  "•  v\ 
o 

/vW'tz -Kyu-siyu-n)*/  y f v\ 

\ V + X”-  / 


, i\  _ 


V ddx.  (VIII.  57) 


It  follows  from  expression  (VIII. 57)  that 

U'*’-  + M i 

V'L-  | 3i» 


N (\,  /c)  = 


«*■*»“  pro-' 

Q'  (X,  k)  = A12/?L±X!LI 

(XJ  + X=)2' 
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uWw 


17  /o  1,1 ,,  -Hit— n)* 

N (9. «)  — -2  v |^| 


Q (9.  k)  = — v. 


The  zero  values  of  function  Q(X,  k)  are  determined 
from  the  equation  Q ( X , k)  = 0.  Then,  using  formula  (VII. 

43 ) . 

1 "7>  ei*K*+cy(#-n» 


■»“- Virjj ,(8)  \-k7dx*-% 


i 

2j 


dk  + 


7*  e^/xo+‘,,z+t)e'«/-n)4^»  , xh 

+ 2v  j xjisftxj)  cosX° ~®dk  + 


-foo 


r m»+t>c'(jr-n)y<*-a».  /■  X2 , v 

+ s-  \ \ _\Vk>  + » U 

2n  \ 1/  *s  + X2 


x(-*  -v) 

lK*2  + x»  ) 

When  x -*  -oo,  potential  9 has  the  following  form: 
I i’C  1 r a i a I r* J*l<*+V 


di.  (VIII.  58) 


T_co  4n 

^ ]/I£+*>U+C>  %-n> 


■ e'^"  dk  + 


+ 4v 


P' 


e (*a  + XS) 


XJ(2*2  + X|) 


cos  (a:  — dk 


ds. 


(V III. 59) 


The  potential  of  the  foil  motion  near  a solid  wall  is 
determined  from  equation  (VIII.  58)  with  v <« 


'Pv-co  4n 

+CO 


1 r r r 5 1 d r 1 r 

In  Y(J)  dfrdt+  dt  2 


1 +C  e^^e'^dk 


-foo 


i dk  f e 
2«  V&TV , 


K&2  +X2 

— cO 

With  x -»  - 00 


/I’ll'  (1-1 0 

e £_ dX 

A 


ds. 


(viii. 60) 


1 c*  r ( (?  a 1 a c*  pWte+OJtit—itik 

1 | i rli — "•  <VIII-6l> 
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J 


(VIII. 65) 


The  integral  equation  of  the  problem  is  obtained,  as 
usual,  from  the  expression  (VIII. 64). 

The  configuration  of  the  free  surface  is  determined 
by  the  formula 

(*.  y)  = — <p,  C*.  y<  8). 

With  x -*■  -o o,  <px  has  the  following  form: 


-.=^41 


K (2k*  + IS) 


sin\0(x-l)dk  ids,  (VIII.  66) 


Y (0)  { X (x~l)cmk(y  — r\)dsdk 

>*(&'  + H) 


(VIII. 67)  [277 


The  asymptotic  formula  for  <px  with  v -»  0 will  be  as 
follows : _co 

. °° 

Tx-«=-^-JJy(Q)  j*  ek(z+0VF  cos%  — ri)sin]/^(j K~l)dkds.  (VIII. 68) 

s 6 

Let  us  examine  the  values  of  cpy  when  x -o as 


m = ■ 
r!/-oo 


I-j-CO  CO 

~~  77  | ~dX  7dx  + 2 J* c“in,fein  ,;(y~n)dk~ 


— 8 v (*  - ^ 2 cos  S)fe  sin  ft  (i/  i))  y | j (VIII  69) 

For  the  limiting  values  of  v ^ we  have  the  following; 

0 


di [~!i  7dx±2 yi’H)Mn(y-'ii<Ws.  (VIII.  70 


A 


f A!*- 2J*^L 

J di  r Uy-TiJ’+^-OM’ 

jL?  a i . 4(z  — c)(y— ti) 

ay  J It  r [(y.-n)*+(2-OT’ 


then  (VIII. 70)  may  be  rewritten  as  follows: 


«p  =.  — l r r Y (6) ± \ /yin  71 ) 

^ " JJ  YWU(y- ^+{2-0*1* ±l(y^H^C)*>J-  (VIII,?1 } 


Hence  we  obtain 


+ n J J Y ^ ~[{y  — t])3  4*  £2]1  ^ 

I 

<■ v - v>.~t  - ± 4 j j v m ir- #+ W-  < v 111 • 7 2 > 

I 

In  the  second  relation,  the  "+"  sign  refers  to  the 
v -»  0 case,  while  the  sign  refers  to  the  v ->  00  case. 

Thus,  when  passing  through  surface  2 and  the  Z surface, 
symmetrical  with  respect  to  the  xy  plane,  the  induced  ve- 
locities £ y undergo  sudden  changes.  In  the  limiting  cases, 

the  value  of  the  change  on  the  E surface  is  equal  to  that 
occuring  on  the  2 surface.  However,  for  v ->  0 and  v -»■  co 
the  signs  of  the  change  are  opposite. 

8.7 . Planing  of  Lifting  Surfaces 

The  methods  developed  below  make  it  possible  to  solve 
the  problem  of  planing  of  lifting  surfaces.  Let  us  exam- 
ine a three-dimensional  problem  dealing  with  the  steady- 
state  planing  of  lifting  surfaces.  If  we  apply  Cauchy's 
integral  to  the  points  on  the  free  surface,  then,  in  the 
linear  approximation,  the  boundary  conditions  on  the  free 
surface  will  be  expressed  as  follows : 


yit  + £-t]  = 0 outside  s, 
T„+£P1  = — P on  s, 


(VIII. 73) 
(VIII. 74) 


where  p is  the  pressure  at  point  x,  y on  the  surface  s. 

Differentiating  the  expressions  (VIII. 73)  and  (VIII. 74) 


with  respect  to  time,  we  obtain  the  following: 


= — f>*px  -f-  = 0 outside  s, 

fx,  — + on  s* 

and  then,  for  the  acceleration  potential  we  will  have 


on  s , 


0x*  — jxQ*  + v0,  «=  0 outside  s, 
— p0*  + v0,  =>  on  s f 


(VIII. 75) 
(VIII. 76) 


Let  us  examine  the  fluid  flow  in  the  lower  half-space 
only  and  let  us  write  function  p(x,  y,  z)  in  the  form  of  a 
two-layer  potential  as  follows: 


(VIII. 77) 


We  can  look  for  the  acceleration  potential  in  the  fol-  [279 
lowing  form: 


V)F(£,  n.  *. !/,  z)ds. 


(VIII. 78) 


where  F(x,  y,  z,  ri>  S)  is  the  unknown  harmonic  function  in  the 
lower  half-space,  with  the  exception  of  the  surface  s, 
which  envelops  the  planing  surface  from  below. 

Let  us  take  the  integral  expression  for  p in  the  fol- 
lowing form: 


-f  JX  co 


X(x+/o>) 


now  we  can  express  the  unknown  function  F as  follows: 


+JI  1 OO 

F [x,  y,  z,  l ii,  0)  - --  j dV  j*  A (X.  0)  d\. 


Using  expression  (VIII. 76)  and  employing  the  Fourier 
method  we  obtain  the  following: 


A (X,  0)  = ■ 


X2  cos5  0 

X cos2  0 + t'jx  cos  0 — v* 
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and  then  the  potentials  0 and  <p  will  be  expressed  as  fol- 
lows s 


+«  oo 


e = 


« r 

+» 


eM'+,a)Vcos*6 

Xcos’8  + ipcosO  — v 

w*+,“)Xcos9 


dk, 


# —nO 


For  v ->  oo  the  acceleration  potential  0 

O 

+n 


• — n 0 


XdX 


(VIII.  79) 
(VIII. 80) 


0 and  for 


or  90  = -P.  which  agrees  with  the  formula  (VIII. 6). 


Let  us  now  calculate  the  value  of  the  induced  verti- 
cal velocity  as  follows: 

l CC-  I'"  f cM,f'“,X>Ccs8  .. 

~ ] ] p (e)  J de  \ cWq—v1 ^ 

/ . -i  —/i  » 

After  the  separation  of  the  remainders  we  have 

’■--skfpW}  ^ + 


or 


n 

c2  .W0|,fto) 

+.2mv*Re  1 — rrrrrr—  d0  |. 


cos4  0 


(VIII. 81) 


At  large  distances  behind  the  hydrofoil 


+•1 
n 2 


<P,-oo  “ — | J P(0)  Re  J ec? 


1’cos,bt‘+,“>sccs  Qdf}ds, 


(VIII. 82) 


i r r_  c * L 

p(0) Rc  e 

J J i. 


> [-+-<-« /?««> ldl.  (viii. 83) 


y'-i 


It  follows  from  (VIII.  83)  that  behind  the  planing 
surface  a vortical  wake  is  formed,  which  produces  a verti- 
cal velocity  directed  downward;  with  v -+•  0 the  vertical 
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•«> 


1 


velocity  will  be  formed  by  the  wake  of  vortices  only. 


-s-jr 


p(9)  J e**cos\(y  — tti\dl. 

« o 


(VIII. 84) 


For  an  arbitrary  lifting  surface,  the  integral  equa- 
tion is  derived  from  the  expression  (VIII. 81)  as  follows: 


a \ — n 0 


+- 

'2 


n I—  \ 

~ vs  Re  l cC0‘*  ® sec*  QdQ  J ds  ~ v0  a. 


(VIII. 8 5) 


In  the  equation  (VIII. 85),  after  the  final  results 
are  obtained,  it  is  necessary  to  direct  £ toward  zero  from 
the  side  of  positive  values. 

Using  the  lifting  line  theory  approximation,  one  may 
write  <pz  as  follows: 


9 = JL 

* 2nv0 


+b  ~2 

- 1 p(n) v*  Re  j 

—b  n 


+f 

— n)  ‘In  OJ 

eco,  B . sec*  erf*  (VIII.  86) 
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and  then  the  integral  equation  in  the  lifting  line  theory 
may  be  written  as  follows : 

. ■ +* 

a{lj)  + j p(ll)vlReX 


or 


p(y)  = f (y) 


• 9 


X l e 


5 

n 

~2 


sec*  <ddOdr\ 


(VIII. 8 7) 


P (!/)  = / (y) 


« (y)  + -2;‘aT  \ p (n)  x 


•J 

V 


Uc«Xj/l-J- 

V'-f 


(VIII. 88) 


262 


When  v ->oo,  the  nucleus  of  the  equation  is  equal  to 
zero,  and  when  v 0 


Let  us  write  the  equation  (VIII. 88)  in  the  form  of 
the  integro-differential  equation: 

[+* 

a Q/)  — 2ru$  [P'MX 

x 1 — -Jto-nKMnJ.  (vm.89) 

With  v -*  0 the  equation  (VIII. 89)  transforms  into  the  [282 
Prandtl  singular  integro-differential  equation  as  follows: 


p{y)  = fiv) 


a{y) 


2m* 


0 J.  y- n 


(viii. 90) 


However,  the  angle  of  the  downwash,  determined  from 
this  expression,  will  be  double  that  of  the  hydrofoil  in 
an  infinite  fluid. 

The  function  f(y)  in  the  expressions  can  be  taken  in 
the  form  of  f(y)—vla(y)ar,  where  a =-?£. . 

r da 

The  lifting  force  and  the  induced  drag  are  determined 
through  P and  the  vertical  velocity  as  follows: 


P—  Q P ( y)dy , 


rtcoslj/ 1 -~{y  -y\) 


iA~* 


(VIII. 91 ) 


x.  (VIII. 92) 


X,d\dr\dy 


The  equation  (VIII.90)  is  solved  by  the  aerodynamic 
methods,  while  the  approximate  solution  of  equation  (VIII. 
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89)  for  small  values  of  parameter  “ = may  '->e  soughf  in 
the  form  of  a series  s 

p(y)  = Po(y)  + wPi(y)  + <B*Pa(y)  + ... 

The  approximate  results  can  be  obtained  by  employing 
the  method  of  the  parameter  T.  However,  in  this  case  one 
should  evaluate  a great  number  of  approximations  and  com- 
pare the  results  for  correlation,  because,  in  the  final 
result,  T has  to  converge  to  unity. 

If  we  determine  Cy  and  Cxi  for  the  elliptical  lifting 
surface  in  the  plan  view  from  the  formulas 


l+hr 


c1  ' 


(VIII. 93) 


then  the  value  of  £ determined  in  terms  of  parameter  T 
will  be 

= 0,5G2,o  Cf0)  4*  64,2  (u)  — 0,75G4,o  (<»>)  -j-  I ,50o,2  (to)  + 3Go,i  (to)  + 

4*  1 ,5G25Gg,2  (to)  -J*  2G$,3  (to)  — 7,50al2  (co)  -\-  9, 3750a, | (to)  — 

— 3,828lG8,o(to)  + 2,5G|o,4  (u)  — • 

■—  15Gio,o  (to)  32,81  25Gio,2  (to)— 

—30, 62470,0, i(w)  j-  10,3359G|o(w)4- 
4"  30 12,5  (to)  — 26,250 12,4  (w)  4* 

4-  87 ,50 12,3  (to)  — 137,80)2,2  (m)  4- 
4- 1 03, 3590 12, 1 (co)  — 

-29, 77730,2, o(to)  + 0, 90.  (VIII.94)  (VIII.  94) 

For  0) -- 00,  the  formula  (VIII. 9*0  gives  t,r  - 0 and  for 
oJ  = 0,  (r  - 1 . 80  instead  of  the  exact  value  of  2.  The 

graph  of  £r  as  a function  of  Fr  is  shown  in  Fig.  22. 

8.8.  The  Basic  Relationships  for  an  Optimum  Submerged 
Hydrofoil 

The  solution  of  the  problem  of  distribution  of  circu- 
lation that  results  in  minimum  drag  and  the  determination 


C-l 


of  the  corresponding  parameters  of  the  hydrofoil  is  of 
great  practical  interest. 

If,  for  the  case  of  infinite  fluid,  this  problem  has 
a simple  solution,  with  ordinary  elliptical  distribution 
being  optimal,  it  is  not,  however,  possible  to  produce 
such  a simple  closed  solution  for  the  submerged  hydrofoil 
and  the  optimal  distribution  is  more  complicated,  depend- 
ing on  the  depth  of  submergence  h and  the  Froude  number 

Fr  = — yjL.  The  optimum  condition  for  the  submerged  hydrofoil 

,Vgb 

is  formulated  in  the  similar  way  as  in  aerodynamics. 

If  the  lifting  force  and  the  drag  are  determined  by 
formulas  (VIII. 27) 

P^QV o | r (y)dy, 

, -ft  \ ‘ 

4 -b 

Q = C f r (ij)  wdij, 

-b 

then  the  problem  for  determining  the  minimum  drag  with  a 
constant  lifting  force  leads  to  the  condition 

6Q  - X6P  = 0 


or 


4 b 


46 


T icdij  — ?.L'0  J b?dy  -- 
46  ’ 

J (uj  — c)  dy  — 0. 


0, 


Ml  — w ~~ 
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(VIII. 95) 
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Since  the  latter  condition  must  be  satisfied  for  any 
6 P,  then 

w = const.  (VIII. 96) 

This  condition  determines  constancy  of  the  induced 
velocity  along  the  span  of  the  foil  with  an  optimum  dis- 
tribution of  circulation. 

If  the  integro-differential  equation  for  the  hydro- 
foil is  taken  in  the  form  (VIII. 15) , then  the  condition 
(VIII. 96)  leads  to  the  equation 

j +C(y-^)]dii=®,  (VIII. 97) 


where  3 is  a constant. 

The  equation  (VIII. 97)  can  be  reduced  to  a quasi- 
regular equation.  Let  us  write  it  in  the  form 

f fuiy 

J y— 


= /(</)• 


The  solution  of  this  equation,  unlimited  at  the  ends 
of  -1  and  +1,  is  defined  by  the  formula  similar  to  Cauchy's 
conversion  integral  [15] 


1 r f(y)Y^r?  ,r.  ■ 

i— TjO  y— ii 


i 


Here,  the  constant  ao  is  assumed  to  equal  zero  and 
->  —1 

Then,  after  calculations,  we  obtain 


- - - , V 

r (n)  = r fi)  - _ -L^  f f ' (JjJFx 
n2  V 1 — ri*  J 


-G(y  — s)  dy, 


(VIII. 98) 


whore 
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r"'  (n)  « 


n V 1 — "if* 
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The  equation  (VIII. 98)  can  be  written  as  follows: 


<p(s)  =• /(«)  — ^ j <p (n) K (s. n) ds,  (vm. 99) 

. — 1 

where  - 

K(s,  ti)=i7-4-^t-  f -}  ~ j-  G (y  — i\)  dy\ 

VI— r |*  J y — s 

‘ -i 

tp  (s)  = f ' (s)  V l — y*  f(s)  = — ^ . 


the 


The  circulation  P(y)  is  determined  through  <$>  (t) ) by 
formula 


r (y)  = 


* 


If  the  circulation  P(y),  which  has  been  derived  from 
equation  (VIII. 97 )»  is  written  in  the  following  form: 

r(y)  = |/r=TV(y). 

then  the  constant  $ can  easily  be  found  from  the  basic 
integro-diff erential  equation 


Then 


,-v  a.. 


T(y)  = 


2 My) 


a(y)~2-  . 


•©  = 

v 


a (y) 


1 J 2 V 1 

2h+  n 


an 


l 


(VIII. 100) 
(VIII. 101 ) 


Thus,  in  order  to  ensure  optimum  distribution  of  cir- 
culation along  the  submerged  hydrofoil  span,  the  correla- 
tion betv/een  the  distribution  of  angles  a(y)  along  the 
span  and  the  relative  span  X(y)  has  to  conform  to  the  rela- 
tion in  (VIII.101).  Since  this  relation  is  satisfied 
along  the  entire  span,  it  is  convenient  to  determine  25 
along  the  central  cross  section  (y  = 0)  as  follows: 


For 

relation 


O -“(0) 

2n  jx  J 

the  constant  angle  of  attack  along 
(VIII.101  ) produces 

Vi  — y*f  (u)  (//) *=-■  const. 


(VIII. 102) 


the  span,  the 


(.286 


267 


We  will  define  the  circulation  using  a series 

r$  = %V  i -5?  M».+ ?At +?A,  + .. .).  (viii.  103) 


Then  for  the  lifting  force  we  get  the  following  1 
+1 

c,-ijr&)^=^2»(4‘  + T + re+  + 


—I 


<D  = 


0 

2no‘ 


The  relative  span  and  the  span  at  the  central  cross 
section  of  the  foil  are  related  by  the  expression  X,  =-^Xfcj, 
where  k^  is  the  coefficient  taking  into  account  the  shape 
of  the  foil  in  plan  viewi 

+1  

*1  = n J Vi  — n*/i  (n)  di\. 

Here  f^(T))  is  the  function  which  is  introduced  by  the  re- 
lationship 


X (y)  x (6) 


(VIII. 104) 


lows  s 


Now  the  formulas  for  $ and  Cy  may  be  written  as  fol- 


. . a>  = . t—* — • 

. .-■/•••  n \ * 


c,- 


1 1 5 7 

a„a  Ai  + 4-  + -g-  ^ + 64  + 128  ^ 


(viii. 105) 


(l  +§;>nk) 


aa 


For  an  infinite  fluid,  = 1 , k^  = 1 , and  then  we 
again  obtain  the  known  results 

2a_a  


r = — > 


>('+a 


Cg~ 


>4' 
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With  a = const 


tain 


AJt  = + 

For  the  coefficient  of  the  lifting  force  we  will  ob- 


r _ fl*a 


(VIII. 106) 


The  drag  coefficient  will  be  determined  as  follows: 
from  where 

= (VIII.  10?) 


where 


4+£+t,+— 


(VIII. 108) 


is  the  correction  for  the  influence  of  the  free  surface 
on  the  drag  of  the  submerged  hydrofoil. 

Formulas  (VIII. 106)  and  (VIII. 107)  are  also  obtained 
for  an  arbitrary  distribution  of  angles  of  attack  along 
the  span  without  any  difficulty. 

Formulas  (VIII. 106)  and  (VIII. 107)  are  also  used  when 
determining  the  hydromechanical  coefficients  of  the  hydro- 
foil with  the  elliptical  distribution  of  circulation.  For 
that  case  the  formulas  produce  the  approximate  values  of 
Cy  and  CX(  while  for  the  case  of  an  optimal  submerged  hy- 
drofoil they  produce  the  exact  values  of  hydrodynamic  co- 
efficients determined  in  the  lifting  line  theory.  Simi- 
larly to  aerodynamics,  the  formulas  (VIII. 106)  and  (VIII. 
107)  may  be  used  for  determining  coefficients  Cy  and  Cx 

for  the  hydrofoil  of  an  arbitrary  shape,  provided  we  intro- 
duce small  corrections  which  depend  on  the  shape  of  the 
hydrofoil  in  the  plan  view.  In  aerodynamics  these  correc- 
tions are  determined  from  the  solution  of  the  Prandtl 
integro-differential  equation  [l9>  38]. 

For  the  submerged  hydrofoil  this  type  of  approach  is 
inconvenient,  since  one  may  not  be  certain  that  the  correc- 
tions, which  characterize  the  shape  of  the  wing  in  the  plan 
view,  are  the  same  for  various  modes  of  motion. 


i 


With  this  approach,  instead  of  £ in  formulas  (VIII. 

106)  and  (VIII. 107),  one  should  use  (1  + T)£  and  (1  +_6)£, 
respectively,  where  T and  6 can  themselves  depend  on  R and 
Fr. 

It  is  more  convenient  to  account  for  the  effect  of  [288 

the  free  surface  in  each  formula  by  a single  function  which 
can  be  obtained  from  the  solution  of  the  equation  (VIII. 

15)  and  to  write  the  general  formulas  as  follows: 


r - r , 

C — Wr  ' 

~ M* 


(VIII. 109) 


(VIII. 110) 


where  functions  and  £2  differ  very  little  from  each 
other . 

8.9.  Determination  of  the  Optimal  Distribution  of  Circu- 
lation Along  the  Span  of  the  Submerged  Hydrofoil* 


♦This  part  has  been  written  together  with  P.  I. 
Zinchuk.  He  also  suggested  a solution  for  the  semi-regular 
equation. 

For  the  submerged  hydrofoil  moving  near  the  surface 
of  a fluid  of  infinite  depth,  the  equations (VIII. 97 ) and 
(VIII. 99)  are  solved  by  using  the  expansion  (VIII. 30). 

Let  us  obtain  an  approximate  solution  of  the  equation 
(VIII. 97).  Let  us  find  it  in  the  form  of  the  series 

P'  fi>  = r;  07)  + ^'2  (n)  + *t;  fi)  + . . . 

The  nucleus  Gn(y)  of  eqation  (VIII. 97)  can  be  present- 
ed as  follows: 


Then 


G(«/)=  £ G'i  (y) x"- 


T To(rj)  _ 

i • • 

V f'ft)  _ V_  _ . 

J dn  “ r0  W ( y - *>)  d] 


r'r^CT)—  ‘ r- 
J -r_~-  = — J r2  ft)  Ga  (y — n)  +.  r;  (n)  on  iy— rj>)  & i, 


"U  p»  |“v  *f|  n 

j “J  2 ^-aWG^iy-^dn.  (VIII.  Ill ) 

-I  -lm-J 

The  solution  of  equation  (VIII. ill)  will  also  be  de- 
termined by  the  formula  of  the  integral  conversion. 

The  function  G^(y)  is  obtained  from  the  formulas  on 
page  242 

1_, I . 

r m V 1 -p).  ..(p  + 1)(-  1)""'  G («) 

~ 2j  — V-  r-'2p)i St  I * 

P*m  0 


By  solving  it,  we  obtain i 

Orj 


r.'fi)- 


■w 


©if 


J2,Q 


n yi — n*  2 

w — nvhs  [’  (r + < + T °«)  - 1 M 


(VIII. 112) 


Then 


rfcO  = ® Ki  _ ^ |i  f_  (-°|»  + 0w  _ | o„)  t<-  ■ 

— + {"^  ^,oGi,o'+  G&o — G&i  + t)-  Goj  )t'  + . . . + 

+ G.,0^-  G6,o  - 2G0,i  + j G2to01l0j  x”j  ( V 1 1 1 . 1 1 3 ) 

When  Fr  ■■*<»,  formula  (VIII. 113)  becomes 
rG) V'i-y’  [1  — 0,5t*  — -—x4  + it* 

+ (yT<  + Tt*)^'_  Tt*^  jr  (viii.  n4) 
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The  solution  of  the  integral  equation  (VIII. 99)  can 
be  obtained  by  the  iteration  method. 

Introducing  the  resolvent  of  the  equation  we  can 
write  the  solution  as  follows i 
' +i 

Ji  J (VIII. 115) 

it 

where  ^(4* 1,1  ~ n*)=S(~«*)  is  the  resolvent  of  the 

m—l 

equation,  and  K^s,?))  are  the  iterated  nuclei. 

For  determining  the  resolvent  let  us  take  the  func- 
tion G(y  - y) ) also  in  the  form  of  (VIII.  30). 

For  determining  the  iterated  nuclei  we  have  the  re- 
current formula 

Kn+,{i  ~rH  - f (I  /)  Kp  (f.lfrdi.  (V 1 1 1 . 1 1 6 ) 

By  solving  it  we  obtain  the  following* 
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+ 4*+ T ? T>- (| +p'-?)  + 

+ ioii»^g-  + 4**— ? j — iOn*S^-—**)  + 5n‘^—**)  + 
+^]  + 10G«,jrt  (--'s' ) + 3n*(y-?*  ) + 

. + nJ*j—  ^Mn ^ — **.+  + t10 |Gio.oJX ^2^6  + I28  **  + 

+ T6s*+i?  + + 4s4+4s4_**)+ 

+ z6*(m+k*+  T?+y?-^)“84^(re+iJ’+ "?)+ 

• + 1 26*  (l6  + 4 * ■+ 4 ? -?  ) ■ - 1 26^  (4  + 4 s_*  ) + 

• + 84^'  (4  + 4*  - *4)  - 367>T»  (4  “ **) + 9T>'  (4  -**')  + 

+ n,«]-8G.o,,«J~3 +^S»  +-g-s«  +^?_?_7ns"^+-g-s*+ 

;.':  + 4?  -*)  +21^(f6 +T?  + T?-1,)“  ■ 

; r35^(i+i>-?) +35n‘(4  +4-*-?)+ 

+ + 7i\*  (y->j+  n’sj+  21C,o.2n^  + |-J*  + 

i 4 k 

+ i ? - ?-*  5n  «(-  +4^~  *4)  + }°  nJ  (4  + T *'  “ ?)  “ 
.—  lo^s  ^ —I*  j +.5V  (4  —s’  j + n*«j  — 20Gio,3«  J4~  + 4 5>~~ 

— — 3ris^4“"5*  j + ^sj  + 5Gim«^4““*S'^  )]]’ 

*.  (n.  5)  - .pT^iJ-T,Gi*I°4^“  + ^[c,,oG4,o  (4«i?  + 4^)  - 
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—inn  hi 


-i  r ✓ 25--  5 . « i 

- 2G2laG«.i  ti  * - 1*  I G2l0G*. o Xe  ^ 5 + f 1*  + -2  t>§s  + 

+ ~2  + l-n?  j — 4G2>0G<m  ^yn*s  + -|-n?)  + 

(g  _4  3_  j 3 \ 

— jq i * — gii’s + -gn  ? + 2^iss*  J — 

— 3G4l0G4ti  ^y  n *'  + 7 ) — 2G<*‘*i  * ] +*  Tl°  Gj-0>  Gm(*"  ill  ^ 5 + 

+ yfift  + ^s  + -2-f-j6^?  + T*?)  “ 

• * . • 

_ "H'G2.oGm  ^—yrjj+yiiss  — 3^5  + 15^’  + 15ii?j  + 

+ 10G2l0G8l2  f)s*+  y n3s  j — 4G2)oGg,3Tis  + G4,0G6,o  + 

-|n^+  ?iP  + T^-Ti?+  T^+ 

+ + G4l0G6,i  ^y  ns  — 9ns*—  12n3?  j + G4l0G6l2^y  Tjsr  + 

’ + y iis  ) — G4l|Gfl,o  (—  y V +n|-^  + ?i*s  + 5n?  + *?)  , 

— G4,iG6ii  (—  12n?~4ri3s)  — CC^F  jj . 

K>  (l  n)  = Y^=;  l^o  I n s - ta  [g!,A,o  (j  n • + 

+ 4^)  -~Gl  fan  »j  + 1"  ["  Gf,oC7o,6  (4  n3s  + 4 vfi+ 

+ J ijp]  +-|Ti?  - 4G2,oGg,i  (4  n5  + 4^  + T ri?)  + ' 

+ 4 GloG;,w  + G2loGlo (- + 4^  + f^?+  T nV ) “ 
- 2G2.oG<(oG4,l  (4  ij  s + y n3s  + y n s3)  + ^Xin « j j • 
K*(S,  il)  = 1—  t8G2,o + T,0^G?,oG4lo ^32 n«  + 
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+4^3)- 


?t,ins  j. 


*»(«.  v) 


(VIII. 117) 


K* (Si  ® T,oGj,°  i6  ***• 

Substituting  the  value  of  the  resolvent  into  the  equa- 
tion (VIII. 99)  and  integrating  we  arrive  at  the  solution 

S (i)  =■  — ~ + ® [j  Mi,#-*  [c4.o (-  j s + 

• • • 

+ — C4,iS  + -^-Cf.os  | + t*  + Oi.oG^o  ^7?  + 

+ -jgS  ^ — Ga.A.iS  + ^6,0  ^ — -g-s  + -g-s*  + -^-s*  j — 

— 4</6,|  5 + y ? j + 3^6,2  y S j — T*  ^ Cto+ 

+ Gi,oO<,o  (^2S  + 7S  j — "f" * + ^2.oG«,o ( — + 

+ 7 i*+  J-?  j — 4G2.oG6,i  + 7 s3  j + 3G2,oG6ll  y*  + 

+ <&>  (~  gf  * + J-**  ) - 2G4,oGi,t  (ft s + 3. . s>  j _ 4CM -£  s ] + 

+ x‘#[3V’o+G^l0(6^>  ft?'J-~G],oG<,lf+ 

• + GloGe.0  (f6  * + T ?+.  f ^ ) + 4G*o°«.  1 (|j * + T ? ) + 

+ 7 Gi.oGe.jS  + G2loG*  0 ^ s + jgS*  j — 2G2^Gt,oG4,i  X 

* (re*  + T? ) +|  °2.oG4,iS  + c*,4o  (—  f2~g«  +7^  + * ) + 

+ Gi.oGc.i  ( 7 s — 9s3  j -|-  G^oGim  ( 7 s3  -f  5 j — G4,iGg,o  (—  jg  s + 

+ 74*+  — G^.iGg.i  ^ — ys  — 3?  ^ — 30*, Ob*  + 

+ G2l0Ga,0  J- ~|s - ~ 4*  + ,52?  + 7 ? ) - G2.0G8tlX 

x (~  pQ*  + 2' s3  + "2  ^ ^ ^ OG2,0<jn.2  + 7 s5  j — •'.  , 

' or  r Tj.r  f 1503~  225  "*  . 369~.  , 117  ~r  . 9 

- 2G2,0Gs,3S  4- G10.0 ^ - -^g  s - Tg  ^ + 7g- ? + y * T + Y ? ) - 


2?5 


1 

i 

I 


>• 


*.?- 


+ — 20Gio^^ — ^-5  + "T^*)  ***  j'")'  (VIII. 118) 

from  which  it  is  easy  to  find  the  optimum  distribution  of 
circulation  along  the  span* 

r(y)  = — V*  — t*  ^y  Gj.<H-  y Gg,®  — G«,i  j + 

y ^,0  — G2,oOi,0  + G2,oGi,\  •— y Gg,o+  y Gg,  i—  y G6.j^  + 

^ "**  55  G:l.oGi,Q  — y G*oG^+  G2,oG6|0 — y G2,oG6.l  + 


+ t» 

+ T» 


4-  y G2,oG6,2+  gy  G*. 0—  y Gl,oG4.|  +.G*,i+  yay  G8,o—  y G*.i+ . 

* *f  • y:  f . • V - *?•  ’'•••  ' • ?•  .•  t /.  ^ 

■+  y G*.a  -r-  2Gg,j^  + 11#  32  G*><> — gf G2.oG4.o-f-  y G2,c04,j“*  : ( 

— 55  G*oGo.o  + y Gf.oGg,  | — y G2,oG6,a—  gy  G2loG?,o + 

i 

+ y G2.0G4.0O4, 1 — y Go.oGj.i  — yyg  Gi,oGa,o  + y G4,oOg(i  — 


— yg  O4 .0^6,2  + yg Gi.jOo.o  — y G4,|G6,i  + 3G4,iG6,j  — jjgg  ^.oCa.o  + 


+ -^y  G2,0Ga,i  — y G2,oGa.2  + 2G2,oGs,3  — y^g  G.o,o  + yg  G(0,(  -1- 

g-  O10.2  + y Cio,3  — y Gio^j  j + j y G4.o‘t<  + .• 

GloOl.O  + -T-  G2,oOg,0  — 


321 


X ^ — y G2,o04,o  — ’ y Go.o  + 2Goti  '**  ^ "g-  ^‘2,0'-M,0  T 

3*1  59  \ 

• — G„oG6,,  + y G?,o  — y G4,oG4,i  + yg  Ge.o  — 9Gg,i  + 5Gfl,2  j 


.2 


■ ' +t 


.10 


3 


yg  G2,qG*,o  — y Gf.oGo.0  + y Gi.oGc.i  — y G2,oGj,o  + 

+ y Gj.cGi.oGg,!  — yg  G4,oG6,  + 3G4,cGe,i  — y Gi.oGgj  + y GuO^o  — 

— 2G4,  |Go,i  — gg  02,o0g.o  4-  y O2lo08,,  — y G^oGg^ yg'  Gio,o  4* 
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JMlAali  •* 


u 


h 


J 

+ Yc^‘“Y°i#.*  + .,0(Jiwj5t.+  [■**("“  YC6,°)  + 

■%  .1  "t  “**  + y Cm  — 3C*,i  j + tw  G|,oGj.o  — . 

■“  g ’ i ' 23  *3  "*  * * 

> ■ — "g*  C4.oG9.o  + y C4,,Om — -jg  Gj,oGm  + y C^qG*,!  — 

— -j^Ciao  + 23<?iW  — y gim  j jy4  + Cm.+ 

. 4Cio,‘)]^~T^iw^+  ■».••}•  (VIII. 119) 


Equating  the  expressions  (VIII. 103)  and  (VIII. iio) 
gives  the  following t ^ 


+ ^ (y  G?,o+  C4l,  - Guj  + 

+ t*  T }|  c*.o°«.o  + Oi oGu  — y Gc,o  + G*,  — 

- 2*  Ot,2  j + T*  ^ 26  32  °2.o^.o  — y G2,oG4ti  + ||  G2t0G6,o— 

4"  ^2,oG6,i  4- 1-02,006,2+  ||g*0—  yG4,0G4,,  + G4.I  + 

+ ff^.o- j08,,  + ^<?8,j-2G8,3j  + T10  ^-1(7*0- 
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— 04  G),oG4,o+  y g2,0G4,i—  ||  G1,0G6,o+,  y gIoGo.1  — 


g G2,oG6,2  — gy  GMGU  + y G2i0G4i0G4,i  — y G2,oG*  i 
33  „ 


273  33  33 

+23  ^4i(>G6,o  + y G4,oG6,1  — yg  G4,oG(},2  + yg  C4>1G6,0  — • 


^ ..... 

"2"  "h  3G4,iGg,2  25g  ^loGa.'o  H — yg-  Gj^Gg,)  — . 


3 
2 

+ i3’ 

+ ie 
129 


55 r,  r,  a.  or  r 817  1 , 321  . 

G2,oG8,2  + 2G2,oG8,3  — 123  Gio.o  + -yg?  Gi0,i  — 


8 


189  . 25. 

wio,2  — y 


8 


-Gio,3  — y Gio^jj,  ' ■•  ” 
= ~2  G^iOf4  + . ^ — y G2t0G4,o  — 2"  Gc,o  + 2Ge,i  ^ +' 
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arrr.5::-!^..  -*»  ........  . 


+ T*  ^ yO*. 064,0  + y G2,(/j&,o  — G2>(/jt,\  + y G*  o—  y G4i0G<,i  + 

+ y^G8lo  — 9G»,i  + 5Gs,2  j + t10  yg  Gf.oG4,o  — y G^oG#^  + 

’ ' +~*y  Gj, Opty y G2,oG4,0  + y G2.0O4.0G4,,  — j|  G4,oGg,o  + 

3 ^ 3 


* + 3G4,oG6,l 4 G4^GW  + y G4.|G6,0  — 2G4,|G6.,  — ' 

5i, 

32 


— g2  + y GtfiGa,i  — y — -jy  ® 


+ yG,o,,  — yGio,j  + 10Gio,jJ  t 


At  “ t*  ^ — y G6,o  j + i*  ^y  ^2,oGh,o  + y Gg.o  — 3G*.i  'j  + 

+ *10  ^ — y G*,oG»,o  — y G4,oG6,o  + Y G4,.G6.o  — jg  Gj.oGg.o  + 

+ y ^2.oG8,|  — yy  G|0,0  + 23Gio,l  — y Gio.oj  . 

>1«“  1*08,0 + Tl0^-y  G2.oG8.o-y  0,0.0+  4G,o,ij.  (VIII.  120) 
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^»  = 2 T“Outo. 


With  Ft  ->  cc  the  coefficients  Ai  will  be  determined 
from  the  formulas 


A1=1~IX». 


t*  + 1t*  + 


11 

128 


1*  + 


17 

256 


■10 


a 5 4 , 1 « 9 ’ 33  I0 

^=Tt  +T^~T6^-32T 


A,= 


1 


1*+  4-t*+ 


rl# 


I 


(VIII. 121 ) 


^4-  i- x*.-t10  ' . . 1 ' . • 'I 

* • • . • • ■ ' : » • 

>•  j ■ ■ 

/I  _ > J_  T10 

•'** T 

and  the  correction  £ will  then  be  as  follows : 

C = i i j . (VIII. 122) 

v 1 L xa  4.  T« L xio 

2 + 16  64 
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Using  formulas  (VIII. 41 ) and  (VIII. 122)  the  following 
is  obtained  for  the  function  A&  = with  an  accuracy  up 

to  T12i 

AC  = 0.0469T*  + 0,0023t1#  — 0,0 143T1*.  ( V 1 1 1 . 1 23  ) 

Formula  (VIII. 123)  determines  the  decrease  in  drag 
for  an  optimal  hydrofoil  as  compared  with  a hydrofoil  el- 
liptical in  shape.  It  indicates  that  the  optimal  hydro- 
foil can  be  more  advantageous  in  regard  to  drag  by  4-2# 
as  compared  with  the  wing  with  an  elliptical  distribution 
of  circulation.  The  advantages  of  various  wing  shapes  can 
be  evaluated  by  calculating  the  load  distribution  over  the 
foil  and  comparing  the  results  with  those  obtained  from 
formula  (VIII. 122). 

For  hydrofoils  of  arbitrary  shape  in  the  plan  view 
one  may  obtain  optimum  distribution  of  circulation  by  mak- 
ing the  appropriate  washout  according  to  the  formula 

° S) = TT^ir  [ 1 + ■ (viii-124) 
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Extensive  computations  of  functions  and  £ (Tables 

6 and  7)  were  performed  using  formulas  (VIII. 108)  and 
(VIII. 120).  Figure  23  shows  functions  £ for  the  optimum 
distribution  of  circulation  for  different  modes  of  motion. 
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Table  7 

Values  of  £ with  <A/x  and  1//5/V 
5,0  I 4.0  | 3.0  I 2.4  I 1.8  | 1.4  170  , 0.8  | 0.4  , 0.1 

"074472  1 0,5  | 0,5773 10,6455  [0.7453  [0.8451  1,00  1 1 . 1 16 1»  ,58I2|  3.162 


1.157 

1,078 

1,030 

1.001 

0,9810 

0,9698 

0,9621 

0.9578 

0,9552 

0,9547 

0,9554 

0,9578 

0,9608 

0,9640 

0,9702 

0,9751 

0,98259 

0,9872 


1,646 
1,539 
1,452 
1,382 
1,326 
1,280 
1,2431 
1,212 
1,186 
1,164 » 
1,131 
1,106 
1,088 
1,073 
1,053 
1,041 
1,025 
1,017 


The  analysis  of  the  results  shows  that  the  optimum 
submerged  hydrofoil  is  fuller  in  shape  (and,  therefore, 
fuller  in  the  plan  view  with  a = const  and  Fr  -»  «?)  in  com- 
parison with  an  elliptical  hydrofoil.  However,  from  the 
essence  of  the  problem  it  follows  that  in  the  limiting 
case  (h  0,  Fr  ->  oo)  the  elliptical  form  will  again  be 
optimal  and  that  for  a certain  shallow  submergence  depth 
the  hydrofoil  will  have  the  fullest  form.  This  fact  has 
a definite  practical  value,  because  by  taking  the  techno- 
logical strength  factors  into  consideration  it  becomes  ap- 
parent that  the  manufacture  of  rectangular  hydrofoils  is 
advantageous,  and  the  motion  at  various  modes,  correspond- 
ing to  the  maximum  fullness,  can  produce  a definite  saving. 

8.10.  Regularization  Methods  of  Integro-Differential 
Equations 

As  was  noted  earlier,  in  the  regularization  of  the 
singular  integral  equations  it  is  important  for  the  the- 
ories being  developed  to  obtain  regular  integral  equations, 
because  they  offer  a new  approach  for  the  study,  based  on 
the  well-developed  methods  for  solving  integral  equations. 

Singular  integral  and  integro-d i fferential  equations 
for  the  submerged  hydrofoil  differ  from  the  equations  for 
an  airplane  wing  because  of  the  existence  of  a regular  in- 
tegral operator.  Therefore,  all  the  regularization  methods 
used  in  aerodynamics  as  well  as  certain  exact  closed  solu- 
tions can  be  used  in  our  study. 


r 


*4 


The  Prandtl  equation  can  easily  be  transformed  into 
a quasi-Fredholm  equation  [l 5.  78].  Let  us  use  this  ap- 
proach for  obtaining  the  quasi- Fredholm  equation  for  the 
submerged  hydrofoil. 

In  the  general  case,  the  integro-differential  equa- 
tion for  the  submerged  hydrofoil  may  be  written  as  fol- 
lows * _ 


L -»  -i 


(VIII. 125) 


± f£lM 

« Jy-T| 


dr\=  <p(l/). 


+t  1 

«p  (9)  = 2 2F  - a fa)  - ~ Jr  (ti)  Gx  (y - ifl  di\  I . (VIII.  126) 

The  solution  of  equation  (VIII. 126)  in  the  class  of  func- 
tions unlimited  at  both  ends  of  the  line  of  cut  is  deter- 
mined by  the  inversion  formula  of  Cauchy's  integral  [15]‘ 


)*l  + ao  ■, 

\ - 


where  ao  is  an  arbitrary  constant. 

Integrating  this  equation  with  respect  to  y,  we  ar- 
rive at  the  quasi-Fredholm  equation 

*)*1  , % 

I '(y)  + j ^l)  r*  Oi)  rfrj  = F(y)  + Cl  + Cl  arc  sin  y,  (VIII.  127 ) 


where 


K,  to.  I])  = K to,  T|)  - -±-  f MO  K to,  o o fo  - 0 if. 
Kin.  n)  - 

. X 

4-1 

F0/)  - ^(’l)K(!/.'l)a(y)d’l-  •<  •' 


The  arbitrary  constants  and  C2  will  be  determined 
by  the  conditions  at  the  ends  of  the  interval. 

This  method  may  be  applied  to  equation  (VII. 25)  and 
to  its  modification  which  includes  the  case  of  submerged 
hydrofoils. 

For  the  general  case,  the  equation  (VII. 25)  may  be 
written  as  follows : 


(VIII. 128) 


where  G2(y.  7) ) is  the  regular  nucleus  which  takes  into 
consideration  the  free  surface  effect. 


In  the  similar  manner  we  obtain  the  equation  (VIII. 
127),  where 

* or °‘ M ““ 

In  f 1 - w +^(‘  -»•><'  - j^q  W J,. 


Hu) 


The  equation  (VIII. 128)  can  be  reduced  to  a regular 
equation  using  a different  approach. 

Let  us  transform  the  equation  (VIII. 128)  to  the  fol- 
lowing fO  Ml! 

«<»>- -VI TiWF?^ 


(VIII. 130) 


Then,  using  the  inversion  formula,  we  obtain  the  quasi- 
regular equation  directly i 


. , -y 


where 


, , r'(to 


(VIII. 131) 


l f' Vl—P r 1 — 4- (Q (/  — 


+ c?4  (y.  n)  J 

F W - V j 0 O')  dr\  + «•• 

The  circulation  T(y)  will  be  found  from  the  formula 


Let  us  proceed  now  to  a more  complicated  problem  of 
obtaining  the  regular  equation  using  equation  (VIII. 125). 

An  effective  solution  of  this  problem  for  an  airplane 
wing  is  given  by  I.  N.  Vekua  [9]*  The  solution  has  also 
been  obtained  by  L.  G.  Magnaradze  [78,  91 ] using  a differ- 
ent approach.  Similar  results  were  obtained  by  G.  F. 
Burago  [?].  Although  he  obtained  his  results  before  I.  N. 
Vekua  and  L.  G.  Magnaradze,  Burago  did  not  publish  them 
in  time . 

I.  N.  Vekua  obtained  the  new  integral  equation  by 
solving  Rieman's  boundary  value  problem  to  which  the 
Prandtl  equation  is  reduced. 

If  we  denote 


PfoO  ~ ~2  j a (y)  + T])dTj 
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and 


(VIII. 132) 


then  the  equation  (VIII. 125)  may  be  written  as  follows: 

-mT(a~  f w*1  “•  (viii.  133 ) 

-I 

Let  us  examine  the  case 

T(y)  = r(-y);  B(y)  = B(-tf); 

a(y)=»a(— y);  y€(— 1.1).  (VIII.  134) 

Now  we  can  apply  Vekua's  method  to  the  regularization 
of  equation  (VIII. 133)* 

This  problem  can  be  analyzed  in  greater  detail  [9]*  [305 

Here,  we  will  confine  ourselves  to  the  case  of 

V\ 

fl(i/)  = -^-  yc-(-i.-M). 

where  p(y)  is  the  analytical  function  at  the  segment  (-1, 

+1),  which  satisfies  the  conditions 

p(j/)> 0.  p(i/)  = p(—  y),  y£(—  1;  + 1). 


There  apparently  exists  a single-link  area  T,  which 
contains  the  segment  (-1,  +1)  and  which  is  limited  by  a 
smooth  closed  curve  L.  In  addition,  the  function  p(£)  is 
holomorphic  within  T + L.  Eliminating  points  in  the  seg- 
ment (-1,  +1)  from  the  area  T,  we  obtain  a doubly-connected 

f 

area  T*,  in  which  function  b{t)  —V 1 — C*  is  holomorphic. 

W 

Later  on  we  will  analyze  a branch  of  this  function 
that  satisfies  the  condition 


B-i  (y)  = -B-((/)-B(</)>0. 


Let  us  assume  that  functions  T(y),  a(y)  and  V'  (y), 
continuous  according  to  Gel'der  within  the  segment  (-1, 
+1 ) , are 


r ’(y) 


V {y) 


(l  -y‘)K 


\<  1. 


286 


Let  us  analyze  Cauchy's  integral! 


.•1  r r(n)dTi 

2n/J(  11  — c • 


(VIII. 135) 


Differentiating  with  respect  to  £ and  integrating  by 
parts  using  the  condition  (VIII. 13*0.  we  obtain 

(viii. 136) 

For  practical  purposes,  of  interest  is  the  case  when 
r ( -1 ) = r(l ) = 0.  However,  this  problem  can  also  be  ana- 
lyzed by  disregarding  the  above  restriction  and  using  it 
in  the  final  results  only. 

The  functions  $(£)  and  $'(£)  are  continuous  to  the 
points  within  the  segment  (-1,  +1)  from  both  the  upper 
and  lower  half-planes.  At  the  ends  of  the  segment  (-1, 

+1 ) the  function  S(£)  can  have  only  the  logarithmic -type 
singularities,  while  the  integral  term  (VIII. 136),  at  these 
points,  can  have  singularities  of  the  order  of  less  than 
unity. 

Using  the  Yu.  A.  Sokhotskiy  formulas  we  obtain 
r(t/)  = <!>+({/)  — <D-(//), 

f'rw ,,  , srm  (vin.  13?) 


j IfI*!  “ '°+  to)  + ®L  M 1 


Then  the  equation  (VIII. 133)  will  be  in  the  form 


2(T  (1) 


Let  us  introduce  a new  function 

r _ T ir\A _ 0;  ^ (?)  1 1 


(VIII. 139) 


which  is  apparently  holomorphic  in  T*  and  continuous  up 
to  the  points  within  the  segment  (-1,  +1)  from  both  the 
upper  and  lower  half-planes. 


[306 


The  equation  (VIII.  138)  will  then  be  as  follows*. 
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"1 


F+  (y)  4 to  P(*)Kl-P  + (VIII.  140) 

■'■■■  nV  l—/ 

According  to  Cauchy's  formula 

f <°°  5T f d'1  + Sg  i fffo  (VIII'l4l> 


where  £ is  the  point  which  belongs  to  the  area  T*. 

However,  considering  (VIII. 139)  and  (VIII. 140)  it 
follows  from  formula  (VIII.l4l)t 

fo- -if tag=Z+ + m f » JL + 


fa)- 4 f + m f ■ _*> + 

“ n J • ' T)  — i . : n J V\  — 

- —i  ..  — i . ■ > 

, M f V i — j k f y'l  — if®  ft)  ; y.~'  < ■ , . , 

+girV"-{-  “i.fTrJ  -ffflg-oV  (vm.ite. 

L L ’ 

Using  the  formula  and  Cauchy's  theorem  we  obtain 

i ^ . _L  r^i-^D'(n)dn  n 

2^j)  n-C 

i/rzr^» 

Then,  due  to  the  fact  that  fi(u)  = — rv^-  and  based  on 
(VIII. 138),  PM 

fVT^T*  O(ti)  _ i fp  . . f P(n)^n 

J _2'ST'v^;^”^rJi  rt0>d  j (n— 0(o— i) 

]l-t  ia  ,-6  +2ni^  «-»J 

^ — J — r(o)da.  (VIII. 143) 

Then  . 

F (o  - 1 f ifiL^lp‘^-1  |'m=|«)r(oWo  + 


Then 


and  by  passing  to  the  limit  we  obtain 


(VIII. 144) 
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F + (v) + F- W) - ^ j - ■ - f 1 r <«)*«•  (VIII. 145) 


From  the  expression  (VIII. 139)  we  obtain  the  followings 

(VIII. 146) 


8/ 


<D+(i/)  = ®+(0)«_,e<i')+ 


Integrating  these  equations,  we  obtain 


f+(rj)dri 

; vr=$  • 

®-<10»®-<O).'w-  fr**™-*"*1  . 


'J 


(VIII. 147) 


(VIII. 148) 


Because  function  P(y)  is  even,  from  the  expression  (VIII. 
135)  we  obtain  the  followings 

0+(0)  = -®_(0)  = ir(0). 

It  follows,  therefore,  from  formulas  (VIII. 137)  and  (VIII. 
147)  that 

r (f/)  = r (0) cos 8 (y)  + ^ [F+W  + F_  ft)  I dr\  + 


V \ — T)1 


+ f 1 [F+  (n)  - A_  (n)]  dri.  (VIII. 149) 

J r 1 — tl* 
o 1 

Taking  into  account  expressions  (VIII. 109)  and  (VIII. 
114)  we  can  write  the  equation  as  follows s 

^(y)  = f (0)  cos  Q (v)  + T (1)  co0  {y)  + j Ko  [y,  a)  T (a)  da  -f  Sn  (y),  (VIII. 150) 


where 


..to),- ;|(.jn>(n)-0ft)|rf  • 

nj  1— tj» 

. 0 . 


(VIII. 151  ) 


ffo(y)=-—  4 ^ sin  10  (ri)  — 8 (i^)J  P (rj)  drj +’ 

* \ 

+ i.  f Sgj[°  (n)_ rJ-(y)l  ^ Thq)Y^  dtr 

nj  1^1 -ij*  ^ . ’ 

K.b.o)—*- 

^j)  ki-tj*  *i  • , ■ 


Vl—n* 


a — ij 


dil-  (VIII.  152) 


Introducing  into  equation  (VIII. 150)  the  condition 
r*(l ) = R-l)  = 0,  we  can  rewrite  the  equation  as  follows: 

r-to)  = r (0)  cos  0 {y)  + { Kt  (y,  a)  r (q)  do  + g0  (I/).  ( V 1 1 1 . 1 53  ) 
ii 

At  this  point  we  can  substitute  P(y)  given  in  (VIII. 132)  [3°9 

into  the  expression  for  go(y)  (VIII.151): 


• + 

£o(id  = f?i(f/)  — j sin [0 («i)  — 0 (j/)l <in  [ CjOl  — a)I'(o) do  + 

1 ^ | o.  <«  - o r m <*(. 


(VIII. 154) 


gi(y)  = — 2jsin[0 


(y)  — 0(ti)]a(T])dri  + 


A f cos[0(ii)-0(y)l  . r ‘aCaj/l-q* 

vr=*  f J, 


(VIII. 155) 


If  a = const, 


ftiu  — 2a  e ( Sims  W -e  M +nj2^Mj  d,. 

The  equation  (VIII. 153)  will  now  acquire  the  following 
form  i 

+i  - ■ . • 

r (11)  = r (0)  cos  0 (i/)  + f /ct  (i/.  O)  r (a)  da  + gi  (//),  (VIII. 157)  [sic] 

■ / -■ 

where  the  new  nucleus  (y,  a)  is  defined  as  follows: 

• Ki(y,a)  ■=  K0  (y.  o)  — ~ f Gi(fl  — o)  sin  [0  (t\)  — 0 (y)]  dx\  + 
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(VIII. 158) 


Vi-nr  . I . 


VT=r 

t—n 


In  the  future  it  is  important  to  analyze  two  cases 
which  correspond  to  the  following  conditions! 

cos  0(1)  / 0,  cos  0(1)  = 0. 


For  the  case  of  cos  0(1)  0 the  equation  obtained 

will  result  in  the  Fredholm  equation  we  were  looking  fori 


where 


r&)  — J K(y'0)V(o)da~ 

—I 

g(y)  ° g i(y)  - . 

SUI  ffiUV  COS  0(1)  • 

* 0/. °)  - Kid,. (LqaC(T)6(y-  * 


(VIII. 159) 


For  the  second  condition  of  cos  0(l)  = 0 we  obtain 
the  following  from  equation  (VIII. l 57 ) i 

+i 

j/Cl(I.a)r(a)do+g1(l)  = 0“  (VIII. 160) 

and  this  brings  us  to  the  following  system  of  equations  t 

r (y)  = r (0)  cos  e (y)  Kite.  °)  r (a)  do  + 0l  te), 

+1  “l  '• 
jK1(l,a)r(a)da  + g,(l)=0.  (VIII. l6l) 

The  first  of  these  equations  contains  the  indetermin- 
ate constant  r(0),  which  must  be  determined  from  the  sec- 
ond equation.  In  case  this  constant  is  not  determined 
from  the  second  equation,  then  it  must  be  chosen  so  that 
the  solution  of  the  first  equation  would  give  the  Prandtl 
equation. 


Thus,  instead  of  the  singular  integro-differential 
equation  (VIII. 125),  we  will  obtain  Fredholm's  equation 
(VIII. 159)  and  the  system  (VIII. l6l),  whose  effective  solu- 
tion may  be  obtained  for  various  wing  shapes. 

The  following  section  is  devoted  to  the  derivation 
of  one  such  solution. 


8.11.  The  Solution  of  the  Regular  Integral  Equation* 


•This  chapter  was  written  with  A.  V.  Miodushevskaya. 


For  the  airplane  wing  for  which  the  function 


p(y) 


Vi-? 

B(y) 


is  rational,  the  nuclei  of  the  equations  resulting  from 
the  trans formation  of  (VIII. 159)  and  (VIII. 1^1)  degenerate 
when  h -»oo  G^(y  - Y) ) and  the  function  T(y)  to  be  determined 


is  found  in  the  explicit  form  within  the  quadratures.  Let 
us  present  two  examples  of  such  solutions  obtained  by 
I.  N.  Vekua  [9]- 


For  the  elliptical  wing 

B(y)  = B9V 1 — ]/*•,  p{y)  — const,  K0  (x,  o)  ■=■  0 

and 

r(y)  = r(O)cos0(y)  + go(^). 

0(y)  = xarcsinp,  x=  . (VIII. 162) 

Do 

When  a = const,  the  formula  (VIII. l6l ) acquires  the  [311 

form 

r 0/)=f(0)  cos  e cos  8 w + r+x  v 1 — v*' 


For  the  condition  P( +1 ) = 0 we  obtain  the  known  results 

2a 


rw) 


r+x 


Vi-?. 


tion 


Let  us  examine  a wing  which  is  described  by  the  func- 


(VIII. 163) 


where  v and  q are  constants  and  q > -1 , v > -1. 

In  this  case 

= V i to)  -I-  -TT-r  V'to).  ( V 1 1 1 . 1 6 4 ) 

1 4-  Vll1  1 + VT]S 


T*  (y) 


+ V1]1  ' 'W'  ’ 1 + VT] 

cos  [0  (a)  — 0 (y)]  04-1 


y\—a*  i+vo 


v-  da 
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with  v / 0 


with  v = 0. 
Then 


i ' . * 

0 Cy)  ==  •*  ( 1 + y)  arcsin  y — yW—y', 


(VIII. 165) 


r(jd  =*x(v— n)<pi(y) 


f‘r(q)rfg 

J l+va* 


+ g(v)- 


(VIII. 166) 


(VIII. 167) 


From  this  we  find 


r G/)  ■=£((/)  + |*  (v — |i)  ^ x 

x[,^(V-„f^J^ 


(VIII. ltB) 


Formula  (VIII. 168)  gives  a solution  to  the  equation 
for  the  aircraft  wing  in  the  explicit  form  for  any  angle 
of  attack  and  shapes  described  by  the  expression  (VIII. 
163).  This  formula  is  of  great  interest  because  (with 
various  parameters)  v and  q are  applicable  to  a great  num- 
ber of  practically  important  types  of  wings. 

For  the  submerged  hydrofoil  the  rationality  of  the 
function  p(y)  is  not  sufficient  for  obtaining  the  integral 
equation  with  the  degenerated  nucleus. 

Let  us  examine  the  foils  for  which 


p (!/)  =s£  Pk'A  ® (</)==  I Sk  <A  . . 

*~0  0 

n 

p(o)  — p(A)  _ p(q)0(ri)  — p(n)Q(g)  _ _J V Rl  (rd  a*-* 

a — ii  G (a)  0 (ri)  (a  — T])  0 (nr)  0 (r]) 

k- 1-  . 

where  n - the  larger  of  the  numbers  r and  g; 

Rjj^)  - a polynomial  of  the  order  not  higher  than 

n - 1 . 


Now 


Kt(y,o)~  ^ e(&)  Uk(y), 

(VIII. 169) 


If  we  could  now  represent  the  nucleus  (y,  a),  which 
is  defined  by  the  G^ (y  -7))  function,  in  the  form  of 

k 

S *i(y)xi{(J),  the  nucleus  K(y,  a)  would  become  degenerate. 

M * . 

From  the  expansion  of  (VIII. 33)  it  is  easy  to  obtain 
the  expansion  of  the  function  (y  - 7))  along  the  expo- 
nents of  parameter  x = V Ah*  + 1 — 2h-t 


u*(y) 


*=*l 


cos  [0  (tj)  0 (y))  , 

«(D  VT^-fr 


CO  n— 1 


. n«  I AM) 


but  since 


2a— 1— 2k 


(V-Tl)2"-1**2*  = £ (-  O'  T] 


(2/2  — 2k)l 


then 


1=0 

co  a— 1 2a— 1—2* 


(2/i—  1 —2  k — l) 


r i/  'l 


,In2a-l-2*— I 


T-2a  . 


(2n—l-//)l 


k\l\  (2/i—  1 — 2 k — [)\ 


Gj  [y  — 21)  ^ ^ ^ ^ tz 

n«U=0  1=0' 

X (-  l)n-k+'G2n,h(\)y^+»-K 


(viii. 170) 
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Let  us  limit  the  expression  (VIII.170)  to  a certain 
finite  number  of  terms  n = N.  Then,  the  highest  power  71 
in  the  expansion  becomes  2N  - 1,  and  therefore  we  have 

in— 1 

Gi ((/  — T))=  £ fTMT).  T,  X),  (VIII.  171  ) 

m=0 

v/here  vm('b,  T,  \)  is  a polynomial  whose  power  does  not  ex- 
ceed 2N  - 1 - mj  X - 

X 

Now  we  may  write  for  the  nucleus 
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2/V— I 


>1  * 


x f tf ->  sin  [0  (n) — e Cy)I  <*n  + ^ rn0« l°*  <•*) * 

I * ^ 


and  for  the  integral 


; f <— ,t=t  ■* — n,>*+“  £ 

fcV-l  f 

Hi  (tj,  fl)  = /C#  (tf, «)  — ■—  ^ <K0«  (or,  t,  X)  f i*"-1  sin  {0  (rtf  — « <£/)»  1- 

«iv»a  # 


. cos|9(t])  — 6(y))  / 

vm?  I”  - 


(fe  — i)in 


(fc  + 2)l|J  “■»* 


Let  us  introduce  the  designation 

d«  (s) =*  J j {,1'n_1  sIn  19  (n)  - 9 (01  + C0-s-tMjlz,6(y)1  ^ - 


w-2-  -1  ri-(-i)'"j 


*=<M,4  1 ' 


(VIII. 172) 


Then 


« ■ jw-i 

Kt  (!/•  *>)  V Q7(6)  “*  ^ t/m  (<t.  r,  X)  D„,  (y). 

• *“T  m^O  ■. 

Introducing  the  general  designations  for  both  summa- 

I1  o*_1 

OM  p;l<k<n 

u*_n_j(o)  n -{•  1 < k < n + 1 -4*  2/V  — 1, 

' u^y  ■■\4  l<k<n  ‘ /•“ 

(—  £>*+,((/)  ' .'n  + l<fe  <rtf2Ai,  \'- 
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we  obtain 


1*4-11 

Kx{y,o)~  S 

*-i  . 

and  the  complete  nucleus  can  be  written  as  follows: 

'*•  .*•  1N+H 

- . - • -i 

. • •*  ».  •» 

= (vm.  i?3) 


Thus,  the  approximate  evaluation  of  the  function 
Gi (y  - V)  by  means  of  the  expression  (VIII. 171)  leads  to 

the  degenerate  nucleus  of  the  basic  integral  equation. 


Let  us  examine  the  case  of  co$|0(y)-£O.  Let  us  desig- 
nate \ Ak (a) T (a) da  «■!*.  Then  by  using  the  regular  approach 

—I 

we  obtain  a system  of  algebraic  equations 


2*4-1 

T/—  2 GtkTk  « gt, 
*- i 


l,2...2N  + n 

•H  ' 

cik  = J.  Ai  (y)  Bt  (y)  dy, 
+i 

8ia  l Ai{y)g{y)dy.. 


(VIII. 174) 


(VIII. 175) 
(VIII. 176) 
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Thus,  for  determining  fL  we  obtain  a system  of  linear 
equations  with  the  determinant 

A ■=  [|  aik  — clk  II  <r/k  = I . 

(0  i ft 

If  A / 0,  the  system  will  have  a solution  and  the 
circulation  is  determined  from  this  solution  according  to 
the  formula 

2*4-»  ' 

r (</)  = B (y)  + S Bk(y)Tk.  (VIII. 177) 

• . - *-i  . 
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Let  us  examine  the  problem  of  motion  of  a submerged 
hydrofoil,  elliptical  in  shape,  in  the  plan  view. 

Let  us  limit  the  expansion  (VIII. 170)  to  a finite 
number  of  terms,  i.e.,  to  n = 4. 

Gx{y  — n)  =*  Ai  + At  y + (4*y*  + A +■ ...  + A^p 
Ai  = ^utj  + Ann*  + + AtV 

= Am  + y \ 

• A,  = Aun  + Anif  + A$tf . . ,-V. 

At  = Att  + AiV  + ^uY 

A%  =*  H*  , 

At  *=>  ^*o  + 

(4»  ■=>  (474ti 
A»  “ Au 

An  — — 1*02.0  — 21*04,1  — 31*00.2  — 41*084  .. 

Au  - t*04,o  + 4i*C«,,  + IOiVM 

-4(5  **»  — i*0o,o  — 6i*0e,i 

An  — t*Cg.o  ••  4 

/4j0  = 1*02,0  + 2r*04,i  + 3i'Og,2  -f  A\*Gta  ,\  (V III  178  ) 

A»  = - 3i*(?4,o-  12i*0w  — 30.1*084  ' • ' : ' 

i4s<  “ 5i*Og,o  + 30i8Og,i  ; ; . 

^28  = — 7i*Ogl0  ' . ' . • 

A) i = 3 1*04,0  "f*  1 21*06,1  -f-  30i*Og,2  „ . 

A3j  = — 1 Oi«Og,o  — 60i*O8,i  '• ' • ’ 1 ' ■ ' •• • ‘ 4 : , . : \ 

Am  = 21C8,o  •'  •;  . ,» 

-4(0  = — t*04,o—  41*06,1  — 10is08l2 

^4i  = lOx^O o.o  +.60i40m  ... 

(45j  ~ — St^.o  — 301*08,1 

^4  53  = 35i*08,o  *. 

(4«o  = i*06,o  + 61*08,1  : • ■ ; ' •; 

Ait  - - 21i*0a,o  . 7 ' 

(4?i  = 7i*0a,o  ■ 

*4go  *®  — i*08,o  • 


Let  us  evaluate  functions  Dm(y). 


A,  . ftf  _ A f — ■'L - arcsin^  = k&rcsln,,  |-=*k. 

- « . * '■?  . ...  - ■ .•  ‘ . 

Determining  the  integrals,  we  obtain 
Jn  = £ tj"  sin  8 (ri)  dr\  = sin  k arcsin  ijdrj, 

gn  _ Jn" cos dx\, 

0 

Substituting,  we  have 

* arcsin  n = <P. 
sin  <p  =ti, 
dr]  — cos  9, 
rj"  a sin"q>, 
sin  k arcsin  t]  = 'sin  fop. 

The  integrals  Jn,  gn,  Tn  and  Rn  may  be  written  as 
follows  I 

I 

Jn  B Jsi’n^cpsin  A’(pcosAcprfcp, 

o 

9 

gn  =>  ^ sin"  «p  cos  ky  cos  ydfp, 

, I * 

9 

Tn  = J sin  ky  sin"  cfdq), 

o 

V 

/?„  = f cos  £9  sin"  <|  df. 

o 

Expressing  sinn<p  through  sines  and  cosines  of  multiple 
arcs  in  each  individual  case  and  substituting 

• 1 I * • 

cos  a cos  p=  --  cos  (a  + P)  + ,j  cos  (a  — P)« 
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sinacosp  = y sin(a  + P)  + ysin(a--P), 

sinasinP  = ~ cos  (a  — P)  — y cos  (a  + p), 

we  will  receive  values  for  these  integrals, 
If  we  designate 

n 

S .*»-*-*  (*— I)JL  ' , 

,(*T~2)II 


f • •• 4 • «• ..  . 


ttl  B 1 1 Si  — 1 0* 

m = 2,  A = 0,  s,  > 


m = 3,  A = 0,  s,  = y <, 

| . . .j  j • . 

m = 4,  A=0,2,  s4=y  /*  + y. , 

* «,  ■ * * * • • 

m = 5,  A s=«  0,2,  J* *=  . /*  + — t, 

t 

m = 6.  A = 0.  2.  4,  s,  = y /« + y +•  , . 

m = 7.  A*=0,  2,  4,  s,  = y/*  + y /*+ 


then  we  obtain  the  final  expressions 

D0  = 0,  <p  = arc  sin  ^ 

D (,,)  - (S™ *<P  _ Vl-v'  ) 1 • 
"l(W“\A+l  "A  + l )n 


■Jt]  1 

1 ) * 


n - , ( ^inA9_  f/K'l-i/Ml 

D,  0/)  = 2 (A  + 2)  “ ~ 2TA“j  « V ' ■ . 

Di{v)  = [t(ATi)^7+3T  + l/1^=I/ax  . 1 

x (“  T irqny^A  q^)-  “ T+~3~)  ] ~n 

Di  0j)  « J—  8 (A  + 2T(A+1)' s,n Afp  + 

+ -(£+2 ) 
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D I V^-y' 

H k+l  ’ 


^ 1 (2  (ft  + l)  (A  + 37  k 4 3 ) 

J,  - 1 v 1 —y*  (xr£  *\+  + 

fe  + 9 \ 

' + 8(*4  l)(*  + 3)(&  + 5)  ) 

Bt  = (x+T  + 2 (A  + 5H*  + 7)  + 


3(*+  15) 

8 (fc  4 3)  (ft  4 5)  (ft  4 7) 


+ ■ .* 


I (VIII. 180) 


ft»-f-16ft4  75  \ , .. 

+ TtW+W  + 3) (ft  +.  5)  ( ft  4 7)  j 


The  functions  B3,  B5  and  By  are  of  the  form  f(y)  + 

+ y V 1 — v*^(y)-  Let  us  proceed  to  evaluating  the  coefficients 
of  the  system  (VIII. 174).  Taking  the  integrals  in  the  fol- 

-H  

lowing  form:  P„=  \ynV  \—yidy,  we  will  obtain  the  expressions 
for  cik  and  gj..  Because  c12.  <^4,  c^,  c^.  gi*  032:  C34, 

c36»  c38»  g3>  c52*  c54»  c56»  c58*  g5*  c72*  c74»  076,  C78 
and  gy  are  equal  to  zero,  the  (\ , ("3,  ^ and  Cy  are  also 

equal  to  zero.  Thus,  we  arrive  at  a system  of  the  fourth 
order,  the  coefficients  of  which  are  determined  in  the  fol- 
lowing manner  1 

cn  ~ 1 4 a^zo,~\~  bAn  4 cAti  4 dA2f 
c4t  — flAio  4 6/1, ij  4-  cA\i 

c«a  — oAr,o  4 -6/lcj 

Cjj  = fl/ljQ 

c2*  3(a'/1ai)+6'/l2a  4 c‘i4j*  4 d Alt) 

C44  = 3(a'/lto  + b’Au  4 c'^44  4 1) 

C(4  = 3 (a'/luo  4 6'/lcj) 

Cgi  — 3 (fl  /1(io) 


Cu  = 5 (o' Afp  + b'Afi  '4-  c* Atl  + d'Au) 
c«t  = 5 (9"Ai0  -f-  b'Atp  4-  c" ^44) 

, c44  *=  5 (aM»0  4-  b'n  4-  1) 

..c$»  =,5(arAl0) 

• Cj*  =»  7 (cf  Atg  4“  b"  An  4-  c” An  4*  d“ 
c«*  = 7 (cT  Aip  + b’An  + c'Ait) 

Cu  — 7 (a  A% 0 4*  b i4u) 

Cn  = 7 (a"y4*0  4-1) 

gt  = a«M10  4-  4-  c"04M  4-  d'M„ 

:g«-a>M4#  4-6^4-^,  •! 

; £«  ==  <J,v^4o.4-  b}VAn .!■>*' •*/•' 


1 


2 (A  4- 1)  * 
1 

l6(Af  4-  1) 

1 


6 = 

, d = - 


1 


8 (A:  4-  1) 
5 

128  (A  4-  1) 


..  ' j i'- 


8 (A  4-  1) 


A' 


A 4- 2 


16(A+l)(ft 4-  3) 

9 4-  5A 

T28  (A  4-  lfift  4*  3) 

7/c  4-  1 2^ 

“ 25G(A  + T)(A4-3)’ 

■>_.  '•  1 • A*  4-  8A  15  • 


16  (A  + \)(/i+3)(ir+Sf 
5A*  4-  34  A 4-  45 


128  (A  4-  1)  (A  4-  3)  (A  + 5) 
7 A*  4-  45A  4-  64 


. . . 25G  (A  4-  1 j (A  4-  3)  (A  4-  6) 

’tf’m. l’w  2IA»4-  131A4-  150 

1024  (A  -j-  1 j(A’4-  3)  (A  4-  5) 

a-J 5(AaJ-  15ft*  4-  71 A |-  105) 

128  (A4- 1)  (A  4- 3)  (A+5)  (A47T 


(VIII. 181  ) 
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w/r 

0 

0,06 

0.1 

0.4 

0.8 

1 

• 

; 

. 

• 

1>1, 

•0,025  At 

0,4719 

0,4600  f 

0,4532 

0,4034 

0,3548 

0,3370 

A , 

0,1305 

0,1387 

0,1438 

:>  0,1777 

, i 0,2140 

0,2296 

A, 

-0,1396 

—0,1384 

— 0.1376 

■“-0, 1 306  . 

, —0,1218 

-0,1180 

a\ 

0,1253 

0,1176 

0,1127 

. 0,0804 

- 0,0484- 

• 0,0359 

l 

1,7191 

1,7995 

1,8545 

• 2,2624  . 

..  2,7339 

2,9236 

0,05  At 

0,4863 

0,4766 

0,4702 

0,4275 

0,3866 

0,3721 

At 

0,1186 

0,1244 

0,1281 

0,1525 

0,1791 

0,1904 

A , 

-0,1076 

—0,1068 

— 0,1062 

—0,1011 

..  —0,0942 

—0,0909 

A , 

0,0862 

0,0811 

-*0,0779 

0,0564 

0,0346 

0,0258 

l 

1,6213 

1,6885 

1,7342 . 

2,0662 

i 2,4300 

2,5683 

0,075  At 

0,4996 

0,4912 

0,4857  • 

‘ 0,4493  ■ 

t - 0,4154  . 

■ 0,4039 

At 

0,1045 

0,1086 

0.1 1 1 1 

b,  1 283 

0,1470  . 

0,1550 

A, 

—0,0824 

—0,0818 

'•  —0,0813 

■ —0,0773 

-0,0718 

—0,0690 

At 

0,0592  ' 

0,0558  • 

. 0,0537  V 

• 0,0393 

i ■ 0,02452 

' 0,0181 

\ 

1,5400 

1,5964 

..  1,6347 

' 1,9063 

2,1872 

2,2870 

0,1  At 

0,5116 

0.5044 

0,4997  ♦ 

: 0,4687 

f.  0,4409  ’ 

0,4320 

At 

0,0901 

■ 0,0929 

. 0,0946 

1,0639  •. 

v 0,1192 

0,1245 

A, 

—0,0628  ’ 

-0,0622 

. —0,0619 

—0,0587 

- —0,0541  • 

—0,0518 

At 

0,0100 

0,0384 

0.0370 

0,0274 

, 1 0,0173  , 

0,0131 

l 

1,4720 

1,5196  . 

1,6518  /• 

. = , 1,7750 

1,9924 

, 2,0037 

0,125  Ai 

0,5223 

0,5161  1 

, 0,6120 

, 0,4856 

0,4631  * 

. 0,4565 

At . 

0,0765 

0,0783 

0,07951  . 

0,0874 

0,0958  >'• 

0,0992 

A , 

—0,0477 

— 0,8172 

• — 0,0169  ; 

' —0,0442 

. —0,0405 

—0,0385 

At 

0,0279 

0,0264 

0,0255  \ 

0,0190 

- 0,0121 

0,0092 

l 

1,4144 

— 1,4550 

1,4822 

• 1,6670  ’ 

. 1,8355! 

1,8856 

0,15'  At 

0,5317 

0,5263 

0,5228 

0,5003 

0,4822  ‘ 

0,4773 

At 

0,0643 

0,0655 

0,0663 

• 0,0714 

0,0767  ' 

0,0787 

At 

—0,0361 

—0,0357 

—0,0355 

—0,0333 

—0,0302 

—0,0286 

A, 

0,0192 

0,0182 

0,0176 

0,0132 

0,0085 

■ 0,0065 

l 

1,3657 

1,4003 

. 1,4235 

. 1,5773  • 

■ • * 1,7084 

1,7431 

0,175  A, 

0,5399 

0,5353 

0,5322 

f 0,5130 

0,1984 

0,4951 

At 

0,0537 

0,0545 

. 0,0542 

• . 0,0581 

• ' 0,0613  ' 

0,0623 

A, 

—0,0274 

-0,0271 

—0,0268 

, —0,0250 

' —0,0225 

-0,0211 

At 

0,0133 

• 0,0126 

. - 0,0122 

• • 0,0092  ■: 

0,0060 

0,0046 

5 

1,3241 

1,3539 

1,3737 

V 1,5027 

. . 1,6050 

• 1,6282 

0,2  At 

0,5171 

0,5431 

0,5104 

0,5239 

, 0,5122 

0,5100 

A, 

0,0447 

0,0452 

0,0155 

0,0173 

0,0190 

0,0194 

At 

—0.0208 

—0,0205 

—0,0203 

—0,0188 

—0,0167 

-0,0156 

At 

0,0092 

0,0088 

0,0085 

0.0064 

' 0,0012 

0,0032 

s 

1,2885 

1,3113 

4,3313 

1.4401- 

1,5203 

1,5352 

0,225  At 

0,5534 

0,5498 

0,5475 

0,5330 

0,5239 

0,5226 

Ai 

. 0,0372 

0.0374 

• . 0,0376 

0,0386 

0,0393 

0,0393 

[Typist's  note:  p.  304  mates  to  p.  305;  rest  of  pages 

of  Table  8 are  similarly  paired. 3 
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1.4 

1.8 

3 

4 

6 

8 

12 

a- 3, 469579 

0,3119 

0,2983 

0,3093 

0,3658 

0,4535 

0,7372 

0,8174 

0,2573 

0,2811 

0,3279 

■ 0,3049 

0,2620 

—0,1259 

—0,3588  ' • 

.—0.1 1 14 

—0.0106 

—0,0838 

—0,0538 

0,0088 

0,2283 

0,330.3 

. ; 0,0152 

—0,0013 

—0,0410 

—0,11045 

-0.1032 

-0,1758 

—0,1972 

3.1963 

3,3234- 

. 2,3908 

2,3816 

1,5998 

0,4700 

0,2466 

0,3526 

0,3438 

0,3657 

0,4252 

0,5080 

0,4276 

0,7983 

0,2098 

0,2253 

0,2449 

0,2135 

0,1568 

—0,1193 

-0,2961 

, -0,0846 

—0,0781 

—0,0525 

—0,0226 

0,0282 

0,1647 

0,2164 

0,0111 

-0,0010 

—0,0305 

—0,0729 

—0,0737 

—0,01161 

— 0,1269 

, ?,7526 

2,8184 

—2,4793 

1,9487 

1,3643 

0,5140 

0,3507 

0,3896 

0,3852 

0,4152 

0,4743 

0,5482 

0,7160 

0,7629 

0,1680 

0,1774 

• 0,1803 

0,1462 

0,0910 

—0,1053 

— 0,1808 

—0,0633 

—0,0570  ' 

—0,0325 

—0,0058 

0,0320 

0,1180 

0,1459 

0,0080  . 

—0,0007 

—0,0223 

—0,0482 

—0,0519 

—0,0769 

—0,0826 

- . 2,4068 

2.4296 

2,0951 

' 1,6438 

• 1,1976 

0,5678 

0,4445 

0,4224 

0,4215 

. 0,4569 

. 0,5131 

’ 0,5767 

0,7012 

0,7361 

0,01328 

0,1378 

0,1310 

• 0,0978 

0,0199 

—0,0900 

—0,1443 

<-0,0468 

0.0413 

-0,0198 

0,00234 

0,0296 

0,0846 

0,1005 

. 0,0057 

—0,0005 

—0,0161 

—0,0319 

— 0,0362 

—0,0511 

-0,0.642 

2,1370 

. 2,1309 

1,8098 

1,4301  . 

1,0836  ’ 

0,5998 

0,5177 

0,4505 

0,4526 

0,4910 

■ 0,5426 

0,5963 

0.G932 

0,7153 

0,1040 

0,1062 

0,0941 

0,0641 

0,0246 

— 0,0757 

—0,1116 

—0,0343 

—0,0296 

— 0.01 18 

0,00576 

0,0251  ’ 

0.0609 

0,0705 

0,0041 

0,0004  ’ 

- — 0,01 15 

—0,0213 

-0,0251 

-0^41 

-0,0359 

1,9281 

' 1,9011 

1,6994 

1,2805 

1,0076 

0,6387 

0,5786 

0,4745  - 

0,4787 

0,5180 

0,5645 

0,6092  ' 

0,6832 

0,6988 

0,0811 

’ 0,0813 

0,0671 

0,0409 

0,0092 

—0,0632 

—0,0875 

, -0,0251 

—0,0212 

—0,0068 

0,0007 

0,0204 

0,0442 

0,0501 

0,0029 

—0,0003 

—0,0081 

—0,0144 

—0,0173 

—0,0229 

—0,0240 

1 ' 1,7605 

• . 1,7239 

1,4444- 

1,1761 

0,9585 

0,6743 

0,6296 

0,4945 

■ 0,5002 

0,5391 

0,5803 

. 0,6373 

0,6713 

0,6855 

0,0631 

0,0621  ' 

0,0475 

0,0253 

' 0,0002 

—0,0525 

—0,0693 

—0,0183  ‘ 

-0,0151  • 

—0,0038 

0,0065 

0,0162 

0.0.328 

0,0.301 

• 0,0020 

-0,0002  • 

—0,0057 

—0,0091  . 

—0,0119 

—0/1155 

-0,0102 

' 1,6299 

1,5867  , 

1,3302  • 

, 1,1035 

0,9279 

0,7064 

0,0728 

0,5112 

0,5178 

0,5553 

0,5915 

0,6222 

0,0065 

0,6747 

0,0193 

0,0475 

0,0.335 

0,0119 

—0,0017 

0,0-136 

—0.0,554 

—0,0133' 

—0,0103 

—0,0019 

0,00584 

0,0128 

0,02.38 

0,0. ’'VI 

0,0014 

—0,0001 

—0.0040 

— 0.0000 

—O.Oi.l, •■•■2 

— O.MOtj 

—0.9:  IJ 

1,5261 

. 1,4797 

1,2458 

1,05.32 

0,9098 

0,77)51 

o.rr'H 

0,5250 

0,5322 

0,5677 

0,599.3 

0,01-19 

0.05YM 

O.'i'.V, 

0,0384  ■ 

0,0304 

0,0230 

0,00820 

—0,0073 

— 0,0962 

— U.0-116 
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\ w/t 
k 

0 

0.06  ’ ' 

0.1 

; 0.4 

0.8 

1 

A, 

—0,0158 

-0,0166 

—0,0154 

—o,oi4i 

; . t-0,0125  ■ 

-0,0116 

A* 

0,0064 

0,0061  ■ 

0,0059 

. 0,0046 

0,0030 

■ : • 0,0022 

\ 

1.2578 

1,2802 

1,2950  ' 

t 1,3875 

1,4505 

v 1,4593 

0.25  A„ 

0,5589 

. 0,5557 

0,5536 

0,5413  ; 

0,6339 

•r  0,5332  , . 

Ax 

0,0309 

0,0310  • 

0,031 1 

0,0316  * 

0,0316  •• 

0,0314  , 

At 

-0.0121 

-0,0119  ' 

-0,0117 

—0,0107 

—0,0093  7 

•'  —0,0086 

0.0015 

0,0043 

0,0042  -■ 

, 0,0032  , 

> 0,0021 

0,0016  ‘ 

l 

. 1,2313 

. 1,2509 

1,2638 

1,3429 

1,3926  ' , 

1,3970 

0.3  A, 

0.5678 

0,6653 

0,563£L\ 

I'  0,5543 

, . 0,5495 

••  0,5497 

A, 

. 0,0215  • 

0,0215  • 

0,0215 

• 0,0213  .• 

• 0,0208 

• 0,0203 

A 2 

—0,0075 

— 0,070  r 

-0,0692 

—0,0062 

—0,0053 

—0,0048 

A, 

■ 0,0023  ■ 

0,0022 

0,0021 

' - 0,0016 

0,0011 

0,0008 

5 

1,1882 

\ 1,2035  . 

, 1.2134 

1,2724  . 

1,3037  . 

1 ' 

1,3027 

0,35  Aa 

0,5745 

0,5725  . . 

0,5712 

* - • - 0,5699  . 

’ • 0,5609  - 

0,5616 

Ax. 

0,0151 

' 0,0151  • ■ 

• 0,0150 

•J  0,0146 

0,0139 

••  • 0,1344 

A, 

—0,0043  • ■ 

—0,0042 

’ —0,0042 

—0,0037 

' —0,0031  • 

—0,0028 

A , 

0,0012 

0,0011 

0,0011 

• ' 0,0008 

0,0005 

>•  0,0004 

£ 

1,1552 

. . 1,1674 

1,1752 

; 1.2203 

1,2402 

. 1,2364 

0,4  Aq 

0,5798  • 

_ 0.5781 

...  0,5770  -1 

1 *.•  0,5712  1 

•'  '0,5693 

• . 0,5702 

■A, 

0,0108 

0,0107 

0,0107 

0,0103  * 

" ■ 0,0096 

0,0094  ;■ 

A , 

-0,0027 

—0,0026 

—0,0025  ■ 

—0,0022  , 

—0,0018 

—0,0016 

0,0006 

■«  0,0006 

0,0006 

■ 0,0004  v, 

•'-I  ■-  0,0003 

■ • 0,0002  ' 

5 

1.1297 

. ...  1,1394 

1,1458 

- 1,1811.  •; 

U937  . / 

1,1887/ 

0.45  V 

0,5838  • 

0,5825 

0,5816  ' 

. 0,5769 

0,5757 

0,5767' 

0,0078 

0,0078 

0,0077  • 

' 0,0073 

0,0067 

■ 0,0063 

A2 

-0,0017 

—0,0016 

. —0,0016 

—0,0014- 

0.0011 

—0,0010 

a. 

0,0003  ' 

0,0003 

0,0003 

0,0002 

0,0002 

0,0001 

. 5 

1,1095 

1,1176 

1,1228 

1,1509 

. 1,1590 

:•  1^1535 

0,5  A o 

0,5870 

0,5859  • 

0,5852 

0,5813 

' ' 0,5806  ■ 

■ 0,5816 

<4. 

. 0,0058 

0,0057 

0,0057 

—0,0053 

0,0048  ■ 

0,0015 

/I, 

—0,0011 

—0,0010 

—0,0010 

. —0,0009 

.■  —0,0007 

' 0,0006 

•/I, 

0,0002 

—0,0002  0,0002 

• 0,0001  •; 

0,00009 

0,00007 

S 

1,0935  * .1,1002 

1,1045  • 

’ j.1274  • •; 

V,;  1,1325 

,J  -1,1270 

0,6  /10 

0,5917 

0,5909 

• .0,5903  / 

:0  ' ■ 0,5876  v 

■',',0,5874' 

;■  . 0,5883 

A 

0,0033  - . 0,0032 

' * . 0,00.32 

' 0,0030  " 

0,0026 

’>  0,0024 

Ai 

—0,0005 

—0,0005 

—0,0005  ■ 

1 —0,0004 

—0,0003  ' 

—0,0003 

■A, 

• 0,00007 

• 0,00006  ■ 

0,00006 

0,00005 

0,00003 

• 0,00002 

b 

1,0700 

1,0718 

. ..  0,0779 

1,0933 

1,0956 

■ 1,0905 

0,7  A„ 

0,5918 

0,5942 

0,5933 

0,5918 

0,5918' 

0,5925 

Ax 

0,0020 

0,0019 

0,0019.  . 

0,0018 

0,0015  * 

0,0014 

Ai 

—0,0002 

—0,0002 

—0,0002 

—0,0002  . 

—0,0001 

—0,0001 

0,00002 

0.QC002 

0,00002 

0,00002 

0,00001 

0,9-  I0-* 

s 

1.0510 

1,0577 

1,0600 

1,0716 

• 1,0719 

■ 1,0576 

i 
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>.4 

1.8 

3 

I 

4 

5 

8 

12 

0.0097 

-0,0077 

-0,0008 

■ 0,0050 . 

0,00998 

0,0176 

0,0193 

. 0.0010  . 

— 10'* -0.9 

—0,0028 

-0,0046 

—0,0057 

—0,0072 

0,0075 

1,443a  , 

.;  1,3967 

1,1832  * 

1,01848  i 

: 0,9001' 

0,7606 

,.  0,7408 

0,5364  ■ 

. 0,5439 

0,5771 

0,6047 

0,6261  V 

0,6537 

0,6563 

. 0,0303 

0,0280 

0,0165 

0,00387 

—0,0083 

. —0,0300 

1 — 0,0361 

-0,0071 

—0,0055 

0,0002’ 

0,00+17 

0,0078 

0,0132 

0,0144 

, 0.OOO7 

—0,7  IO-« 

—0,0020 

—0,00318 

—0,0040 

-0,0050 

—0,0052 

: 1,3764 

1,3294 

.1,1366 

0,9948 

0,8960  ... 

’ 0,7833 

, 0,7678 

0,5538 

0,5611  ■ 

0,5895 

0,6107 

0,6260 

0,6440 

■'  0,6468 

0,0189 

, 0,0169 

0,0081 

-0,00051 

—0,0082 

—0,0209 

•t— 0,0242 

-0,0038 

—0,0020 

’ 0,0003 

0,00281 

0,0048 

0,0076 

0,0082 

. 0,0004 

-0,3  • 10-« 

—0,0010 

—0,0016 

—0,0020 

— 0,0025 

—0,0025 

1,2778 

1.2341 

1,0754 

0,9683 

* 0,8976 

. ■ 0,8213 

0,8114 

! 0,5659 

0,5727 

0,5967 

0,6132  ’ 

0,#213"' 

0,6367 

0,638 

0,0121 

',  . 0,0105 

0,0039 

—0,0020 

—0,0070  . 

—0.0147 

i—0,0166  . . 

-0,0021 

—0,0015 

0,0004  ■ 

0,00185 

0,0029  ,. 

, C.0045 

0,0047 

. 0,0002  . 

-0.2-  IO-« 

—0,0005 

—0,0008 

—0,0010 

—0,0012 

—0,0013 

1,2150 

1,1717 

' 1,0405 

0,9576.;.' 

0,9051 

0,8512 

, 0,8146 

0,5745 

' 0,5806 

0,6008 

/ 0,6139 

0,6223-  1 

0,6311  ; 

0.6323 

• 0,0080 

. 0,0067 

0,0018 

—0,00229 

—0,0056  ■ 

—0,0105  .... 

t — 0,0 1 1 6 .. 

,-0,0012 

—0,0008 

0,0004 

0,00122 

0,0018  . 

0,0027 

0,0029 

. 0,0001 

—0,9-  10-‘ 

. -0,0003  . 

—0,00042 . 

—0,0005  . 

. 0,0006  , 

—0,0007 

. . r,1644' 

1,1297. 

. 1,0203  ,- 

" 0,9546 

."  0.9145  - 

.0,8749 

0,8703  • 

' 0,5806 

0,5861 

0,6032 

• 0,6137 

0,6202 

0,6268  : 

0,6276 

.0,0054 

0,0014 

0,0007 

—0,00214 

—0,0044 

—0,0076 

—0,0083 

-0,0007 

—0,0005 

0,0003 

0,00081 

' 0,0012 

0,0017 

, 0,0018 

10-«  • 0,6 

—0.5  10-» 

—0,0002  ■ 

—0,00023 

—0,0003  • 

—0,0003 

—0,0004 

1,1310 

1,1004 

1,0085 

' 0,9554  . 

0,9238 

■ 0,8939 

- 0,6935 

. 0,5852 

0,5901 

' 0,6047 

■ 0,61322 

0,6184 

0,6234  • 

*0,6240 

0,00.38 

. 0,00.30 

. 0.0002 

— 0,001 85 

—0,0034 

0,0056 

— O.OOGI 

—0,0004 

—0,0003 

. 0,0002 

0,00054 

0,0003 

0,001 1 

r.or.M 

10-«  ■ 0,3 

-0,3-  IO-« 

-0,8-10-* 

—0,00013 

—0,0002 

• — 0,0002 

- 0,0002 

1,1054 

- 1,0796  ;■ 

1,0015 

0,9578 

0,9325  ■ 

0,9091 

0,9005 

V -0,5913 

- 0,5951 

• 0,6059 

0,61191' 

0,6154  • 

' 0.0185 

0,5133 

- • 0,0019 

0,0015 

—0,0001 

—0,00127 

—0,0021  • 

— 0.0032  . 

—0,0002 

-0,1  • I0-* 

0,0001' 

0,00025  ■ 

0.0004 

0,0005 

ii,f:003 

10-<  - 0,1 

—0,1"  io-»' 

—0,3-  10-* 

—0,4  • 10'* 

—0.5  ■ I0-* 

• -0.7  I0-* 

—0,7  ICM 

1,0737 

■ 1,0529 

0,9951 

0,9612  ■ 

-0,9-169 

0,9316 

0,9300 

0,5950 

0,5980 

0,6063 

0,6107  * 

0,6131 

0 6153 

0,6155 

0,0011 

•0,0003 

—0,0002 

. —0,00085 

—0,0013 

—'1,0019 

—6, '.020 

— 10—*  - 0,8 

—0,4  • 10- 

* 0,6  • 10-* 

i 0,00013 

0,0002 

0,0002 

O.K02 

— 10'5  ■ 0,4 

— 0,4-  !0-» 

-0,1  • 10 

-0,2-10-* 

— 0.2  10-* 

— 0,2-  1Q-* 

—0,3  I0-* 

1,0530 

1,0374 

0,9931 

0,9703  • 

0,9470 

0,9160 

I • 30? 

I ' ■ 
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N.  w/t 
h \ 

0 

0,06 

0.1 

0.4 

0.8 

1 

0,8  A0 

0,5970 

. 0,5965 

0,5961 

0,5946 

0,5947 

0,595) 

A\ 

0,0012 

0,0012 

0,0012 

0,0011 

0,0009 

0,0009 

At 

—0,0001 

— OOOOI  ■ 

— 0,000  V 

—0,00009 

—0,00007 

—0,6  • 10' 

A, 

0,00001 

I0-*  • 0,98 

10-‘0,95 

10-‘  ■ 0,75 

10-‘  • 0,5 

0,4  • 19*' 

l 

' 1,0428 

1,0457 

1,0475  • 

1,0563 

1,0559  . 

• 1,0522 

0,9  A a 

0,5935  ' 

0,5981 

0,5979 

0,5966 

0,5968 

0,5974 

A ° 

0,0008 

0,0008 

0,0008 

„ 0,0007 

■'  , • 0,0006 

0,0005 

A, 

—0,00006 

—0,00006  ■ 

—0,00006 

—0,00005 

—0,00004 

-0,3- 10-' 

A, 

0,10-*  - 0,46 

10 -‘0,44 

I0_‘  • 0,42 

10  * 0,3 

10— 8 ■ 0,2 

0,2’  10-' 

l 

1,0347 

1,0370  1.0384  , 

1,0453  - 

• • 1,0447 

-1,0415 

1 A o 

0,5997 

0,5993 

0,5991 

0,5981  \ 

0,5983 

0,5988 

~Ai~ 

" 0,0006 

0,0005  , 

0,0005 

0,0005  - 

0,0004 

0,0004 

At 

—0,00004 

—0,00003 

—0,00003 

-0,00003 

—0,00002 

—0,00002 

/), 

10-*  0.22 

10-‘0,21 

10-‘  • 0,20 

10-‘  0,2 

10-‘0,1 

0,8  - 10-« 

£ 

1,0286 

. 1,0305 

1,0317  • 

1,0372 

1,0365 

1,0338 

1.1 

0,6005 

0,6003 

0,6001 

0,5993 

0,5994  ‘ 

0,5999 

-4, 

0,0004 

0,0004 

0,0004 

0,0003 

0,0003 

0,0003 

a2 

—0,00002 

—0,00002 

— 10-«  0.2 

— 10-‘0,2 

— 10~«  0,1 

—0,1  • io-« 

Aj 

io-‘-o,it 

io-s  - 0,10 

10-*  0,1 

io-‘-o,8 

10-«  • 0,5 

0,4  • 10-' 

l 

, . 1,0240 

1,0255  - 

1,0265  . 

1,0311 

• 1,0303 

1,0280 

1,2  A0 

0,6012 

0,6010 

0,6008 

0,6002 

0,6003 

' * 0,6007 

A, 

0,0003  ' 

■ 0,0003 

0,0003 

0,0002 

0,0002 

* 0,0002 

A , 

—0,00001 

— 10-*  0.1 

— io-*  o.r  ■ 

— 10-«  0,1 

I0-*  0,8 

-0,6-10-' 

< A* 

10~e  • 0,52 

10-*  • 0,55  . 

10-6  • 0,54 

10-'  0,42  ' 

10-*  0,28 

f 0,21  ■ IO-‘ 

\ 

1,0204 

1,0217 

. 1,0225  , 
• N ’• 

• 1,0203, 

• 1,0256 

: .1,0236 

0,025  A0 

0,3694 

0,3623 

0,3577 

0,3257 

0,2933* 

X=8, 

0,2811 

/I. 

0.0S96 

0,0954 

0,0991 

0,1237 

0,1504 

0,1618 

A2 

—0,0998 

—0,0993 

—0,0988 

—0,0919 

—0,0,891 

—0,0863 

/l) 

0,0866 

0,0817  ' 

0,0784 

0,0571’ 

0,0350 

0,0261 

l 

1,7216 

1,6023.  , 

1,8575  . ' 

2,2675 

2,7428 

. 2,9346 

0,05  A0 

"0,3785 

0,3725  • ' 

' 0,3685":  '• 

0,3417  ,v  . 

• 0,3151 

. 0,3053 

A, 

*0,0798 

0,0838 

' 0,0865  ' 1 

.>•  0,104!  , » 

0,1232 

0,1313 

A , 

—0,07.58  . , 

—0,0754  , 

' —0,0752 

■.—0,0722 

, —0,0677 

—0,0653  ' 

A 3 

0,0593  ■ .• 

0,0500 

- ' 0,0539 

' 0,0397  ' 

. 0,0247 

0,0186 

\ 

' 1,6231  , ' 

1,6905 

1,7364  ‘ 

2,0697 

2,4356 

2,5751 

0,075  A0 

0,3867 

0,3817 

0,3783 

0,3557 

0,3342 

0,3267 

A , 

0,0691 

0,0720 

0,0738 

0,0806 

0,0994 

0,10)9- 

4o 

—0,0573 

—0,0570 

—0.0568 

—0,0544 

—0,0508 

—0,0187 

413 

0,0405 

0,0.383 

0,0369 

0,0275  ' 

0.0173 

0,0131 

£ 

1,5413 

1,5979 

. 1,6302 

1,9086 

2,1907 

2,2912 

0,1  A* 

0,3911 

0.3898 

0,3860 

0,3680 

0,3507 

0,3150 

A, 

0,0569 

0,0608  ' 

0,0020 

0,0704 

0,0794 

0,0830 
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1,4  ' 

1.8 

3 

4 

5 

8 

12 

0.5974 

0,5999 

0,6063 

0,6097 

0,6115 

0.6131 

0.6132 

0.0006 

0,0005 

—0,0002 

—0,0006 

—0,0008 

-0,0012  • 

—0,0013 

— 10-«  0.4 

-0,2  • 10-4 

0,3  10-‘ 

0,7  - 1 0-* 

0,8  10-4 

0,0007 

0.0001 

— 10- *-0.2 

—0,2-10-* 

-0.4-10-* 

-0,7-10-4 

—0,8  10-» 

-0,1-10-4 

— 0,1-10-* 

1,0410 

1,0277 

0,9929 

'-0,9753 

0,9658 

-0,9579 

0,9572 

0,5990 

0,6010 

-0,6063  . 

0,6089 

0,6103 

0,6115 

.0,6116 

‘ 0,0004  ■ 

0,0003 

—0,0001 

—0,0004 

—0,0006  . 

—0,0008 

—0.0008 

— IO-<  • 0.2 

—0,9  ■ 10-» 

0,2  • 10-4 

0,37  10-« 

0,4  • JO-* 

10-4  0.6 

■ 0.6- 10-4 

I0-*- 0,8  • 

-0,7-10-*  - 

-0,2  • 10"*  — 0.3-  10^4 

* 0,4  ■ 10-* 

—0.4  10 

-0,5-10-* 

v 1,0322 

1,0214 

0,9933 

0,9794 

0,9720 

0,9659 

0,9653 

0.6002 

0,6019 

0,6061 

0,6083 

—0,6094 

0,6103 

0,6104 

0,0003 

0,0002 

—0,0001 

—0,0003 

—0,0004 

—0,0005 

—0,0006 

— 10-4  0.1 

-0,4  • 10-» 

0,1  • 10-4  . 

0,2-  10-4 

O 

Co 

O 

1 

0,3-  l0-» 

© 

O 

1 

10-8  0,4 

—0,3  • 10-T  - 

-0,9  • 10-4  . 

-0,15-  I0-» 

—0,2-  10-* 

-0,2  ■ 10-* 

— 0.2 -10-* 

1,0259 

1,0169 

0,9939 

0,9826 

0,9766 

0,9718 

0,9714 

0,601 1 

0,6025 

0,6060 

0,6078 

0,6087 

0,6095  . 

0,6095 

0,0002 

0,0001  - 

-0,7  • 10-« 

—0,0002 

—0,0003 

—0,0010 

—0,0004 

— I0_s  * 0.6 

—0,2  • 10-‘ 

0,7  • 10-* 

0,13-  10-4 

0,2-  10-* 

0,2-l0-« 

0,2-10-* 

10-"  • 0,2 

-0,2-10-'  - 

-0,5-  10-*  •- 

-0.7  • 10-4 

— 0,9  JO-* 

—0,1  • 10» 

—0,1  ■ 10"* 

« 1,0213 

1,0138 

0,9945 

0,9851 

0,9803 

0,9763 

0,9760 

0,6017 

0,6029 

0,6059 

0,60738 

0,6082  J 

0,6088 

0,6088 

0,0001 

10-4 . 9 0 _ 

-0.6  • 10-* 

—0,00014 

—0,0002 

—0,0003 

—0,0003 

— 10"*0,4 

— 0,1-1 0~» 

0,5- 10-» ' ■ 

0,8-10-* 

0,1-10-4 

0.1-10-* 

< 0,1-10^* 

io-»- 1,0 

-0,9  10-4  - 

-0,3- 10-* 

-0,4  • 10-* 

0,5  • lOr* , 

—0,6-10-* 

—0,6  ■ 10-* 

1,0179 

; i,oii4  - 

• 0,5951 

0,9872 

0,9832 

0,9799  • 

0,9796 

<1=2,313053 

» 

* • 

0,2637 

0,2542 

0,2627 

0,3016 

0,3585  • 

0,5183 

0.5733 

0,1813 

0,1971 

0,2215 

0,2005 

0,1590  . 

—0,0734 

-0,1950 

-0,0808 

—0,0753 

—0,0543 

—0,0284 

0.0151  ■ 

0,14)3 

0,1919 

0,0112 

—0,0010 

—0,0298  ■ 

—0,0721 

—0,0708  . 

—0,1105 

—0,1207 

i 3,2119 

, 3,3431 

3,0157 

2,3788 

1,6099 

0,4704 

0,2513 

;•*  0,2922  : 

0,2863 

0,3014  : ' 

0,3-1054-  • 

0,3917  - 

0,51.38 

0,5-199 

•/.  ‘ 0,1447 

0,1547 

0,1626  • 

0,13764 

• 0,0917 

—0,0093 

—0.1439  • 

, —0,0603 

0,0519  . 

'—0,0,337  • 

—0,0102  • 

' 0,0231 

0,1022  '• 

0,1290 

0,0080 

. —0,0007 

—0,0218  ■ 

—0,0476 

—0,0409 

—0,0733 

—0,0787  ,■ 

2,7618 

2,8295 

2,4915  ' 

1,91742 

' 1,3680 

0,5145 

0,3586  ■ 

-0,3173 

0,3144 

0,3341 

• 0,3714  ■ 

0,4156 

0,5080 

0.5324 

0,1137 

0,1196 

0,1178 

0,0926 

0.0516 

—0,0627 

—0.1090 

-0,0444 

—0,0395 

—0,0206 

—0,0010 

0,0232 

0,0735 

n.o,s6 

-0,0057 

—0,0005 

—0,0157 

—0,0.314 

—0,0.318 

—0,0188 

-0.051.7 

2,4121 

2,4.358 

2,1010 

1,04.33 

1,1989 

O..W3 

0.-4  10.3 

. 0,3.188 

0,3.333 

0,300/ 

0.39M  . 

0,4321 

O/.OM 

0.5188  - 

0,0884 

0,0914 

• 0,0814 

0,0612 

0,0297 

— 0,0534 

— U.C-841 
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V w/i 

h 

0 

0,06 

0.1 

0,4 

0.8 

1 

— 0,0132 

-0,0429 

—0,0427  ' 

—0,0408  ' 

—0,0377 

' —0,0361 

a\ 

0,0277 

0,0262 

. 0,0253  • 

0,0190 

. 0,0121 

0,0092 

l 

1,47?8  . 

1,5206  . 

1,5528  , 

1,7766 

. 1,9946. 

. 2,0062 

0,125  A0 

0,4006 

• 0,3969 

1 ‘ 0.3945  •' 

' 0,3786 

0,3647 

0,3606 

A, 

0,0495 

0,0510 

. 0,0516 

- . 0,0571 

. 0,0630 

0,0653 

A, 

—0,0325 

—0,0322 

—0,0321 

—0,0,304  . 

—0,0279 

—0,0265 

A , 

0,0190 

' 0,0180 

.0.0174  . 

0,0131 

. 0.0084 

. 0,0061 

5 

1.4151 

1,4557,  ! 

. . 1,4829  , 

1,6680' 

V V 1,8368  - 

'.1,8871 

0,15  A0 

0.4062 

0.4031 

' 0,4010 

. 0,3876 

' ' 0,3766 

, 0,3737 

At 

0,0413 

0,0421 

* 0,0426  . 

0,0462  . 

0,0499 

' 0,0513 

At 

-0,0245 

—0,0242 

'—0,0241 

—0,0227  v —0,0206 

'—0,0195 

A, 

0,0130 

■'  0,0124 

"■  0,0120 

0,0091  ‘ 

0,0059 

. 0.0015 

l 

1,3662  ’ 

1,4008 

1,4240 

. 1 ,5800 

1,7093  ‘ 

1,7440 

0,175  A0 

0,4112 

' 0,4085 

0,4067 

0,3954 

0,3866 

0,3846 

At 

0,0342 

• 0,0348 

0,0351 

0,0374 

0,0396 

- . . 0,0402 

A, 

—0,0184 

—0,0182 

—0,0181’ 

—0,0169 

' 0,0152 

—0,0143 

A, 

. 0,0090 

’ 0,0085 

' . 0,0082  ., 

r . 0,0063 

0,004 1 

0,0031 

6 

1,3244  - 

1,3543 

1,3741 

1,5031 

• 1,6055 

•.1,6288 

0,2  A0 

0,4154  • 

0.4131  - 

0,4115 

■ 0.4019  0 

0,3950  •: 

, 0,3937 

A, 

0,0283  , 

0,0287  . | 

< 0.0289 

0,0302  '\ 

'.  •"  0,0314  , 

— . 0,0317 

A, 

-0,0139 

, —0.0137  • 

—0,0136  .'4, 

-0,0126 

—0,0112  ,< 

" — 0,0105 

• , A, 

; 0,0062  , 

„ • 0,0059 

0,0057,,'. 

. 0,0044  '. 

f 0,0029  > 

; : • 0,0022 

. 1 

1,2887 

I.3>«  • 

1,3316 

•i?.i  1,4404 

1,5200  v. 

iV  ‘1,6356 

'■  J * 

0,225  A a 

0,4191  ; 

0,4171 

' 0,4157  •" 

• 0,4076  ' 

" 0,4020 

; 0,4012 

A, 

0,0235 

0,0237 

—0,0238  . 

0,0245 

0,0250 

0,02.50 

At 

-0,0105 

—0,0104 

—0,0103 

—0,0095 

' —0,0083 

—0,0077 

At 

0,0043 

0,0041 

0,0040  . 

0,0031 

0,0020.  • 

0,0015 

l 

1,2580 

1,2804 

. 1,2952 

,1,3876 

1,4507. 

, 1,4596 

0,26  A0 

0,4223  . 

0,4205 

0,4193 

0,4123  " 

0,4079 

.0,4075 

At 

0,0194 

' 0,0195 

0,0196 

0,0200 

0,0200 

, 0,0199 

A, 

—0,0080  ' 

0.0079  ' 

—0,0078  ' 

*•  0,0071 

—0,0062  , 

V-  0,0057 

At 

0,0030 

0,0030  - 

0,0028  v. 

'• . 0,0022  ■ . 

o,ooi4 

0,0011 

l • 

1,2314 

...  . 1.2510  Y 

/.■;  .1,2630./}, 

-V. ; 1,3430  „ ; 

.;  ; 1,3927-/ 

■ 1,3972 

0,3  At 

0,4275 

0,4261''' 

0,4252 ... 

;‘i  0,4198  •; 

tiV.  0,4l7i-'v 

0,4 170 

At 

0,0134  • 

. 0,0134 

' 0,0134 

?!  0,0134  \ 

•V  0,0131  ' 

' 0,0127 

At 

0.0047  ' 

—0,0046  " 

, — 0,0046' ' 

•—0,0041 

' —0,0036 

■ '—0,0032 

A, 

0,0015 

0,0014- 

0,0014  . 

0,001 1 

• 0,0007 

0,0005 

l 

1,1883 

1,2035 

1,2135 

1,2725 

1,3037 

• 1,3027 

0,35  A» 

0,4314 

0,4303 

0,4295 

0,4254 

0,4237 

0,4240 

A , 

0,0094 

' 0,0094 

. ' 0,0094  ■ 

0,0092  ’ 

0,0087 

, 0.0084 

At 

—0,0023 

—0,0028 

—0,0027 

—0,0024 

—0,0020 

—0,0018 

A 3 

0,0008 

0,0007  , 

0,0007 

0,0006 

. 0,0004- 

0,0003 

l 

1,1553  • 

1,1074 

1,1753  . 

1,2204 

- 1,2402  . 

1,2365 

I 
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—0,0324 

0,0040 

2,1401 

0,3569 
, 0,0684 
-0,0235 
0,0028 
1,9239 


—0,0282 

—0,0004 

2,1342 

0,3581 
0.0G94 
— 0,0201 
, -0,0003 
, 1,9030 


—0,0124 
—0,0112 
. 1,6127 

' 0,3818 
0,0599 
—0,0073 
—0,0080 
i\  1,600^ 


0,00314 
0,0209  , 
1,4297 

0,4126 
0,0397 
, 0,0047  ' 

—0,0139 
1,2803 


0,0204 

—0,0240 

1,08(0 

0,4434 
0,0144 
0.0168 
—0,0165 
’ 1,0078 


0,0529  0.0r.l8 

— 0.0325  —0,0313 

0,6002  0,5189 


0,4963 
—0,0452 
0,0383 
—0,0218 
• 0,6391 


0,5080 
— 0.0G58 
0,0137 
—0,0228 
0,5796 


' 0,3719 

0,3745 

0,3982 

0,4254 

0,4507 

0,4910 

0,4994 

,■  . 0,0527 

' 0,0526 

• 0,0423 

0,0251 

0,0052 

—0,0379 

—0,0519 

-0,0169 

-0,0142 

—0,0042 

0,0049 

0,0135 

0,0278 

0,0313 

0,0020 

—0,0182 

-41,0055 

—0,0094 

—0,0114 

—0,0147 

0,0153 

• 1,7615 

. 1,7250 

1,4451  * 

1,1760* 

* 0,9586 

0,6745 

0,6302 

0,3842 

0,3877 

0,4108 

0,4345 

. 0,4552 

0,4863 

0,4924 

0,0-107 

0,0308  ' 

0,0297 

0,0154 

—0,0001 

—0,0316 

—0,0414 

-0,0123 

—0,0100 

—0,0023 

0,00453 

0,0106 

0,0204 

0,0226 

0,0014 

—0,0001 

—0,0039 

—0,0064 

—0,0078 

—0,0100 

—0,0104 

1,6305 

1,5872 

1,3305  *• 

1,1034 

•-  0,9279 

0,7066 

0,6731 

0,3044 

0,3983 

0,4203  ‘ 

0,4409 

■ 0,4580 

0.4821  ' 

0,4806 

..  0,0314 

0,0302 

0,0209  . 

• 0,0091 

—0,0031 

—0,0263 

0,0332 

-0,0089 

—0,0071 

—0,0011 

0,0039 

0,0083 

. 0,0151 

0,0166 

. 0,0009  • 

-0,9  ■ 10"« 

-0,0027  ; 

—0,0044 

—0,0054 

-0,0068 

—0,0070 

, 1,5265  . 

1,4800  ■ 

1.2459  \ 

1,0531 

o,9078  ■. 

, ‘ • 0.7352 

t 

0,7097 

0,4026 

0,4069 

0,4274'  " 

0,4453 

0,4595 

0,4781  <■  ' 

0,4818 

. 0,0244 

0,0237 

0,0146 

0,0049 

—0,0046 

—0,0218. 

0,0268 

-0,6-  10-* 

-0,0051 

-0,0004 

0,0033 

0,0065 

0,0112  , 

0,6122 

0,7-  10-* 

—0,6  • 10-« 

—0,0019 

—0,0030 

—0,0038 

—0,0047 

—0,0049 

1,4434 

1,3959 

1,1833 

1,0185 

0,9001 

0,7007 

0,4410 

0,4094 

• 0,4137  • 

0,4328 

0,4483  ' 

0,4601 

■ 0,4752  * 

0,4778 

.0,0191 

0,0176 

0,0102 

0,0023 

—0,0052 

—0,0182 

—0,0218 

-0,0047  ' 

-0.0036 

—0,6-  10“* 

0,0027  . 

—0,0050 

0,0084 

• 0,0091 

0,00049  . 

-0,4-  IO-« 

— 0,0013  -■ 

—0,0021 

—0,0026  . 

—0,0032 

—0,0034 

j , 1,3765 

1,3295  • 

• 1,1366 

■ 0,9948 

0,8960 

0,7834 

0,7679 

0,4196 

0,4238 

. 0,4399 

0,4517- 

0.1GQI  ■ ' 

0.4700 

0,4715 

0,0118 

—0,0105 

0,0049 

—0,0004  ' 

— 0,0951 

—0,0127  • 

—0,0147 

0,0025 

—0,0019 

0,0002 

0,0018 

0,0031 

0.0018 

0.0052 

0,00025 

-0,2-  I0*« 

—0,0007 

—0,0010 

—0,0013 

—0,0016 

— 0,0016 

1,2779 

1,2341 

1,0754 

0,9083 

0,8916 

. 0,8213 

0,8115 

0,1266 

0,4304 

0,4439 

0,4531 

0.1 592 

0,4660 

0.4070 

0,00757 

0,0064 

0,0023 

—0,0012 

—0,0045 

— O.OOvO 

—0,0101 

0,0014 

-0,0010 

0,0003 

. 0.0012 

0.0019 

o.ro-jo 

njiui'* 

0,00013 

0,1  • io-« 

—0,0003 

—0,00053 

—0,0007 

— O.fiOOH 

— o.r.KVi 

Mill 

1,1717 

1,0400  ' 

0,9570 

0,9051 

0,8513 

0,8116 

• . . V , 
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; 


V <i)/t 

h \ 

0 

0,06 

0.1 

0.4 

0,8 

1 

0,4  Ac 

0,13-14 

0,4335 

0,4329  * 

0,4296 

0,4285 

0.42W 

A, 

0,0007 

—0,0067 

0,0066 

' 0,0064 

0,0060 

0,091; 

At 

—0,0017 

—0,0017 

—0,0017 

—0,0015 

—0,0012 

. —0,0011 

A, 

0,0004 

0,0004 

0,0004 

0,0003  . 

0,0002 

0,0001 

t 

1,1297 

1,1395 

1,1458 

■ 1,1811 

1,1937 

1,1887 

0,45  Ac 

0,4307 

0,4360 

0,4355 

* 0,4328  ' 

0,4321 

0,4327 

Ac 

0,00-18 

0,0048  . 

0,0048 

0,0045 

0,0041 

0,0031 

A, 

—0,0011 

—0,0011 

—0,0010 

—0,0009 

—0,0007 

— 0,0000  i 

A , 

0,0002 

0,0002 

0,0002 

0,0002 

0,00001 

0,8  • 10' 

6 

1,1095 

1,1176  1,1228 

1,1509 

1,1590 

1.1535 

0,5  Ac 

0,4385 

0,4379  0,4375 

0,4353, 

0,4349 

0,4355 

Ac 

0,0036 

0,0035 

0,0035  . 

• 0,0033 ' 

0,0030 

0,0028 

Ac 

—0,0007 

—0.0007 

—0,0007 

—0,0006 

—0,0005 

—0,0001 

A, 

0,0001 

0,0001 

0,0001 

0,00009 

0,00006 

0,5  10-‘ 

l 

1.0935 

1,1002 

. 1,1045 

1,1274 

1,1325 

1,1270 

0,6  Ac 

0,4412 

0,4407 

0,4404 

' 0,4389 

O', 4 388  . 

0,4392 

Ac 

0,0020 

0,0020 

0,0020 

0,0018 

0,0016 

0,0015 

Ac 

■ —0,0003 

—0,0003 

—0,0003 

• —0,0002 

—0,0002 

—0,0007 

Ac 

0,0004 

0,00004 

0,00004 

0,00003 

0,00002 

. 0,2  10-' 

\ 

v 1,0700 

1,0748 

1,0779 

1,0938 

1,0956 

1,0905 

0.7  Ac 

0,4429 

0,4425 

0,4423 

0,4412 

0.4412  '■ 

, 0,4417 

Ac 

0,0012 

0,0012 

. 0,0012 

0,0011 

0.0009  > 

0,0009 

Ac 

—0,0001 

—0,0001 

. —0,0001 

—0,0001 

' —0,00009 

— 0,8  - 10-* 

A, 

0,00002 

0,00092 

0,00001 

0,00001 

10-6-0,8 

. . 0,6  10-6 

l 

1,0540 

' 1,0577 

1,0600 

1,0716 

1,0719  ' 

1 1 ,0676 

0,8  Ac 

0,4441 

0,4438 

0,4437 

0,4428 

•’  0,4429 

0,4432 

A\ 

0,0008 

0,0007 

. —0,0007  . 

■ 0,0007 

0.0006 

0,0005 

Ac 

—0,00007 

—0,00007 

—0,00007 

—0,00005 

—0,00004 

—0.4  10-* 

Ac 

10~‘-0,68 

10*-0,65 

10-6-0,63 

10-6-0,5 

10-6.0,3 

O,2l0-‘ 

1 

1,0428 

1,0457 

1,0475 

_ 1,0563 

1,0559 

1,0522 

0,9  Ac 

0,4450 

0,4448 

0,4446 

0,4439  • 

0,4440 

0,4113 

Ac 

0,0005 

0,0005 

■ 0,0005 

0,0004 

. 0,0004 

—0,0003 

Ac 

—0,00004 

—0,00004 

—0,00004 

—0,00003 

. —0,00002 

—0,2  • 10-' 

Ac 

-10-6  0,3 

10-‘.0.3 

10-60,3 

10i6.0,2  ■ 

lO-o-O.l 

10-‘.0.1 

\ 

- 1,0347 

1,0369 

1,0384  . 

1,0453 

1,0147  " 

.1,0115 

1 Ac 

0,4456 

0,4454  . 

■■"  0,445.3  ' 

■ ’ 0,4118 

, 0,4-1 19 

0,4451 

Ay 

0,0003 

0,0003  • 

0,0003 

0,0009 

0,0002 

0,0002 

Ai 

—0,00002 

—0,00002 

—0,00002 

—0,00002 

—0,00001 

-10-'  0.1 

Ac 

1 0 6 -0,14 

!0-‘0,14 

10-6.0,13 

10-6.0,10 

10-«.0,7 

1 0 ®-0,5 

l 

1,0286 

1,0305 

1,0317 

1,0172 

1,0365 

1,0338 

1,1  A„ 

0,4461 

0,4459 

0,4459 

0,4454 

0,4455 

0,4157 

A, 

0,0002 

0,0002 

0,0002 

0.0002 

0,0002 

0.0002 

A, 

— 10  <.0,14 

— 10"-<.0,I3 

— 10-6.0,13  —0.00001 

—0,8.10-6 

—0,7-10  ' 

Ac 

I0~«.0,72 

01  a • 0,69 

10-0.0,67 

10-6.0,53 

—0,3. 10"« 

. 0,3- 10  * 

c 
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1.4 

» , 

1.8 

3 

4 

5 

8 

12 

0.4315 

0,4349 

0,4462 

0.4534 

rTj  - _ 

0,4581 

0.4629 

0.463G 

0,00498 

0,0041 

• 0,0011 

—0,00142 

—0.0034 

—0.0064 

—0,0071 

-0,8- I0“» 

— 0.5-10-* 

0,0002 

0,79-10“* 

0,0019 

0,0017 

—0,0018 

0,7.10“* 

-0.6- 10-»  ■ 

-0,0002 

—0,00028 

-0.00034  . 

—0,0004 

—0,0004 

1.1645 

—1,1297 

1,0203 

0,9546 

0.9145 

0,8750 

0,8703 

0,4350 

0,4380 

0,4476 

0,4534 

0,4570 

0,4605 

0,4610 

0,0034 

0,0027 

0,0004 

—0,00132 

—0,0027 

—0,0046 

—0,0051 

-0,5  • IO-» 

—0,0003 

0,0002 

0,00052 

0,0008 

0,001 1 

0.0011 

0,4-10-* 

— 0,3- 10—* 

—0.0001 

-0,00015 

—0,0002 

.—0,0002 

—0.0002 

1,1310 

(.1004 

1,0085 

0,9554 

0,9238 

0.8939 

0,8905  • 

*'  0,4376 

0.4403 

0,4484 

0,4531 

0,4559 

0,4587 

0,4590 

0,00234 

0,0018 

0,0001 

—0,00113 

—0,0021 

—0,0034 

—0.0037 

—0.3  • 10~» 

—0,0002 

0,0001 

0,00035 

0,0005 

0,0007 

0.0007 

0,2- 10~* 

— 0,2-10-* 

— 0.6  10~ * 

-0,8-10-* 

1 —0,0001 

—0,0001 

— 0.0001 

• 1,1064 

1,0796 

1,0015 

0,9578 

0,9325 

0,9091 

0,9065 

0,4410 

0,4431 

0,4491  , 

0,4524 

0,4543 

0,4560 

0.4562 

0,0012 

0,0009  — 0,8  10-* 

—0,00077 

—0,0013 

—0,0019 

—0,0021 

-0,00012 

— 0,6-10-* 

0.7-10“* 

0,00016 

0,0002 

0,0003 

0.  0003 

0.7.10-* 

-0.7- 10~*  - 

-0,2- 10~* 

— 0,3-10“* 

— 0,4-10“* 

—0.4-10“* 

-0,4- 10“« 

. 1,0738 

1,0529 

0,9951 

0,9642 

0,9469 

0,9316 

0,9300 

" 0,4430 

0,4471 

9,4492 

0,4517 

i 0,4530 

■ 0,4542 

0,4544 

0.7  10'» 

0,0005 

-0,0001 

-0,00052 

—0,0005 

—0,0012 

—0,0012 

-0,5-10'* 

— 0,3-10-*  0,4-10'* 

0,8  10“* 

0,0001 

• ‘ 0,0001 

0,000 1 

0,3-10“* 

-0,2- 10'*  - 

-0,7-10“* 

—0,1-10“* 

— 0.13-10T* 

-0,2-10“* 

i — 0,2-10“* 

1,0539 

v 1,0374 

0.9931 

0,9703 

0,9577 

0,9170 

0,9460 

0,4448 

0,4457 

0,4493 

0,45114 

0,4523 

0, 45*30 

0.4531 

0,00041 

0,0003 

-0,0001 

—0,00035 

—0.0005 

—0,0007 

—0,0008 

-0,25- 10“* 

‘ -0,1-10“* 

0,2-10“* 

0,4-10“* 

0,6-10“* 

0,7-10“* 

03-10“* 

O.l-lO'* 

—0,1-10“*- 

-0,3-10“* 

0,45-10-* 

-0,5-10“* 

-0,7- 10“* 

—0.7- 10  '• 

1,0409 

1,0277 

0,9929 

0,9753 

0,9658 

0,9579  * 

0,9572 

0,4453 

• 0,4464  ' 

0,4493 

0,4507 

0,4515 

0,-1521 

0,4522 

0,00024 

0,0002 

—0,00017 

—0,00024 

—0,0004 

—0,0005 

—0,0003 

-0,1-10-* 

—0,6- 10“» 

0,1-10“* 

0,24-10“* 

0,3-10'* 

0,1-10'* 

0,4-10  * 

0,5-10-* 

— 0,5-10-* 

-0,1.10-* 

-0,2- 10“*  • 

-0,24-10“* 

—o.i  :o“»  - 

-0.3- 10' » ' 

1,0322 

1,0214  „ , 

0,9933  ’ 

0,9794 

0,9720 

0.9C59 

0,9663 

0,4459 

0,4468 

0.4492 

0,4504 

0,4510 

0,4515 

0,4515 

0,00017 

0,0001  - 

-0,6-  10-* 

—0,00017 

—0,0002  ■ 

-0,0003 

—0,0003  • 

-0,7-10"* 

-0,3-10“*  '0,8-10-* 

0,1-1-  10“« 

0,2- 10  '* 

0.2- in -* 

0,2-10'* 

0,2- 10~*  > 

— 0,2-10'T 

-0,6-10'* 

— 0,9-10“* 

— o.i -jo  * 

—o.i  10“» 

— 0.1  - 10  *» 

1,0259 

1,0169 

0,9939 

0,9826 

0.9/6G 

0,9/18 

0,9/14 

0,4461 

0,4472 

0,4491 

0.1601 

0.450B 

-V.-ii.’i* 

0.151(1 

— (1.000.12 

0,8- 10“*  - 

-0,4-10'* 

—0,1.0012 

.-(',0002 

— 1 V>«*2 

-0,4-10'* 

-0,2-10-* 

0,5-10'* 

0,8-  10  -* 

O.l.li)-  t 

o.i- * 

O.i  13  I 

0.M0-*  ■ 

-0,1-10-*  - 

-0.3-10“* 

-0,5-10“* 

— 0,6- 10'* —0,7.10“* 

—0,7.10'* 
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N.  ut/x 
UN 

0 

0.06 

0.1 

0,4 

0.8 

i 

l 

1,0240 

1,0255 

1 .0265^ 

; 1,0311 

• 1,0303 

1,0280 

1.2  A, 

0,4465 

0,4463  ' 

0,4463 

0.4459 

. 0,4460 

• 0,4462 

Ai 

0,0002 

0,0002  ; 

. 0,0002 

0,0001 

0,0001 

. 0,0001 

Ai 

10~‘--0,86 

— io~»-o,8: 

— 10~‘-0,8 

— 10-*0,67 

-0.510-* 

. -0,4-  lO'i 

a\ 

io-*-o,3a 

10" ‘-0,37 

— 10-*-0,35 

l<r*.0.28 

...  0.2-10-* 

o,i-io-< 

l 

1,0204 

1,0217 

1,0225 

1,0263 

1,0256 

1,0236 

. . 

• X-i, 

0.025  A„ 

0.3037 

' 0,2989 

0,2957 

0,2734 

, . 0,2503 

• 0,2414 

A , 

0,0656 

0,0099 

'*0,0727 

0,0913 

. 0,1117 

0,1203 

a\ 

-0,0752 

—0,0749 

-0,0747  . 

—0,0723 

v— 0,0681 

■ >-0,0659 

At 

' 0,0638 

0,0603 

0,0580 

0,0428 

0,0266 

-■  0,0199 

5 

1,7233 

1,8043  ' 

1,8597 

—2,2713 

2,7493  . 

' 2,9428 

0,05  Aa 

0,3100 

0,3060  :r 

0,3033  - 

0,2848 

0,2660 

0,2591 

At 

0,0575 

■'  0,0606 

- 0,0625 

0,0757  • 

0,0901  - 

0,0961 

Ai 

—0,0566 

—0,0564 

—0,0562 

—0,0543 

—0,0510 

—0,0492 

A , 

0,0435 

0,0412 

0,0397  1 

. , 0,0296  - 

0,0186 

. 0,0140 

£ 

/.  1.6244 

1,6920  • ' 

1,7380  , 

.,2,0723  '• 

2,4397 

2,5901 

0.075  A0 

0,3157  , 

0,3123  .. 

. 0,3100 

0,2947 

0,2797  • 

0,27440 

A, 

0,0493 

0,0514 

0,0527 

' 0,0619 

0,0718 

» 0,0758 

■ A, 

—0,0424  , 

—0,0422  :• 

—0,0421  ' 

—0,0405 

v —0,0379  1 

—0,0363 

A, 

0,0296 

0,0281 

- 0,0271' 

. ' i 0,0204 

o,oi3o 

•‘0,0098 

£ 

1,5422  /. 

" 1.5989  . 

>»  . 

•.  <;  1,6373  r 

; . : 1,9103  ■. 

2,1933  ■ 

?T> 

>'  2,2941 

0.1  At' 

0,3207  ' 

0,3178  . [ 

0,3159 

0,3032 

",  0,2913.. 

' 0,2874 

A, 

0,0416 

0,0430 

0,04.39  ' 

• 0,0501 

. 0,0567 

0,0594 

Ai 

—0,0317 

—0,0316 

—0,0314 

—0,0301 

—0,0279 

—0,0266 

A> 

0,0203 

0,0192  . 

. 0,0185 

..  • 0,0140  - 

0,0090  v 

. 0,0068 

£ 

1,4735 

1,5213  •• 

1,5536 

1,7777  , 

• 1,9961  ^ 

2,0680 

0,125  Aa 

0,3250 

0,3226 

0,3210 

. 0,3104 

. 0,3010 

0,2082 

A, 

0,0347 

0,0357 

0,0303 

0,0404 

0,0447 

0,0463 

A% 

—0,0237 

—0,0236 

—0,0234' 

—0,0223  '• 

—0,0205- 

-0,0194 

Ai 

0,0138 

. ■ 0,0131 

- 0,0127 

. 0,0097,- 

0.0062  ; 

0,0048 

s 

• 1,4156  :■ 

1,4562 

1,4835  /•: 

• 1,6687 

^ 1.8378  ; 

• *v\.  a 

-1,8882 

0,15 

Ao 

0,3288 

. 0,3268'  ' 

. ..  0,3254  - ! • 

'0,3165  \. 

, 0,3091  ■ 

!■  0,3071 

- 

A, 

0,0288 

0,0294  -*• 

0,0298 

V 0,0325 

0,0352 

. 0,0361 

A2 

—0,0178 

— 0,0176  • ; 

.—0,0175 

—0,0165 

• —0,0150  , • 

-0,0142 

A, 

0,0095 

o.oooa  . 

■=•  0,0087 

0,0067 

0,0043'  . 

0,0033 

1 • 

1,3665 

1,4012 

1,4244 

1,5785  • • 

1,7098  ■ 

f - 1,7446 

0,75 

Aq 

0,3321 

• 0,3303 

0.3292 

0,3217 

0,3159 

0,3145 

A | 

0,0238 

0,0242 

0,0244 

0,0261 

0,0277 

0,0282 

A} 

—0,0133 

, —0,0132 

—0,0131 

—0,0123 

—0,0110 

—0,0103 

A, 

0,0065  • 

• 0.0002 

0,0060 

0,0010. 

0,0030 

0,0023 

E 

1,3247 

. 1,3545 

1,3743 

1,5034  • 

• 1,6059  • 

1.6292 

t 


! v- 
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1.4  • 

1.8 

3 

4 

5 

8 

12 

1,0213 

1,0138 

0,9945 

0,98517 

—0,9803 

0,9763 

0,9700 

0,4467 

0,4474 

0,4491 

0,4490 

. 0,4503  • 

0,4506 

0,4507 

0,8- 10— « 

10-*0,5  — 0.3  1Cr< 

-0.9-  IO-« 

-0,0001 

-0,00025 

0,0002 

■ -oaio-* 

— 0,9- 10-* 

0.3  10-* 

0,510~» 

0.7-10-* 

0,810-» 

0.9- 10~* 

’ - 0,6- 10 

*-0,6- 10~* 

-0.2- 10“« 

-0,25- 10  -« 

— 0.3- 10~» 

-0.4- 10“* 

-0,4.10-* 

1.0179 

1,0114 

0.995J  " 

0,98725 

0,9832 

0,9799 

0.9796 

1.1,734789 

, 

• 0,2286 

0,22  i 6 ' 

0,2282 

0,2568 

0,2966 

0,3995  • 

0.4324 

0,1347 

0,1459 

0,1597 

0,1413 

0,1064  . 

—0,0486 

-0,1232 

‘-0,6  10-« 

— 0,0565 

-0,0378 

—0,0162 

0,0155 

0,0974  - 

0,1274 

0,0086 

—0,0008 

—0,0228 

—0,0512 

—0,0519 

—0,0769 

*-0,0829 

3,2233 

3,3575 

3,0334  • 

, 2,3791  » 

1,6166 

0,4707 

0,2543 

. 0,2497 

0,2454 

0,2565 

0,2842 

0,3190 

0,3969 

0,4188 

'<  0,1059 

0,1128 

0,1158 

0,0958 

0,0632 

—0,0162 

—0,0927 

-0,0452 

-0,0407 

-0,0233  i 

—0,0048 

0,0188 

0,0705 

0,0869 

0,0061 

—0,0005 

-0,0164 

—0,034 

—0,0362 

-0,0512 

—0,0514 

2,7684 

1,2837 

2,5002 

1,9475 

•.  1,3705 

- 0,5148 

0,3604 

0,2678 

0,2658 

6,2797 

0,3054 

0,3348  • 

0,3935 

- 0,4084 

' 0,0822 

0,08611  , 

0,0830 

0,0639 

0,0363 

—0,0412 

—0,0712 

-0,033  .| 

-0,0290 

—0,0142 

—0,0007 

0,0176 

0,0508 

0,0603 

0,0043 

-0,0004  ■ ■ 

—0,0116 

—0,0223 

-0,0251 

—0,1311 

—0.0360 

- 2,4159 

1,2440 v 

2,1052  - 

1,6433  v. 

1,1998 

0,5586 

0,4475 

0,2831 

0,2827  . 

0,2982" 

0,3214 

'■  0,3457 

0,3898 

0,4002 

' 0,0632 

0,00514  . 

0,05895  ' 

0,0419 

0,0196 

—0,0356 

—0,0554 

-0,0238 

—0,0206  . 

—0,0085  ' 

0,0030 

0,0150 

0,0366 

0,0424 

. 0,00303 

—0,0003 

—0,0082 

—0,0148 

—0,0173 

—0,0228 

*-0,0230 

2,1422 

1,2137 

.1,8148  . 

1,4297 

1,0108 

0,6004 

0,5197 

0,2956 

0,2965 

0,3126 

0,3000 

■ 0,35293 

0,3863 

» 0,3936 

0,0-184 

0,0490  • 

0,0416 

0,0270 

0,0094 

— n.0302 

—0,0136 

-0,0171 

—0,0145 

-*-0,0050 

0,00377 

0,0122 

0,0266 

0,0301 

, 0,00212 

—0,0002 

—0,0058 

0,0099 

—0,0118 

—0,0153 

—0.0160 

, 1,9291 

1,1904 

1,6018.., 

1,2803 

1,007? 

0,6393 

-0,5/99 

■ 0,305 

0,307^ 

0,3235  ' 

, 0,3114  • 

0,3576  V 

0,3831 

0,3883 

‘ 0.0371 

0,0369 

■ 0,0292  / 

0,0170 

0,0033 

—0,0254 

—0,0316 

-0,0123 

—0,0102 

—0,0028 

: 0,0037 

0,0097 

0,0194 

0,0216 

0,00148 

-0,0001 

—0,0040 

—0,0067 

—0,0081 

—0,0101 

— 0,0108 

1,7623 

1,1726 

1,4456  . 

1,1760 

0,9586 

■ 0,6747 

0.0105 

0,3143 

0,3166 

0,3319 

0,3173 

0,3G% 

0,380 1 

0,7:140 

0,0281 

0,0277 

0,0204 

0.0 101 

—0.0002 

— o.'-or: 

—0.02/6 

-0,0089 

—0,0072 

—0,0015 

o.O'.ai 

0,00/5 

r,..'i  12 

O.Ot.V 

0,00103 

—0,9-  IO-« 

— 0,fi028 

— 0.0010 

— o.fC'O 

— o.u.jro 

—0  00 /.i 

1,6309  , 

1,1588  , 

1,3308  • 

1,1034 

0,0270 

0,7007 

0,6/34 
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\«/T 

0 

0,06 

0.1 

0.4 

03 

1 

0.2  A , 

0,3349 

0,3334 

■ 0,3324. 

0.3261 

0,3215 

0,3200 

A , 

0,0190 

0,0200 

0.0200 

0.0210' 

0,0219 

0,0221 

. A, 

-0,0100 

—0,0099  . 

—0,0098 

■ —0,0091 

—0,0081 

■ — 0.007G 

A, 

0,0045 

0,0043 

0,0042- 

0,0032 

0,0021 

0,0016 

l 

1,2389 

1,3147 

1,3318 

1,4406 

1,5208 

1,5356 

0,225  At 

0,3374 

0,3360 

0,3352 

' 0,3298 

0,3262 

0,3257 

A, 

0,0162 

0,0164  • 

0,0164 

0,0170 

0,0174 

0,0174 

A, 

—0,0076 

—0,0075 

—0,0074 

—0,0068 

—0,0060 

—0,0056 

A, 

0,0031 

0,0030 

0,0029 

0,0022 

0,0015 

0,0011 

l 

1,2581 

1,2805 

JL.2953 

1,3878 

1,4508 

1,4597 

0,25  At 

0,3395 

0,3383 

0,3375" 

0,3329 

' *»  0,3301 

0,3299 

A, 

0,0134 

0,0135 

0,0135 

0,0136 

' 0,0139 

0,0137 

At 

—0,0057 

—0,0056 

—0,0056 

-0,0051 

—0,0015  •. 

—0,0041 

<4> 

0,0022 

0,0021  . 

0,0020 

0,0017 

0,0012 

0,0008 

l 

1,2315 

1,2511 

1,2640 

1,3431 

1,3928 

1,3973 

0.3  A0 

0,3429 

0,3419 

0,3414 

0,3379 

0,3361  •. 

0,3362 

A i 

0.0092 

0,0092 

0,0092 

0,0092 

0,0090 

0,0038 

Ai 

—0,0033 

—0,0033 

—0,0032 

—0,0029 

—0,0025  ' 

' —0,0023 

A* 

0,0011 

0,0010 

0,0010 

0,0008 

, 0,0005 

0,0004 

i 

1,1883 

1,2036 

1,2135 

1,2725 

' 1,3038  1 

: 1,3028 

0,35  At 

0.3454 

0,3447 

0,3442 

0,3415  - 

0,3404  T 

~ 0,3407 

A\ 

0,0064 

0,0064 

■ • 0,0064 

0,0063 

. 0,0060 

• 0,0057 

At 

0,0020 

-0,0020 

—0,0019 

-0,0017 

—0,0014 

' -0,0013 

At 

0,0006 

0,0005 

•:  o.ooos 

0,0004 

0,0003  '' 

0,0002 

l 

1,1553 

1,1674 

1,1753 

1,2204 

1,2402. 

1,2365 

0,4  At 

0,3473 

0,3468 

0,3464 

0,3143 

0,3436 

0,3439 

A\ 

0,0046 

0,0045 

0,0045 

0,0044 

0,0041  . 

, 0,0039 

A2 

—0,0012 

—0,0012 

—0,0012 

—0,0010 

—0,0009  . 

—0,0008 

A y 

0,0003 

0,0003 

0,0003 

0,0002 

0,0001  ' 

0,0001 

$ 

1,1297 

1,1395 

1,1458 

1,1811 

• 1,1937 

1,1887 

0,45  At 

0,3438 

0,3484  ’ 

0,3480 

/ 0,3464  ... 

- 0,3459 

0,3463 

A, 

0,0033 

0,0033 

J 0,0032  ‘ 

0,0031 

0,0028  ; 

0,0027 

Aj 

—0,0008 . 

—0,0007 

f —0,0007 

—0,0006 

. —0,0005  ' • 

. — 0,0005 

At 

0,0002 

• 0,0002  ■' 

0,0001,- 

0,0001  •• 

: io-<  - o,8  • 

. 0,6-10-' 

l 

1,1095 

1,1 176 

• , 1,1228 

• ‘ 1,1509 

•V  i ,i5oo : 

. 1,1535 

0.5  At 

0,3600 

0,3496  ' 

0,3494  ‘ 

0,3480  • 

; 0,3177 

’ , .0,3431 

A , 

0,0024 

0,0024  , 

• 0,0024 

0,0023 

0,0020  . 

0,0019 

At 

—0,0005 

—0,0005 

* —0,0005 

—0,0004 

. —0,0003 

■ —0,0003 

At 

0,0009 

0,00009 

0,00008 

0,00007 

0,00004 

0,3  ■ 10-' 

5 

1,0935 

1,1002 

1,1045 

1,1274 

1.1325 

1,1270 

o.r>  a„ 

0.3517 

0,3514 

•0,3512 

0,3503  ' 

0,3502 

0,5505 

A . 

0,0014 

■ 0,0013 

0,0013 

0,0012 

0,00  It 

0,0010 

At 

—0,0002 

—0,0002 

—0,0002 

—0,0002 

. —0,0001  ■ 

—0.0001 

Ay 

0,00003 

0,00003 

0,0000? 

0,00002 

. 0,00001 

0.1  • 10-' 
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1.4 

1.8 

3 

4 

5 

8 

12 

0,3211 

0,3237 

0.3.381 

0,3514 

0.3623 

0.3775 

0,38(13 

0,0219 

0,0209 

0,0142 

0,0001 

—0.OO22 

—0.0176 

—0,0222 

-0,0004 

—0.0051 

—0,0007 

0,0029  ' 

0,0059 

0,0105 

0,0115 

0,7  I0-* 

-0.7  I0-* 

-0,0019 

—0,0031 

—0,0038 

— 0,0(M8 

—0,0050 

1,5267  . 

1,1480 

1,2461 

1,0531 

■ 0,9098 

0,7353 

0.7098 

0,3206 

0,3234 

0,3428 

0,3543 

0,3633 

0,3752 

0,3773 

0,0169 

0,0159 

0,0099 

0,0033 

—0,0032 

—0,0147 

—0,0180 

' -0,0046 

-0,0036 

—0,0003 

0,0024 

0,0046 

0,0078 

0,0085 

0,00051 

-0.4  10-* 

-0,0014 

—0,0022 

—0,0027 

—0,0033 

—0,0034 

1,4435 

• 1,1396 

1,1833 

1,0185 

0,9001 

0,7608 

0,7411 

0,3311 

0,3339 

0,3463 

0,3662 

0,3637 

0,3732 

0,3748 

0,0132 

0,0121 

0,0069 

0,0015 

—0,0035 

—0,0122 

—0,0146 

' -0,0034 

-0,0026 

—0,9  10-» 

0,0029 

0,0036 

0,0059 

0,0064 

0,4  10-* 

-0,3  10-* 

—0,0009 

—0,0015 

—0,0019 

—0,0023 

—0,0024 

1,3766 

1,1329 

1.1366 

0,9948 

0,8960 

0.7834 

0,7680 

0,3378 

0,3405 

0,3508 

0,3584 

. 0,3637 

0,3699 

0,3709 

0,00813 

0,0072 

0,0033 

—0,00027 

—0,0034 

—0.0085 

—0,0099 

-0,00181 

-0,0013 

0,0002 

0,0013 

0,0022 

0,0033 

0,0036 

0,00018 

1 —0,2  ■ I0-* 

—0,0005 

—0,0007 

—0,0009  . 

-0,0011 

—0,0012 

1.2779 

1,1234 

1,0754 

0,96832 

0,8976 

0,8214  - 

0,8115 

■ 0,3423 

. i 0,3448 

0,3535 

0,3593  ' 

0,3631 

0,3674 

0.3680 

' 0,00518 

0,0044 

0,0016  . 

—0,00086 

—0,0029 

—0,0060 

—0.0068 

—0,00100  —0,0007 

0,0002 

0,00085 

0,0013 

0,0020 

0.0021 

o.o  io-» 

-0.8  • 10-» 

■-  —0,0002 

-0,00038 

—0,0005 

k— 0,0006 

—0,0006 

i 1.2111 

1,1172 

4 

1,0405  • 

0,9576 

0,9051 

0,8513 

0,8447 

0,3455 

(J.3477 

0,3549 

0,3595 

0,3624 

0.365S' 

0,3659  , 

0,00340  0,0028 

0,0007 

—0,00097 

0,0023 

—0,0043' 

—0,0048 

-0.6-  10 

-*  —0,0004 

0,0002 

0,00056 

0,0008 

0.0012 

0,0013 

0,5  10-* 

-0,4  10— • 

—0,0001 

—0,0002 

—0,0002 

—0,0003 

—0,0003 

1,1645 

,1,1129  . 

1,0203 

0,9546 

0,9145 

0,8750 

, 0,8703 

0,3477 

- 0,3-197 

V 0,3558 

0,3594 

0,3617 

0,3640 

0,3643. 

. 0,00229  0,0018 

0,0003 

—0,00089 

—0,0018 

—0,0032 

—0,0034 

■ 1-0,00034  * —0,0002  ' 

0,0001 

0,00037 

0,0005 

0,0008  ' 

■ 0,0008  ■ 

0,310-< 

1 — 0 2 10~» 

-0,7-10-* 

i —0,00011 

—0,0001 

—0,0002 

—0,0002 

1,13102  1,1100 

. 1,0085  ■ 

. 0,95541 

0,9238 

0,8939 

0,8905 

0,3494 

0,3511 

. 0,3562 

0,3592 

0,3611 

0,3628’ 

0.3630 

0,0016 

0,0012 

0.9-  I0-* 

—0,00077 

—0,0014 

—0,0023 

—0,0025 

-0,0002 

• —0,0001 

0,0001 

0,00021 

0,0004 

0,0005 

0,0005 

0,2-10  "4 

— 0,1-10-* 

—0,4-10-4 

—0.6  IQ-* 

—0,8-10- 

4 — o.e  io~ 

■4  — 0,9-1 0~« 

1,1004 

' 1,1080 

1,0015 

0,9578 

0,9325 

0.5:  >91 

0,90(.6 

0,11516 

. 0,3529 

0,3567 

0.3588 

0,3600 

0.061 1 

(i.O-V! 

0,00(1,8 

0,0006 

—0,6  • 10-* 

— 0.00052 

— (1.00 1<* 

— O.'ViS 

— 0...  *:  I 

-0,8-10' 

-»  — 0,-1  -10“ 

* 0,5-10-4 

0.0001 1 

0, 11002 

11.1)0*  12 

0,0-102 

0.5-I0-*  — 0.5- 10“ 0 

-0.1- 10" 

4 -0,2-10“ 

• — 0.25- 10- 

-4  —10-4-0.3  -0,3-10"* 
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N.  w/r 
A \ 

0 

0.06 

0.1 

0,4 

0,8 

1 

l 

1,0700 

1,0748 

1.0779  . 

1,0938 

1 ,0956 

1,0905 

0,7 

0,3528 

0,3526 

0,3524 

0,3517  . 

0,3517 

0,3520 

A] 

0,0008 

0,00008 

0,0008  (■  ■ 

• 0.0007  ' 

, 0,0006 

0,0006 

At 

—0,0001 

—0,0001 

—0,0001 

—0,00008 

. — 10_«-0,64  — 0,55- 10~ « 

At 

10~*0.12 

0,00001 

10— «-0,ll 

10  6-0, 8 

- 10~‘0.67 

— 0.44- KT» 

l 

1,0541 

1,0577 

1,0600 

1,0716 

. < 1,0719 

1,0676 

0.8  /to 

0,3536 

0,3534  ’ 

0,3533 

0,3528 

0,3528  ■ 

0,3530 

a\ 

0,0005 

0,0005  • 

■ 0,0005 

0,0005 

■ 0,0004 

0,0004 

A,  - 

-10~‘0,5 

10  4-0,5t 

— 10-*0,50 

-10  '‘  0,4 

10_,0,3 

—0,3- 10-« 

At 

10"*-0,4 

IO“*-0,47 

— 18^‘.0,45 

— 10-*.0,35 

10  • • 0,2 

0,18- 10— * 

l 

1,0428 

1,0457 

1.0475  ■. . 

1,0563 

1,0559 

1,0522 

0,9  An 

0,3541 

0,3540 

0,3539 

0,3535 

0,3535 

0,3537 

A i 

0,0003 

0,0003 

■ 0,0003 

0,0003 

0,0002 

0,0002 

At  - 

-10-*0,29  ■ 

— 1 0— * • 0,3 

— 10— «0,3 

— 10  4- 0,2 

—10-6-0,2 

-0,110-' 

10“‘-0,22 

10~60,2 

10—6-0,2 

10—6-0,2 

• io-6-o,; 

0,8-10-' 

1 

1,0347 

1,0370 

1,0384 

• 1,0453 

1,0447 

1,0415 

0,3545 

0,3544 

0,3543 

0,3540 

0,3541 

0,3542 

0,0002 

0,0002 

0,0002 

0.0002  • 

„ 0,0002 

0,0001 

At  - 

—10  * -0,16 

16- 10“*  ’ 

— 10  4 -0,16 

— 10  6-0,1 

^ — 10  * 0.96  -0,8-10  • 

A, 

10"‘0,1 

10  * -0,99 

10— •0,98 

10  '**0,75  10“«  0,50 

0.4  lO-* 

i 

1,0286  , 

1,0305 

1,0517. 

1,0372  , 

?.  1,0365  , 

; ’.V  1,0338  ■ 
' 1 

1,1  An 

0,3548 

0,3547  '■! 

••  0,3547  ".  - 

• V'v  0,3514  '< 

• 0,3545 

0,3546 

A\ 

0,0002 

■ 0,0002  V, 

■ 0,0002  '■ 

0,0001 

' 0,0001 

0,0001 

At  - 

-10_*-0,97  - 

— 1 0— s - 0,94  • 

— 10“‘.0,92 

■ — 10  6.0,76 

— 10  -6-0,56 

-0.5- 10“* 

10~'-0,52 

10  « - 0,5 

10-‘-0,5.. 

10— '0,38 

10-«-0.25 

0,1-10-' 

1 

1,0240 

1,0255  • 

1,0265 

1,0311 

1,0303 

1.0280 

1,2  An 

0,3551 

0,3550 

0,3550 

0,3547  ' 

0,3548 

* ’ 0,3549 

A, 

0,0001 

0,0001 

o.ooor 

0,0001 

0,00008 

V 0,00008 

At  - 

-10~‘0.6 

— IO-s-0,6 

— 10-6.0,6 

— 10-6-0.5 

— 0,3- 10—6 

— 0,  ■ 1 0 * 

At 

10-*0,27 

— 10~«-0,26 

10  0 • 0,26 

1 0 0 • 0,2 

0,1  • 10~» 

0,M0  ‘ 

i 

1,0204 

1,0217 

1,0225  . 

1.0263  . . 

1,0256 

1,0236 

- • 

%. 

V - 

.rj 

,-.;i  x«io, , 

0,025  An 

0,2580  ’’ 

• 0,2545  V: 

';)■  0,2022  Ki 

0,2357  "V, 

v 0,2183  ‘ 

•;V"  0,2115  :.' 

• A,  . 

0,0502  '• 

0,0536 

0,0557  V ' 

0,0703  .'V 

'•  0,0862  •. 

0,0930 

-0,0.588 

—0,0537 

—0,0586 

—0,0509  :■ 

■ —0,0538 

- ; —0,0520  ’ 

A, 

0,0491  • 

0,0465  ' . ' 

0,0448  " 

0,0333  '• 

0,0209 

0,0157  ■ 

1,7247 

1,8059  " 

1,8613 

2,2742 

2,7543 

2,9490 

O.Od  Aq 

0,2026 

0,2597 

0,2578 

0,2143 

0,2303 

0,2252 

At 

0,0136 

0,0459 

0,0474 

0,0576 

0,0688 

0,0735 

At  ■ 

-0,0140 

—0,0133 

—0.11137 

—0,0124 

—0,0399 

—0,0385 

a\  . 

0,0331 

0,0317 

0,0306 

0,0229 

0,0145 

0,0110 

6 

1.6254 

1,6931 

1,7392 

2,0742 

2,4428 

2,5838 
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1.4 

1.8 

3 

4 

5 

8 

12 

1,0730 

1,1053 

0,9951 

0,9642 

0,9469 

0,9316 

0,9300 

0,35291 

0,3540 

0,3569 

0,3584 

. 0,3592 

0,3600 

0,3607 

0,00046 

0,0003 

—0,7  • 10-* 

—0,00035 

-0,0005 

—0.0008  . 

—0.0008 

— 0,4- 10"  4 

— 0,2- 10-* 

0.3- 10—*  0,57- 10“<  0.8- 10— « 

0,0001 

0,0001 

0,9-10-* 

-0,2-10“* 

— 0.5- 10—* 

-0,78- 10'*  0,1-10'* 

— 10-'-0,l 

— 0,1-10“* 

1,0539 

1,1037 

0,9931 

0.9703 

0,9577 

■ 0,9470 

0,9460 

0,35376 

0,3546 

0,3569 

0,35804 

0,3587 

0,3592 

• 0,3593 

0,00028 

0,0002 

0,6  10-* 

-0,00024 

—0,0004 

—0,0005 

—0,0005 

-0,2- 10“« 

— 0,8-lcr*  0,2-10“* 

0,3-10-*  . 

0.4- 10-* 

0,5-10-* 

0,5-10“* 

0,8- 10“* 

—0,7-10-1 

-0.2-10-* 

—0.3  10—*  - 

-0,4- 10~ * 

-0.5- 10-* 

— 0.5  • 10“* 

1,0410 

1,1028 

0,9929 

0,9759 

0,9658 

0,9579 

0,9572 

0,3543 

0.3550  ‘‘ 

• 0,3568 

0,3578 

0,3582 

0,3587  - 

0,3587 

0.00018 

0,0001 

0,5-10-* 

—0,00016 

—0,0002 

-0,3-10-* 

—0,0003 

—0,8- 10~* 

— 0,4-10—* 

0,9-10-* 

0,16- 10-* 

0,2-10-* 

— 0.2-10-* 

0,3-10“*  • 

0,4- 10  “• 

-0.3- 10-i 

— 0,9-10-*  ■ 

-0.14- 10— • 

-0.2- 10-* 

— 0.2-10-* 

— 0.2-10“* 

1,0322 

1,1021 

0,9933 

0,97936 

0,9720 

0,9659 

0,9653 

0,3547 

0,3553 

0,3568 

0,3575 

0,3579 

0,3583 

0,3583 

0,0001 

0,7- 10“* 

— 0,4- 10  * 

—0,00011 

—0,0002 

—0,2- 10— » 

—0,0002 

—0;6- 10~* 

— 0,2- 10— » 

0,6- 10-* 

0,9- 10-* 

0,1-10-* 

0,1-10-* 

1 0 ~*  - 0.2 

+0,2  10— ■ 

-0,2- 10-* 

-0.4-10“* 

— 0,7-10-* 

-0,8- 10—* 

-0.1- 10-* 

-0,1  10  “• 

1,0259 

1,1017 

0,9939  , 

• 0,9826  ■ 

1- 

0,9760 

• 0,9718 

0,9714 

0,3550  • 

0,3555 

0,3568  ' 

’•  0,3574 

0,3577 

; 0,3580 

0,3580 

>-  0,7 • JO  * 

0,5- 10“* 

-0,3-10-* 

-0,8-10-* 

0,0001  * 

—0,2-10-* 

—0,0002 

-0,3- 10—* 

—0,1  • 10—* 

0,3-1  O'-* 

0,6-10-* 

0,7-10-* 

0,9- 10'* 

0,1-10“' 

0,9- 10— » 

—0,7-10-* 

-0,2-10-* 

— 0.3-1 0~« 

-0,4-10-* 

-0,5 -J0“* 

—0,5-10“* 

1,02135 

. 1,0138 

0,9945 

0,9852 

0,9803 

0,9763- 

0,9760 

0,35526 

0,3557 

0,3567 

0,3572 

0,3545 

0,3677 

0.3577 

0,6-10'* 

0.4- 10~* 

— 0,2-1 0-* 

-0,6- 10_« 

-0.8-10“* 

i —0.1-10“* 

—0,0001 

-0,2  10~ * 

—0,6- 10“* 

0,2-10-* 

0,4  ■ 10- • 

0,5-10_* 

■ 0,6-10“* 

0,0-10“* 

0,5-10-1 

-0,4- 10~* 

— 0,1-10'* 

— 0,2- 10“ • 

— 0,210-' 

1 —0,3-10“* 

-0,3-10“* 

, 1,01787 

1,0114  ' 

' - \ • 

0,9951  ■ 

0,98724 

0,9832 

0,9799  v 

0,9796 

a- 1,387831 

• ‘ \’-r 

.«  •• 

• 

V 

,-v'  0,20177  5 0,1964 

0.2017  ; 

..  0,2236',' 

0,253-1 

0,3249 

0,3168-  •' 

0,10)14 

0,1125  / •' 

0,1208  0,1047 

- 0,0761 

—0,0347- 

, — 0,08615 

-0,0-182 

-0,0-139  ' 

‘ — 0,0277 

—0,0097 

0,0143 

0,0717 

—0,09148 

0,0068 

—0,0006 

—0,0179'  ' 

—0,0333 

—0,398 

—0,0370 

—0, 1/1004 

3,2320  ’ 

1,3684 

3,0465  - 

2,3804 

1,6215 

. 0,4709 

0,2564 

0,21804 

0,21-18 

0,2233 

0,2439 

0.2692 

0 3232 

0,3380 

0,0800 

0,0860 

0,0867 

0,0701 

0,0151 

—0,0 150 

— *1,1 1-  l'i| 

-0,0351 

—0.O3M 

-0,0170 

—0,00, ’2 

0.0151 

0,05 19 

i!.i"-l'°ri 

0,00-18 

0,0001 

-0,01 2H 

—0,0025 

—0,0276 

—0,1.1;  HI 

—o.i!  K*.; 

• 2,778-1 

2,8134 

2,6006 

1,0180 

1,3721 

0,5 1W> 

o,rui  is 
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W/T  1 

1 o 

0,06 

0,1 

0,4 

. 0.8 

1 

a \! 

0,075 

Aq 

0,2668 

0,2643 

0,2627 

•0,2516 

• ' , 0,2400 

0,2367 

A, 

0,0370 

0,0386 

0,0397 

0,0467 

. ’ , 0,0543 

0,0574 

71, 

—0,0327 

— 0,0326 

—0,0325 

—0,0314 

-t-0,0294 

' —0,0282 

71, 

0,0227 

0,0216 

. ■ 0,0208  . 

. 1 0,0157 

0,0101 

0,0076 

£ 

1, 5-129 

1,5997 

1,6382 

1,9115. 

2,1951 

2,2964 

0,1 

Tlo 

0,2704 

' 0,2683 

0,2670 

0,2578 

0,2492 

0,2463 

^1 

0,0310 

0,0321 

0,0328 

- 0,0375 

0,0426 

0,0446 

a2 

—0,0244 

—0,0242 

—0,0241 

—0,0232 

—0,0215 

1 . —0,0205 

A, 

0,0155 

0,0147 

0,0142 

0,0108 

0,0070 

. 0,0053 

£ 

1,4740 

1,5219 

^ 1,554^- 

1,7785 

, 1,9973 

2,0693 

0,125  A„ 

0,2735 

0.2718 

0,2707 

-0.2631 

. 0,2563 

0,2542 

71, 

0,0258 

0,0265  c 

0,0270 

0,0301 

0,0334 

0,0346 

tI, 

—0,0181 

—0,0180 

—0,0179 

—0,0171  . 

; -0,0157 

—0,0149 

<4, 

0,0105 

0,0100 

' 0,0097 

0,0074  , 

0,0049 

‘ 0,0037 

£ 

1,4159 

*. 

1,4566 

1.4839 

‘v  1,6692 

1,8385 

1,8890 

0,15 

tIo 

0,2763 

0,2748 

* ; 0,2738 

0,2675 

0,2622 

0,2608 

At 

0,0213' 

0,0218 

' 0,0221 

0,0241 

0,0261 

0,0268 

A 2 

—0,0136 

—0,0134 

—0,0133 

—0,0126 

—0,0115 

—0,0103 

A , 

0,0072 

% 

0,0069 

0,0067 

0,0051 

0,0033 

. 0,0025 

£ 

1,3667 

* 

1,4015 

1,4247 

. 1,5788 

1,7(03 

, 1,7451 

0,175 

0,2786 

0,2774 

0,2765  ’ 

7 0,2712 

0,2671 

0,2661 ' 

7l| 

0,0175 

0,0178 

0,0180 

0,0193 

0,0205 

0,0208 

A 2 

—0,0101 

—0.0100 

. —0,0099 

. . —0,0093  1 

t— 0,0084 

’ —0,0079 

71, 

0,0050 

0,0047 

. ■ 0,0046' 

;; 0,0035 

V-J  0.0023 

j 0,0018 

£ 

1,3248 

1,3547 

1,3745 

, ,•  , 1,5036 

\ < 

1,6061 

1,6295' 

0.2 

Ao 

0.2S06 

0,2795 

. 0,2788 

6,2744 

• 0,2711 

0,2705' 

7l, 

0,0144 

0,0146 

0,0147 

0,0155 

■ • 0,0161 

0,0163 

7l, 

—0,0076 

—0,0075 

— 0,0074> 

—0,0069 

—0,0061 

' —0,0057 

■'ll 

0,0034 

0,0033 

0,0032 

0,0024 

0,0016 

6,0012 

£ 

1.2S90 

1,3148 

1,3319 

1,4408 

1,5210 

1,5360 

0,225 

Ain 

0,2823 

0.2814 

0,2808 

. 0,2770 

0,2745 

0,2741 

71, 

0,0119 

0,0120 

. 0,0121 

■ 0,0125 

0,0128 

0,0128 

A , 

—0,0057 

—0,0056 

. —0,0056 

—0,0052 

—0,0045 

, —0,0042 

71, 

0,0024 

0,0023 

V 0,0022 

0,0017 

’ '0,0011 

' 0,0009 

£ 

1,2582 

•»* 

1,2806 

1,2854 

‘ ' 1,3879 

1,4509 

, 1,4598 

0,25 

^0 

0,2833 

0,2830 

0,2825  • 

■ 0,2792  • 

- 0,2772 

. 0,2771 

A, 

r n-i08 

0,0099 

0.0099  • 

0,0101 

0,0102 

0,0101 

71, 

— 0,0043 

—0,0043 

’ —0,0042 

—0,0039 

• —0,0034 

' —0,0031 

71, 

0,0017 

0,0016 

0,0016 

0,0012 

0,0008 

0,0006 

£ 

1,2316 

1,2512 

1,2641 

1,3431 

1,3929 

1,3973 

0,3 

,'1„ 

0,2S62 

0,2856 

0,2852 

0,2827 

0,2815 

. 0,2816 

■1, 

0.00l>7 

0,0067 

. 0,0067 

0,0067 

0,0060 

0,0064 

.4, 

- 0,00.25 

—0,0025 

—0,0024- 

—0,0022 

0,0019 

—0,0017 

A , 

0,0003 

0,0008  ' 

0,0008 

0,0006 

0,0004 

0,0003 
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1.4 

1.8 

3 

4 

5 

8 

12 

0,2318 

0,2302 

0,2406 

0,2594 

0,2804 

0,3210 

0,3.311 

0,0622 

0,0649 

0,0617 

0,0467 

0,0258 

—0,0293 

— 0.0503 

-0,0254 

—0,0223 

. —0,0103 

0,0014 

0,0139 

0,0374 

0,0439 

O.OOIM 

—0,0003 

-0,0091 

—0,0167 

■ 0,01904 

—0,0254 

—0,0260 

_ 2,4187 

2,4431 

2,1083 

1,6434  ' 

1,2005 

0,5588 

0,4484 

0,24313 

0,2423 

0,2542. 

0,2709 

0,2881 

0,3185 

0,3256 

0,0475 

0,0488 

0,0435 

0,0304 

0,0139 

—0,0255 

—0,0394 

-0,0183 

—0,0157 

—0,0061 

0,00275 

. 0,0116 

0,0270 

0,0310 

0,00235 

—0,0002 

—0,0064 

—0,0111 

—0,0131  • 

-0,0170 

—0,0178 

2,1439 

2,1384 

1,8163 

1,4297  . 

0,0108 

0,6006 

0,5203 

0,2524 

0,2530 

0,2646 

0,2792 

0,2932 

0,3162 

0,3212 

0,03614 

0,0365 

0,0305 

0,0195 

1 0,0066 

0,0217 

0,0311 

-0,0131 

—0,0110 

—0,0036  , 

0,00308 

» 0,0093 

0.0196 

0,0222 

0,0016 

—0,0001  . 

—0,0044 

—0,0075 

—0,0089 

—0,0114 

—0,0119 

1,9300 

1,9053 

1,6025 

1,2803 

1,0080 

0,6394 

0,5803 

0,2599 

0,2612 

0,2725 

0,2851 

0,2965 

0,3140 

0,3176 

0,0275 

0,0273 

0,02133 

• 0,0123 

0,0023 

—0,0182 

—0,0248 

—0,0094 

—0,0077 

—0,0020 

0,0029 

0,0073 

0,0143 

0,0160 

' 0,00114 

—0,0001 

—0,0031 

—0,0051 

—0,0061 

—0,0077 

0,00804 

1,7620 

1,7262 

1,4459 

1,1760 

0,9586 

0,6748 

. 0,6308 

0,2639 

. 0,2676 

0,2784 

0,2893 

0,2985 

0,3120 

0,3145 

0,0210  ■ 

■ 0,0204 

0,0149 

• 0,0075 

—0,0002 

—0,0152 

-0,0198 

-0,0067 

—0,0054 

—0.0011 

0,0026 

■'  0,0057 

0,0105 

0,0116  ' 

-?■  0,8  I03 

—0,7  - 104 

—0,0021 

. —0,0034 

—0,0042 

—0,0053 

/— 0,00546 

• . 1,6312 

f , 

1,5879 

1,3309  * 

• * 1,1034  . 

0,9279 

0,7068 

0,6735 

0,2708 

0,27^7 

’ 0,2829 

0,2922 

0,2997 

0,3102  " 0.3121 

0,0161 

0,0154 

0,0104 

0,0043 

—0,0016 

—0,0127 

'—0,0100 

' -0,0048 

— 0,0038 

-0,0005 

, 0,0022 

0,0044 

0,0078 

0.00833 

0,6  • 10-3 

— 0,5  • 10-« 

—0,0015 

—0,0024 

—0.0029 

—0,0036 

—0,00373 

i-  1,5269 

1,4804 

, 1,2462 

1,05314 

0,9098 

0,7354 

,0,70997 

0,2748 

0,2767 

'0.2S62 

0,2942 

0,3004 

0,3086 

0.3101 

0,0124 

0,0116 

0,0072 

0,00233 

—0,0023 

—0,0106 

—0,0129 

—0,0035 

,—0,0027 

—0,0002 

0,00182 

0,0034 

0,0057 

0,00631 

0,0004 

—0,4  • 10-« 

—0,0010 

—0,00163 

—0,0020 

—0,0025 

—0.00257 

1,4437 

. 1,3901 

-1,1834 

1,0185 

0,9001'  ' 

0,7008 

0,7412  . 

0,2779 

0,2799 

0,2886, 

. 0,2955 

0,3007 

0,3072 

’ 0.3024 

• 0,0096 

0,0080 

0,0050 

0.00106 

—0,0025' 

— 0.0988 

—0,0105 

—0,0025 

•0,0019 

0,1  • io-4 

0,0015 

0,0027 

0.0913 

0,00171 

: 0,00027 

—0,2  10-« 

—0,0007 

—0,0012 

—0,0014 

— 0.0017 

— 0,001  “jj 

1,3767 

1,3296 

1,1306 

0,9913 

• 0,8900 

0.7835 

0,7681 

0,2827 

0,2846 

0,2918 

0,2970 

0,3’ i(i7 

0.3:  '.VI 

f>  V.r. 

0,0059 

0,0053 

0,0024* 

—0,00021 

—0,0025 

-ViVT'l 

—0,n;l|  | 

0.001(1 

0.0001 

0,00997 

O.i/dlO 

0,0.  i.O 

I'.'oOVr.'l 

0,00014 

— 0.1  • 10—*  —0,0004 

—0,0000 

—0,0007 

—0,0003 

— 10~»*  11,88 
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w/t 

ft 

0 

0,06 

0,1 

0.4 

’ 0.8  1 

1 

5 

1,1883 

1,2036  . 

1,2156  i 

1,2725 

'■  1,3038 

'.  13028 

0,35  Aa 

0,2880 

0,2873 

0,2872 

! 0,2853  ' 

0,2846 

. 0,2817 

Ay 

0,0047 

0,0047 

, 0,0047  * 

0,0046  ' 

0,0044 

0,0042 

A J 

—0,0015 

—0,0015 

0,0014 

0,0013 

—0,0011 

' —0,0010 

Ai 

0,0004 

0,0004 

0,0004 

.0,0003  “ 

- 0,0002 

0,0002 

l 

1,1553  ' 

1,1674 

' 1,1753 

1,2204  • 

' 1,2402 

1,2365 

0,4  A„ 

0,2894 

0,2890 

0,2886 

0,2872 

z868  . 

. 0,2870 

Ay 

0,0033 

0,0033 

0,0033 

. ' 0,0032 

• 0,0030  • 

0,0028 

A , 

—0,0009 

—0,0009 

— 0.Q009 

—0,0008 

—0,0006 

—0,0006 

-4a 

0,0002 

0,0002  - 

<W002 

0,0002 

. 0,0001 

0,8  ■ 10-' 

9 

1,1297  - 

1,1395 

1,1458  - 

1,1811 

'.1,1937 

1,1887 

0.45  A0 

0,2904  - 

0,2900 

0,2899 

0,2887 

0,2884 

0,2887 

At 

0,0024 

0,0024 

0,0024 

0,0023 

0,0021 

0,0019 

A y 

—0,0006 

—0.0006- 

—0,0005 

—0,0005 

—0,0004 

—0,0003 

Ay 

0,0001 

0,0001  ■ 

0,000] 

0,9- 10~‘ 

0,00006  . 

- 0,4-10-*. 

£ 

1,1095 

1,1176 

1,1228  , 

1,1510 

1,1590 

1,1535 

0.5  /„ 

0,2912 

0,2909 

0,2908 

0,2898  • 

0,2896 

0,2900 

-4. 

0,0018 

0,0017 

0,0017  ' 

0,0016 

v 0,0015 

0,0014 

—0,0004 

-O.OOO-l- 

—0,0003 

—0,0003 

•'  0,0002 

—0,0002 

A* 

10  "''•0.7 

— 10  * 0,7 

10"*-0,6 

0.6-10-*  - 

. . 10-*-0,3 

0,3-10  * 

l 

1,0935 

1,1002 

1,1045  ' 

1,1274 

’ 1,1325  • 

% ■ > 

1,1270 

0,6  Aa 

0,2924  . 

0,2922  . 

:•  0,9221 

; - '0,2314 

■ 0,2914 

’ 0.2916 

■ Ay 

■ 0,0010 

0,0010  . 

0,0010 

,' ' 0,0009  - < 

' ;,  0,0008 

0,0007 

Ai 

—0,0002 

' —0,0002  ' 

—0,0001 

-0,0001  - 

—0,0001  • 

—0.9  10-* 

At 

10 -"•0,24 

10-*-  0,23 

10  "*-0,22  a 

10"*- 0,171 

10—5.0,1 1 ' 

0,9-10-* 

i 

1,0700 

1,0748 

1,0779 

1,0938  - 

1,0956  / 

1,0905  . 

0.7  At 

0.C932 

0,2930 

0,2929 

0,2024 

0,2924 

'!  ' 0,2926 

A, 

0.0006 

0,0006 

0,0006  ■ 

0,0005 

0,0005 

' 0,0004 

A:  ■ 

— 10 - 0.8 

— 10"*-07 

— 10  -«-0,7 

-0.6-10-* 

0,5-10-* 

—0,4-10-* 

A,  ■ 

-10-5.0, 9 

10-5.0,9 

10-5.0,9 

0,6- 10“> 

0,4-10-5 

0,3-10"* 

5 

1,0541 

1,0577  ' 

1,0600  , 

1,0716 

- 1,0719 

1,0676 

0,8  An 

0,29.17  ■ 

0,2936- 

, 0,2935  -. 

' 0,2931  . , 0,2932 

J 0,2933 

Ay 

0.0004 

0,0004 

■ :•  0,0004  '-L 

0,0003  ■ 

■V.  0,0003  • 

0.0003 

At  ■ 

— 1 0 ~ 4 ■ 0.4" 

•— !0-<-0,4  ' 

10'  *-0,4 

0,3-10-«  ' 

'•—0.2-10-* 

' - —0,2.10"* 

Ai 

10"5-0, 4 

10-5-0,3 

10-*-0,3 

: o,3-io-» 

, 0,2-10-* 

• O.l-lO"* 

. 5 ■ 

1,0428 

1,0457 

1,0175 

-‘.1,0563 

V.  1,0559 

.1,0522 

0,9  At 

0,2911 

0,29-10 

0,2939 

0,2936  • 

0,2937 

0,2938 

Ay 

0,0002 

- 0,0002  • 

0,0002 

0,0002 

' 0,0002 

0,0002 

A 2 

10~*-0,2 

— 10  '-0,2 

— 10"*-0,2 

-0,2-10-* 

-0,1-10-* 

—O.l-lO-' 

A i 

10-5-0,2 

10-5-0,2 

10-3  0,1 

0,l-10-» 

0,8-10-5 

0,6-10-* 

t 

S 

1,03-17 

1,0369 

1,0384 

1,0453 

1,0447 

1,0415 

1 At 

0,2944 

0,29-13 

0,2.912 

0,2940 

0,2940 

0,2912 

Ay 

0,0002 

0,0002 

0,0002 

0,0001  ; 

0,0001 

0,0001 
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1.4 

1.8 

3 

4 

5 

8 

12 

1,2780 

• 1,2342 

1,0754 

0,9683 

0,8976 

0,8214 

0,8115 

0,2853 

. 0,2876 

0,2236 

0,2976 

0,3003 

0,3032 

0,3037 

0,00377 

0,0032 

0,0011 

—0,00063 

—0,0021 

—0,0013 

—0,0049 

^ — 0,0007 

—0,0005 

0,0002 

0,00063 

0,0010 

0,0015 

0,00153 

' 0,7- 10  "*  . 

-0.6- 10-* 

—0,0002. 

—0,00029 

—0,0003 

—0,0004 

— 10“»-0.447 

• 1,2111 

I.H718 

1,0406 

0,95760 

0,9051 

0,8513 

0,8447 

, 0,2881 

0,2896 

0,2946 

0,2978 

0,2998 

0,3019 

0,3022 

0,0025 

0,0020 

0,0005 

—0,00070 

—0,0017 

—0,0031 

—0,00344 

—0,0004 

—0,0003 

0,0001 

. 0,00041 

0,0006 

0,0009 

0,00096 

0,4.10-*  — 0,3  10-* 

—0,0001 

—0,00015 

—0,0002 

—0,0002 

•—  0,00023 

1,1645 

1,1297 

. 1,0203 

0,9546 

0,9145 

0,8750 

0,3703 

0,2897  ' 

0,2910 

0,2952 

0,2978 

0,2993 

0,3009 

0,301 1 

0,00166 

0,0013. 

0,0002 

—0,00065 

—0,0013 

—0,0022 

—0,00246 

4 -0,00025 

—0,0002 

0,000! 

0,00027 

0,0004 

0,0006 

10“*  ■ 0.595 

0.2  1 0 —4 

— 0,2-1 0“* 

-0,5-10-* 

— 0.8- 10—* 

—0.0001 

—0,0001  - 

—01— *0,127 

1,13102 

1,1005 

1,0085 

0,9354 

0,9239 

0.S939 

0,8905 

0,29081 

0,2920 

0,2956 

0,29764 

0,2989 

0,3001 

0,3002 

0,0012 

0,0009 

0,6-  10-* 

—0,00056 

—0,0010 

—0,0017 

—0.00180 

-0,00016 

-0,9-10-* 

0,7-10 

0,00018 

0,0003 

0,0001 

0,00038 

0,1  • 10"* 

-o.i-io-* 

— 0,3- 10~ « 

-0,5- 10“* 

-0,6-10-1 

1 -0,7-10-< 

1 -10-1-0.71 

1,1064 

1,0796 

1,0015 

0,9578 

0,9325 

- 0,9091 

0,9066 

' 0,2923 

0,2933 

0,2959 

. 0,2973 

0,2981 

0,2989 

0,2990 

0,6-10-* 

0,0004 

-0,4-10“* 

—0,00038 

—0,0006  , 

. —0,0009 

0.00101 

-.-0,6-10-* 

-0,3- 10-* 

0,4-l0_* 

0,8- 10~* 

0,0001 

- 0,0002 

0,00017 

' 0,4-10-* 

-P.4-I0-* 

-0,1-10-* 

— 0,16-10-' 

‘ -0,2-10-1 

‘ — 0.2- 10-* 

— 10“*-0,241 

- 1,0738 

1,0529 

0,9951 

0,9642 

0,9469 

0,9376 

0,9301 

0.2932 

0,2939 

0,2959  ' 

0,29702 

0,2976 

0,2981 

0,2982 

0,00033 

- 0,0002 

—0,5-10-* 

—0.00025 

—0,0004 

—0,0569 

10“*.0,G02 

-0,3-10-* 

— 0,1  - 10— « 

0,2-10“* 

0,4-10“* 

0,6- 10~* 

0,7- 10 

10  1.0.785 

0,15-10'* 

-0,1-10-* 

0,4-10“* 

— 0,'6- 10“» 

-0,7-10-* 

—0,9- 10-* 

— 10'-0,907 

1,0539 

1,0374  ' 

0,9931 

0,9703 

0,9577 

0,9(70  . 

0,9100 

0.2938 

• 0,2944 

0,2959 

0,2968 

0,2972 

0,2076 

0.2976 

. 0,0002 

; 0,0001 

-0,5-  10  “« 

—0,00017 

—0,0002 

— 0,4-  lO'i 

i fO"*.  0,378 

/i'.'—  0,1-10-* 

,-0,6- 10“* 

0,1-10“* 

0,2-10“* 

0,3-10 

0.4 • 10 -J 

' 19 

0,6- 10“* 

— O.e-lO-1 

—0,2-10“* 

— 0,2-1 0“* 

—0,3. 10-* 

-0,4-10-1 

' io"*. 0.373 

' 1,0410 

•:  1,0278 

. 0,9929 

y . 0,9753 

0,9658 

0,9579 

0.20.7 

••  0,2942- 

0,2947 

0,2960 

; 0,2963 

0,2969 

0.2972 

0.2973 

0,00013 

0,8-10-* 

—0,4- 10“* 

—0,00012 

—0,0902 

—0,0001 

— 10  *-0.247 

—0,6-10-4' 

-0,3- 10“» 

0,6-  10“s 

0,12-10“ 

« 0,2- I'ri 

1 0,2  • 10  “ * 

1 KT  1-0,215 

0,3-10-* 

0,2-10-1 

1 — 0,7- 10“« 

1 -0,1-10'* 

—0,1  • I0“i 

1 —0.210“*  10’4  >). i 65 

1,0322 

. 1,0214 

0,9933 

0,9794 

0,9720 

6,9  i m3 

0,2915 

0.2919 

0.2959 

0,296  IS 

0.290? 

0.2'Vi) 

11  2970 

0,8-10'-* 

0,5-10-* 

— 0,3-lU-* 

— 0.8-10-* 

1 —0,0001 

—0,0002 

10  • 0, 17 
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N.  (i)/t 

h A 

0 

0,06 

• 0.1 

0.4 

o.e 

t 

A, 

-10-<-0,12 

— 10— 4 -0,12 

-10-<-0,l 

— 0.9- 10— » 

-0.7. 10-* 

-0.6- ir> 

A, 

10“ •0,8 

10-‘-0,7 

10~*-0,7 

0,6- 10  • 

0,4-10~* 

0,3- 10~* 

' l 

1,0286 

1,0305 

1,0317 

1,0372 

1,0365 

■1,0338 

1.1  At 

0,2946 

0,2945 

0,2945 

0,2943 

0,2948 

0,2941 

A , 

0,0002 

0,0001 

0,0001 

. 0,0001 

- 0,9- 10~« 

0,8- 10- 

Ai 

— 10-*  .0,7 

— 10-‘-0,7 

— 10— *0,7 

— 0,6-1 0~» 

—0,4  - 10—* 

— 0,3-10- 

A 5 

10~*-0,4 

10~*-0,4 

10—0-0,4 

0,3- 10— • 

0,2-10-* 

0.110- 

i 

1,0240 

1,0255 

1,0265 

1,0311 

1,0352 

; 1,0280 

1.2  A0 

0,2948 

-0,2947 

v 0,2947 

0,2945 

0,2945 

•-  0,2946 

At 

10  4 -0.85 

10-‘.0,83 

•*10-<-0,8- 

0,7- 10_ « 

0,6-10-* 

0,5-10- 

— 10— *0,45 

— 10— s.0,43 

— 10-‘-0,4 

.-0,3-10-*', 

— 0,2-10-* 

-0,2-10- 

A, 

10  *•  0,21 

10-«-0,2 

10~*-0,2 

0,1-10-* 

• 0,1-10-* 

. 0,8- 10- 

E 

1,0204 

1,0217 

1,0225 

1,0263 

1,0256 

1,0235 

. 

*,=  12, 

0,025  At 

0,2243 

0,2217 

0,2197 

. 0,2072 

0,1937 

0,1884 

A\ 

• 0,0398 

0,0424 

0,0442 

' 0,0558 

, 0,0687 

0,0741 

Ai 

—0,0474 

—0,0473 

—0,0472 

- —0,0460 

—0,0436 

—0,0421 

Ay 

0,0390 

0,0370  ' 

0,066  ' 

0,0267  * 

0,0169 

0,0127 

l 

1,7258 

1,8071  ■ 

1,8627 

2,2765 

2,7583  - 

2,9539 

0,05  At 

0,2279 

0,2257' 

0,2242  . 

0,2139 

0,2031 

'*•  0.1991 

At 

0,0342 

0,0360 

. 0,0372  , 

0,0-154  . 

. . 0,0543 

• 0,0580 

At 

—0,0352 

-0,0351  ' 

-0,0350  ■ 

—0,0341 

—0,0321 

' —0,0309 

At 

0,0265 

0,0251  ' 

' . 0,0243  " 

0,0183 

0,0117  ’ 

J 0,0089 

l 

1,6262  ' 

1,6940 

1.7401  ' - 

< 2,0757 

2,4453 

. 2,5868 

0,075  At 

0,2310 

0,2292 

0,2280 

0,2195 

0,2111 

0,2031 

At 

0,0289 

0,0301 

0,0309  •' 

0,0365 

0,0126-  • 

0,0450 

A 2 

—0,0262 

—0,0260 

—0,0259 

—0,0251 

—6,235  . 

. —0,0225 

At 

0,0180 

0,0171 

0,0165 

0,0125 

0,0081' 

0,0061 

l 

1,5435 

1,6003 

1,6388 

1,9125 

2,1966 

2,2981 

0,1  At 

0,2333 

> 0,2322 

0,2312 

0,2243 

. . 0,2177 

0,2155 

. A, 

0,0241 

0,0249 

' 0,0255  . 

0,0292 

0,0332 

0,0348 

Ax 

—0,0193 

—0,0192 

—0,0192  ' 

- —0,0184  . 

. — 0,0171 

—0,0163 

At 

0,0122 

' 0,0116 

0,0113  ■ 

0,0086  - 

0,0056  ' : 

0,0012 

E 

1 ,47-14 

1,5223 

1,5546 

, 1,7792  - 

1,9982 

■ ' 2,0705 

0,125  An 

0,2362  '' 

0,2319 

0,2340  ' 

’ 0,2283  ' 0,2232 

0,2216 

At 

0,0199 

' 0,0205  • 

0,0208 

0,0233 

■ 0,259 

0,0268 

Ai 

—0,0143 

—0,0142 

—0,0142 

—0,0135 

—0,0124 

—0,0118 

At 

0,0083 

0,0079 

0,0077 

0,0059 

0,0038 

0,0029 

\ 

1,4162 

1,4569 

1,4842 

1,6696 

1,8390 

' 1,8896 

0,15  /10 

0,2382 

0.2371 

‘ 0,2364 

0,2.317 

0,2277 

• 0,2266 

At 

0,0164  ' 

0,0168 

0,0170 

0,0186 

0,0202 

—0,0207 

At 

—0.0107 

—0,0106 

—0,0105 

—0,0099 

—0,0090 

— 0,00*5 

At 

0,0057 

. 0,0054 

0,0053  • 

0,0040 

0,0026 

0,0020 
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1.4 

IJ6 

3 

■ 4 

5 

8 

12 

-0.1- 10-* 

0,4-10-* 

0,7- 10“* 

0,9-10-* 

+0.1-10-* 

JO"'- 0.122 

o.i  • io-« 

—0,1.10-1 

—0,3- 10-* 

—0,5-10-* 

-0,6-10-* 

— 0,810-* 

— lO'*- 0.781 

1,0259 

1,0169 

0,9939 

0,9826 

0,9766 

0,9718 

0,9714 

0,2947 

0,2951 

0,2959 

0,2963 

0,2965 

0.2967 

0.2967 

0,6- 10~ « 

0.3- 10-« 

-0,2- 10— « 

-0,6- 10-* 

-0.8. 10- < 

i -0,0001 

-10">  0,118 

—0.2  - 10—* 

— 0,8  10-» 

4), 2 • 10- * 

0,4  ■ IQ- * 

0,5-10-*  0,7-10-* 

10~*.  0.726 

0,610-1 

-0,6- 10-* 

—0,2.10-* 

— 0,26  10-*  — 0.3- 10— • 

— 0,4  10-* 

— 10 -*-0,354 

1,0214 

1,0138 

' 0,9945 

0,9852 

0,9803 

0,9703 

0,9760 

0,2949 

' 0,2952 

-0,2959 

0,29623 

0,2954 

0,2966 

0.2966 

. 0,4-10-* 

0,2. 10“« 

-0,2.10-* 

— 0.4- 10— < 

• —0,6-10-*  -0,8-10-* 

■ — 10-<-0,85 

-0,1- 10—* 

-o,i-io-« 

■0,2-10-* 

0,27- 10— • 0,3.10" 

* 0,4-10-* 

10— *0.45 

0,3- 10— » 

0,1- 10— « 

-0,9-  10-i 

— 0.14  10— -•  — 0,2  10— 

• — 0,2- 10~' 

• — 10  e . 0,21 

1,01787 

1,0050 

0,9951 

0,98725 

0,9832 

0,9799 

0,9796 

as  1,156526 

0,1806 

1,1784 

0,1807 

1,1980 

0,2207 

0,2738 

0,2894 

0,0829 

0,0893 

0,0943 

0,08065 

0,0570 

—0,0261 

—0,0625 

-0,0389 

—0,0356 

—0,02114 

—0,00604 

0,0128 

0,0553 

0,0692 

0,0055 

—0,0005 

—0,01456 

—0,0298 

—0,0315 

—0,0442 

—0,0169 

« 3,2389 

3,3771 

3,0567 

2,3817 

1,6251  • 

0,4710 

0,2579 

0,19356-, 

0,1010  ' 

, 0,19771 

0,21373  . 

0,2329 

0,2726 

0,2832 

0,0638 

0,0677 

' 0,06732 

0,0539 

0,0338 

—0,0248 

—0,0181 

. -0,0282 

—0,0250  ’ 

—0,22129  ■ 

-0,8  10-* 

, 0,0128 

0,0400 

0,0479 

0,0039  . 

.—0,0003 

—0,00103 

—0,0197  . 

—0,0218* 

- —0,0295 

—0,0310 

2,7772 

2,8181  ‘ 

• 2,6114 

1,9486  . 

1,3738 

- 0,5152 

0,3627 

0,20432 

0,2031 

0,21117 

0,2255 

• 0,2413 

0.5/10 

- 0,2783 

0,0487 

0,0505 

0,04761 

0,0356 

0,0193 

—0.0222 

—0,0375 

-0,0207 

—0,0172 

—0,00780 

0,00156 

0,0112 

0.0288 

0,0336 

0,0027 

—0,0004 

—0,00726  1 

'-0,0131 

—0,0150 

—0,0197 

—0.0206 

2,4209 

2,4459 

2,1107 

1,6436 

1,2010 

• -0,5590 

0,4491 

0,21311 

0,2129 

0,22158 

0,2342 

0,2470 

0,2693 

0.2747 

0,03696 

0,0379  •' 

0,03349 

0,0231 

0,0103  ' 

—0,0192 

—0,0295 

—0,00145 

—0,0123 

—0,00163 

‘ 0,00242 

0,0092 

0.0203 

0,0238 

0,00188 

—0,0002 

—0,00506 

—0,0087 

—0,0102 

—0.0132 

—0.0138 

2,1451 

2,1398 

1,81744 

1,4298  ■ 

1,0847 

0,0008 

0,5207 

’ 0,2202  ' 

0,2207  • 

; 0,22950  ' 

0,2104 

0,2503  ' 

0,2675 

0,2712 

0,0280 

0,0282 

0,02336  , 

' 0.0148 

0,0049 

—0.9163 

0,0234 

—0,0103 

—0,0086 

—0,00268 

0,00256 

0,0073 

0,0151 

0.0170 

0,00131, 

—0,0001 

—0,0035 

—0,0058 

—0,0070 

—0.0089 

— 0,OO"25 

1,93074 

1,9360 

1,6031 

1,28031 

1,0080 

0,6395 

0.5806 

0,2259 

0.22G8 

0,2354 

0,21182 

0.2  V, 2 

0,2460 

tVVWi 

0,0212 

0,0212 

0,01628 

0.0003 

OOOl  f. 

— 0,0137 

- -il\ll8r». 

—0,0074 

—0,0070 

—0,00149 

0,0024 

0,001.7 

o.ou  l 

U'i  -.'.t 

0,0009  • 

-0,2  ■ 10-« 

—0,00219 

—0,0040 

—0,0047 

—0,0060  - 

— U.OtHC) 
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w/r 
h \ 

0 

0,06 

t 

0,1 

0,4 

0.8 

1 

5 

1,3669 

1,4017 

1,4243 

* 1,5791 

; . ' 1.7106 

V 1,7453 

0.775  A0 

0,2400 

0.2390 

0,2384 

• • ' 0,2345  - 

, 0,2314 

0,2300 

A, 

0,0135 

0,0137 

0,0139 

■*,  0,0149 

0,0158 

0,0100 

A 2 

—0,0079 

—0,0079 

—0,0078 

—0,0073 

—0,0066 

..—0,0062 

A, 

0,0039  , 

0,037 

0,0036 

-41,0028 

0,0018 

0,0014 

i 

1,3250 

1,3548 

1,3747 

1,5038 

1,6064 

. 1,6297 

0.2  if. 

0,2415 

0,2407 

0,2401 

0,2368 

0,2344 

0,2339 

A\ 

0,0111 

0,0112 

0,0113 

0,0119 

0,0124 

0,0125 

As 

—0,0059 

' —0,0059 

— 0.P058 

—0,0054 

—0,0048 

. — 0,0045 

As 

0,0027 

0,0026  ' 

0,d025 

0,0019 

' 0,0013 

■0,0010 

t 

1,2891  '• 

1,3149 

1,3320 

• .1,4409 

1,5211 

1,5361 

0.225  Aa 

0,2428  ^ 

0,2421 

0,2416 

• 0,2388 

0,2369 

; 0,2300 

A\ 

0,0091 

0,0092 

0,0092 

0,0096 

0,0098 

' 0,0098 

As 

—0,0015 

—0,0044  " 

—0,0044 

—0,0040 

—0,0035 

—0,0033 

As 

0,0019' 

0,0018 

0,0017 

0,0013 

. 0,0009' 

*'  0,0007 

1 

1 ,2532 

1,2807  • 

1,2055 

1,3879  . 

1,4510 

1,4599 

0,25  Aa 

0,2439 

0,2434 

..  0,2429 

0,2405 

0,2390 

0,2389 

A 1 

0,0075 

0,0075 

v 0,0076 

0,0077 

' i 0,0078 

0,0077 

A 2 

—0,0034 

—0,0033 

—0,0033 

—0,0030 

,'—0,0026 

. —0,0024 

A, 

0,0013 

0,0012 

0,0012 

0,0009 

0,0006 

0,0005 

l 

1,2316 

1,2512 

V,-  1,2641 

1,3432 

t . 

;'•■'  1,3929 

■ 1,3974 

0,3  A0 

0,2456 

0.2452  ■* 

• 0,2449' 

0,2431 

0,2422 

• i 0,2422 

■A, 

' 0,0051 

- 0,0051 

0,0051 

0,0051  ' 

•"  0,0050 

. 0,0049 

A\ 

—0,0020 

—0,0019 

' —0,0019  . 

, —0,0017 

—0,0015 

• -0,0013. 

As 

0,0006 

0,0006 

' 0,0006 

' 0,0005 

0,0003 

0,0002 

\ 

1,1883 

1,2306  . 

v 1,2136 

1,2726  • 1,3038  i 

1,3028 

0.35  Aq 

0,2470 

0,2466 

0,2464 

0,2450 

0,2444 

, 0,2446 

A, 

0,0036 

0,0036 

0,0036 

0,0035 

. 0,0033 

0,0032 

A, 

—0,0012 

—0,0011 

—0,0011 

—0,0010 

—0,0008 

—0,0008 

A, 

0,0003 

0,0003 

0,0003 

0,0002. 

- 0,0002 

. ■ 0,0001 

l 

1 , 1 553_ 

1,1674  • 

. 1,1753 

- : 1,2204 

1,2402 

1,2365 

0,4  At 

0,2480 

0,2476 

• 0,2475 

0,2464'’- 

. V ' 0,2461 

V " 0,2462 

' A, 

0,0025  ' 

0.9025 

-•'v  0,0025  > 

•-V.-  0,0024 

' . 0,0022  : 

,-V  : 0,0021 

A , 

—0,0007 

—0,0007 

. —0,0007 

v-t  -0,0006  . 

.'—0,0005 

■'"—0,0001 

At 

0,0002  ' 

0,0002  . 

'•  0,0002 

•J  ■/  0,0001  . 

v 0,00008 

0,7  • 10-» 

l 

1,1297 

1,1395  \ 

’ 1,1458  , 

; i,i8u 

' 1,1937 

1,1887 

0,45  A0 

0,2488' 

0,2485 

0,2483 

0,2475 

' 0,2473 

0,2475 

A, 

0,0018 

0,0018 

0,0018 

0,0017 

0,0016 

0,0016 

A, 

-0.0004 

—0,0004 

—0,0004 

—0,0004 

—0,0003 

• —0,0003 

A, 

10  ' 0,97 

10“4  -0,93 

10~4-0,9 

0,7  • 10~« 

0,00005 

to  4-o,» 

l 

1,1005 

1,1176 

1,1228 

1,1510 

1,1590 

1,1535 

0,Z  /1 1 

0,2434 

0,2492 

0,2490 

0,2483 

0,2482 

0,2484 

. A, 

0,0013 

0,0013. 

0,0013 

: 0,0012 

; 0.0011 

0,0010 
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1.4 

1.8 

• 

3 

4 

5 

8 

12 

< 1,7632 

1,7266 

1,44621 

1,1760  , 

0,9586 

0,6749 

0,6310 

' * 0,2305 

0,2327  r 

0,2399 

0,2479 

0,2547 

0,2645 

0,2664 

0,0162 

0,0157 

0,01132 

0,00562 

—0,0002 

-0,0115 

-0,0149 

■ —0,0052 

' -0.0042 

—0,00077 

0,00206 

0,0045 

0,0081 

0,00896 

' 0.00063 

-0,1  • 10-* 

—0,00168 

—0,00269 

—0,0033  • 

—0,0041 

—0,00425 

: 1,6314 

1,5882 

1,33107 

1,10343 

0,9279  • 

0,7068 

0,6737 

0,2342 

0,2356 

0,24316 

0,25004 

. 0,2555 

0,2632 

0,2646 

0,0124 

0,0118 

,0,00787 

0,00320 

—0.0013  • 

—0,0096 

—0,0120 

-0,0038 

—0,0021 

—0,00036 

0,00173 

. 0,0034 

0,0060 

0,00658 

0,000 

0 

1 

—0,00117  - 

—0,00185 

—0,0023 

—0,0028 

—0,00291 

1,5271 

1,4505 

1,24622 

' 1,05314 

0,9098 

0,7354 

0,7101  - 

0,2371 

0,2386 

0,2466 

• 0,25151 

. 0,2561 

0,2621 

0,2631 

0,0096 

• 0,0089 

0,00546 

0,00175 

—0,0018 

—0,0080 

—0,0098 

-0,0027 

—0,0020 

—0,000111 

0,00145 

0,0027 

0,0045 

0.00487 

0,00031 

—0.3  10-4 

—0,00082 

—0,0012 

—0,0016 

—0,0019 

—0,0020 

1,4437 

1,3662 

1,18340 

1,0185 

0,9001 

0,7609 

0,7412 

0,2395 

0,2410 

0,24742 

0,2525 

0,2563 

.0,2611 

0,2619 

0,0074 

. 0,0068 

0,00379 

0,00079 

—0,0020 

—0,0067 

—0,00796 

-0,0020 

—0,0014 

0,000022 

. 0,00116 

0,0021 

0,0034 

. 0,00364 

’ 0,00021 

I 

O 

Cl 

0 

1 

. —0,00057 

-0,9  • 10-» 

—0,0011 

—0,0013 

—0,00139 

1,3767 

1,3297 

'1,13666 

0,9948 

0,8960 

0.7835 

0,7681 

0,24303 

0,2444  ; 

0,24978 

0,25361 

0,2562 

0,2594 

. 0,2599 

0,0045 

• 0,0041 

0,001823 

—0,00017 

—0,0019  ■ 

—0,0046 

—0,00537 

-0.001 1 

—0,0008 

0.000119' 

- 0,00076 

0,0012 

0,0019 

. ‘ 0,00208 

: 0,00011 

-0,1  • io-« 

.—0,00029 

—0,4  ■ 10-* 

—0,0005 

—0,0007 

—0,00069 

1.27798 

1,2342 

• 1,07544 

0,9683 

0,8976 

0,8214 

r*  0,8116 

0,2454 

0,2467 

0,25111  . 

.0,2540 

0,2560 

0,2581 

0,2585 

0,0029 

0,0024 

0,00086 

—0,5-  I0-1 

—0,0016 

—0,0033 

—0.0037 

-0,00058 

—0,0004 

« 0,00012 

0,5-10-* 

0,0008 

0,0011 

, 0,00 122 

0.5-  10-« 

-0,5-  IO-« 

—0,00015 

-0,2-  10-». 

—0,0003 

—0,0003 

—0,00035 

1,2111 

1,1718 

* 1,0405  • 

0,9576 

0,9051 

0,8513 

• 

0,8147 

0,2470 

0,2481 

0,2518 

' 0,2542 

/ 0,2556 

, 0,2572 

0,2574 

0,00187 

•-  0,0015 

'•  0,00039  , 

—0,5-  I0-* 

—0,0013  • 

—0,0023 

—0,0026 

’ —0,0003 

—0,0002 

0,00010 

0,3-  10-* 

■ 0,0005  - 

0,0007 

0,00074 

0,3. 10“* 

-04-10-* 

— 0,8- 10— « 

-0,110-* 

.-  —0,0001 

—0.0002 

.—0,00018 

*•  1,1643 

■ 1,1299 

1,0203  . 

0,9546 

. 0,9145  ' 

0,8750 

0,8703 

0,2482 

0,2442 

0,2523 

0,2541 

0,2553 

0,2.564 

0,2566 

0,0013 

0,0010 

0,00016 

-0,5-  10-* 

—0.0010 

—0,0017 

—0.00186 

-0,0002 

0.9- 10--* 

0.9- 10— 4 

0,2- 10-* 

0,0003 

o.ono 1 

0,01)046 

0,16-  I0~* 

— 0,4- 10“ 

— 0,4- 10--* 

— 0,0.10'* 

—0.8  10' 

* — 0, 1 - 10— » —10  J 0,993 

1,13102 

1,1004- 

1,0085 

0,0554 

0,9209 

0.8905 

0,2191  t 

0,2409 

0,2523 

0,2541 

0.2550 

U,23.Vl 

0,00037 

0,0007 

0,5'10-« 

—0,4.10- 

‘ —0,0008 

—0,0013 

— lO'»0,i;il) 
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N.  o)/t  I 
h 

0 

0,06 

0.1 

0,4 

0.8 

1 

/I, 

—0,0003 

—0,0003 

—0,0003 

-0,0002 

—0.0002 

— 0,0002 

A, 

10~‘-0,54 

I0“»  0,5 

10-6-0.5 

0,410*« 

0,00003 

0,2-10-i 

l 

1,0935 

1,1002 

1,1045 

U274. 

1,1325 

1.1270 

0,6  A0 

0,2502 

0,2501 

0,2500 

0,2495 

■ - 0,2494 

0.24% 

Ax 

0,0007 

0,0007 

0,0007 

■ 0,0007 

0,0000 

0,0006 

A, 

—0,0001 

—0.0001  • 

—0,0001 

—0,0001 

-0,8- 10-« 

-0,7-10-' 

A, 

10  ■*  - 0,19 

I0~*-0,I8 

10-«0,17 

■ —10-6-0,1 

0,9- 10-6 

0,7-10-' 

1 

1,0700 

1,0748 

0,0779 

1,0938 

1,0956 

1,0905  j 

0.7  A0 

0,2503 

. 0,2507 

•ir 

0,2506 

0,2502 

0,2502 

0,2501  1 

A, 

0.0004 

0.0004 

0,0004  , 

0.0004 

' 0,0003 

0,0003  ' 

At 

— 10-«  0.6 

— 10-‘-0,6 

- 10“6.0, 6 

-10-6-0,4 

—0,4-10-4 

-0,3-10-1, 

At 

10-*-  0.7 

l0“*-0,7 

10-6-0,6 

0,5-l0-» 

0,3-10-6 

0,3-  IOH 

£ 

1,0541 

• .1,0577 

1,0600 

1,0716 

. 1,0719 

1,0676  ; 

0,8  A0 

0,2512 

0,2511 

0,2510 

0,2507 

0,2508 

0.2509 

A, 

0.C003 

0,0003 

0,0003 

0,0002 

0,0002  ‘ 

0,0002 

At 

— 10  -*.0.3 

— 10“*-0,3 

— 10“«-0,3 

-0,2-10-6 

, — 0.2-10-* 

— 0,110-' 

At 

10-»-0,3 

10-6-0,3 

10-‘-0,3 

0,2-10-6 

* 0,1-10-* 

o.i-io-i 

E 

1,0428 

1,0457 

1,0475 

1,0563  - 

1,0559 

„ 1,0522 

0.0  A0 

0,2515 

0,2514 

0,2513 

0,2511 

* 

0,2512 

0.2513 

^1 

0.0002  • 

• . 0.0002 

0.0002 

0.0002 

0,0001 

' ' '0,0001 

a2  • 

— 10  — 4 ■ 0, 1 6 

— 10  *6.0,2 

— 10  -6-0,2 

—0,1-10-6 

-0,1-10-6 

—0,8-10-' 

A3 

10-6-0,13 

10—  *-0.12 

10-‘0,12  0,9-10-6 

0,6-10-6 

0,5-10-' 

E 

1,0347 

1,0370 

1,0384 

1,0453 

1,0447 

1,0415 

• 

1 Ao 

0,2517 

0,2516 

0,2516 

0,2514 

0,2514  ' 

0.2515 

A, 

0,0001 

0 0001 

0,001  • 

0,0001 

0,9-10-6 

0,8-10-' 

Ax  ■ 

— 1 0 a-0,94 

— 10-6.0.91 

— 10  6-0,9 

-0,7-10-6 

-0,5-10-6 

—0,5-10-' 

Ax 

lO-o -0  Q1 

. 10-*.0,6 

10-6-0,6 

0,4-10-6 

10-6-0,3 

0,2-10-' 

. £ 

1,0287 

1,0305 

1,0317 

1,0312 

1,0365 

1 ,0338 

1,1  A0 

0,25 1 8 

0,2518'  ■ 

0,2517 

0,2516 

1 ■ 

\ 0,2516 

' 0,2517 

A, 

10“  * 0,0  . 

10-6-0.9  • 

10'*.0,9 

' 10  6-0,8 

. 0,6-10-6 

0,6-10-' 

At  ■ 

— lff-a.0.6 

— 10“6-0,5 

— 10-6-0,53 

—0.4-I0-* 

-0,3-10-6 

—0,3-10-' 

At 

10  -«-0,3 

10-6-0,3 

10-«-0,3 

0,2-10-6 

0,1-10-6 

0,1-10  ' 

£ 

1,02-10 

1,0255 

1,0205 

1,0311- 

1,0303 

1,0280 

1,2  A, 

0.2319 

0,2519 

0,2519 

0,2518 

0,2518 

0,2518 

A, 

10  i-ti.6 

10'  6.0,6 

10  '-0,6 

10  * 0,6 

0,5-10-6 

0,4-10'  ' 

A,  • 

-10'  vo, 3 • 

-10-6-0,3 

— 10-6-0.3 

—0,3.10-‘ 

—0,2-10-6 

—0,2-10'' 

At  : 

10 -,r  n.2 

10-6-0. 15 

10“a-0,l5 

0,1-10-6 

0,8- 10-> 

0,6-10“' 

& 

1,0204 

1,0217 

1,0225 

1,0263 

1,0256 

1 ,0236 

328 


H I — 


Table  8 (cont. ) 
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1.4 

1.8 

3 

4 

5 

8 

12 

-0.00012 

• * 

-0.7- IO"4 

0.6- IO"4 

0,1  10"* 

0,0002 

0,0003 

10"»0,293 

0,910"* 

-0,8  10"* 

-0,3.  IO"4 

-0,4  )0"4 

—0,4  • \0~4 

-0,5.  IO"4 

— 10“*0,56 

1,1064 

1.0795 

1,0015 

0,9579 

0,9325 

0,9091 

0,9006 

0,2502 

0,255? 

0,2527  ' 

0,2538 

0,2544 

0,2550 

0,2550 

0,00045 

0,0003 

-0,3' iO"4 

-0.3- 10“» 

-0,0005 

-0.7- I0"» 

— 10"*. 0,76 

0,5-  IQ  '4 

— 0.210-* 

0,3  10“ 4 

0,7  IO"4 

10  "4- 0,5 

0,12- 10  “* 

10~*-0.13 

• 0,3- 10"* 

-0.4  10"* 

-0.8  10-* 

-0,1-  IO"4 

— 0.1  - 10~4 

-0,18.10" 

4 — 10"40.19 

1.0738 

1,0623 

0,995. 

1 0,90422 

0,9465 

0,9316 

0,9301 

0,2508 

’ 0,2514 

0.2528 

0.2536 

0,2540 

0.2544 

0,2545 

0,00025 

0.0002 

-0.4- 10  "4 

-0,2- 10"*  ■ 

—0,3- 10"* 

—0,0004 

— 10"3-0,45 

-0,2. 10"* 

— 0.1- 10"4 

0,2  10“4 

0,3.  IO*4 

0,4  IO"4 

0,6- 10~4 

1 0 — 4 -0,61 

0,1  IO"4 

-0,1  IO"4 

-0,3  I0"» 

— 0,5  10"*  ■ 

-10“*  0,6  - 

-0,7. 10"* 

— 10  • 0.7 1 

1,0539 

1,0374 

0,553! 

0,9703 

, 0,9577 

0,9470 

0,9460 

0,2513 

0.2517 

0,2528 

0,2534 

0,2537 

0.2540 

0.2541 

0.00015 

0,0001  -0,36  10"4 

-0,13- 10~» 

-0.2  10"* 

—0,0003 

— 10  >.0,29 

-0,9  • 10  '• 

-0.510"* 

0,0  10  “* 

0,2- IO"4 

10  ~4  - 0,2 

0,3-  IO"4 

10  ~4  ■ 0,3 1 

0.5  10“* 

-0.4. 10"*  • 

-0,1  IO"4 

— 0,2  10"»  —0,2- 10~*  - 

-0,3  10"* 

— 10— *0.29 

1,0410 

1,0277 

0,9929 

0,97532 

0,9658 

0,9579 

0,9572 

0,2516 

0,2519 

0,2528 

0,2533 

0,2535 

0,2537 

0.2538 

0,9- 10"« 

0,6- IO"4 

—0,3-  IO"4 

-0.9- 10  "4 

— 0,1- 10“»  • 

-0.2- 10  • 

10  "»0,19 

-0,5- 10““* 

-0,2- 10"* 

0,6- 10"* 

0,9. 10"* 

0,1 -10"4 

0,2- IO"4 

10"‘.0,17 

0,2- JO-- 

— 0.2  - 10—* 

-0,6  !0"4 

—0,8  IO"4  - 

-0,1- IO"4 

— 0.11074 

— 10“*-0.13 

1,0322 

1,0214 

0,9933 

0,97937 

0,9720 

0,9659  „ 

0,9653 

0,25177 

0,2520 

0,2528 

0,25318 

0,2534 

0,2535 

0.2536 

0.6- 10“ 4 

0,5. 10"4' 

-0,2-  IO"4 

— 0.6-10"4 

— 0.9  ■ 1 0 — •* 

— 0,1  ■ 10~* 

— 10  ’ 0,13 

-0,3.10“* 

—0,1. 10"»  ; 

0,3  10"* 

0,5 -IO"4 

0.7-  IO"4 

0,9. 10"* 

10  • - 0.94 

0,1.10“* 

-0,1- 10"? 

-0,26- 10"* 

— 0.4-10"4 

-0,5- IO"4 

-0,6- 10"* 

■ — 10~«  0,61 

1,0259 

1,0169 

0,9938 

0,982 

0,9766 

0,9718 

. 0,9714 
1 

0,25102 

0,2521 

0.2523 

0.2531 

0,25.32 

0,2534 

' 0,2534 

0,1- 10"4 

0,3. 10"4  — O.IGIO"4 

— 0.4.  IO"4  - 

-0.0 

-0,8-  IO"4 

— in  * n,59 

-0,2.10"* 

-0,8- 10"» 

0,2.10"* 

0,3- IO' » 

0.4-  itr* 

0,5.  H>  -* 

JO 

0,5-10"’ 

. — 0,6- 10— • 

-0,1  10"* 

—0.2- 10"4  - 

-0,?.  10"* 

—0.3.10"* 

— 1C  ' " 0,3  1 

1,02135 

1,0152 

r 

0,99451 

0,98517 

0,9803 

0.97t>3 

0,9/uO 

0.25204 

0,2522 

0.2528 

0,25303 

0.2531 

<;  ".••33 

0.3  • 10  4 

1 0,1- 10“4 

-0,1- IO"4 

-0,3-10  < 

—0,5.10“* 

—0.0. 1.v  1 

’ nr,! 

-0,03. 10“ 

« 0,4-10"* 

0,1  • 10"* 

0.2'  10 

0,4.  10  » 

0.8 ■ ill  •• 

- 4 -.:  ■’■■0.  is 

0,3. 10"’ 

-0,2- 10~* 

-0,7.10"’ 

— 0,M0“* 

-0.1.  IO"4 

— 0,2. ur 4 

— in  " ' o,ig 

1,0179 

1.01)4 

0,9951 

0,98724 

0,9832 

0,9799 

0.9790 

» 
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8.12.  The  Iteration  Method  of  Solving  the  Integro- 

Differential  Equation  for  the  Submerged  Hydrofoil* 


[323 


♦This  paragraph  was  written  together  with  V.  A. 
Stepanov. 

Equation  (VIII. 125)  can  be  solved  also  by  the  itera- 
tion method. 

Let  us  write  equation  (VIII. 125)  as  follows s 

4J 

_ Or  r — 1 

T{y) 


2k 


f r'(T,)-J-=-dti+ 
(y)  L . 2n  J,  y-n, 


4* 


•*';  + ^ J r (tj)C* (y  — ifldilj  • . (VIII. 184) 

Designating  ’ v, 

■ * • 

[a(y)+.4-|  r(n)G'(y— = , (vm.185) 


0* 


2X(y) 


. -1 


then 


V r(y)=*rr  — — %—  f ........ 

• r v;':“  \ 1 * 


X dlJ  + Hi/  — Tj)  — I’ 


(VIII. 186) 


Using  the  relationships  in  (VIII. 185)  and  (VIII. 186)  [350 

we  may  construct  the  iteration  process  as  follows: 


r°  ® 0 ® • r>  6)  = brh a to}  “ • 

2X(y)  2X(y) 

- .1 

—i-f V’V 

4A  (£/)«  J y — ii  , . . . 

* 
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M 


r-  = 

* klea 


“ a®  [‘ 1 w + ^ I r‘ w 1 a e in'  J 


+ l ' 


«v®  - r*.  -M’-  4 . V 

- ..  4A,  (y)n  J y — i)  > . 


r*(£)  = rs», 


flS 


-i 

+i 


hrico 


4*  ( y)n 


J,  » — n • 


r-  = 

* hnoa 


~ |a  ^ + i!r  f .r-'  w ^ .rvo  *i- . 


(V III. 18?) 


Let  us  use  this  method  to  solve  the  problem  of  foil 
motion  with  the  elliptical  distribution  of  circulation 
along  the  span.  ^ . - 

rilri-^vT^F  V •. 


rj*.©  = -£*/!-;• 


:«&Vi 


» # ; t 


U*  ’ •5-.*.  . * r-  ••  . 


>U. 


— r 


r.to)-4^Vi-y 

rj,.(S= 


(VIII. 188) 


where 
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Hence  we  obtain  the  following  relationship: 

2* 


= o- 


bBn-i 


With  h -»  oo,  Bn  Bn-1  and 

• i 

B = a + 


2^ 


(I+^j 


or 


where 


■bB, 


B = 


(VIII. 189) 
(VIII. 190) 


2>|> 


2*,‘ 

x-)“ 


' l( 

+i  +i  

b^~  J K l_,T*G'(^- 


ti)  dildt/. 


-i  -t 

From  expression  (VIII. 190)  it  is  easy  to  calculate 
the  coefficients  of  lifting  force  and  drag  for  the  sub- 
merged hydrofoil.  We  obtain 


« - IV 


1 


2\|> 


■ ‘ • q + fy 

The  coefficients  Cy  and  cx  will  again  be  defined  by  ex- 
pressions (VIII. 100)  and  (VIII. 101),  in  which  function  £ 
is  in  the  form 

i l V i — "n* a' (*/ — To dT)dii.  (VIII. 191 ) 

Utilizing  the  expression  (VIII. 33)  in  the  formula 
(VIII. 191)  we  obtain  the  formula  (VIII.  40). 

T.  Nishiyama  [213,  214],  instead  of  the  singular  in- 
tegro-differential  equation  (VIII. 125),  suggests  the  fol- 
lowing approximate  integral  equation: 


+J 


where 


1 (y)  ~ r„  (y)  ^ ^ J T (r])G' (y  — ij)  dr],  (VIII. 192) 

(!/)  — (,!/)-  . 


[352 


332 


Evidently  this  equation  corresponds  to  a certain  de- 

free  to  the  second  approximation  of  the  iteration  process 
VIII. 187). 

Using  Nistrom's  method  [4-3]  one  may  transform  the 
equation  (VIII. 192)  into  a system  of  algebraic  equations 

n •’ 

(VIII.  193 ) 


where 


e » x ' 


X 1 + 


o 4 ov  / y \2 


45V+|lg! 


V 


4/,2+|xy  “4  J 


r4  ha  + 


, . . h . • 

■’  h = -0~  > M«  = vA  ■ - 


K^(x)  is  the  Bessel  function  of  the  second  kind. 

Instead  of  the  coefficient  ah,  T.  Nishiyama  errone- 
ously uses  the  coefficient  a^  in  the  system  (VIII. 193)* 

The  formula  for  the  drag  of  the  submerged  hydrofoil 
is  transformed  by  Nishiyama  to  the  following  forms 


~ ' . CO 

Q “ 1 h j + AW<r*d\~£-  j (p*  + A'2)  ye-^dX  + 

• t}.  «•  ••  , • 

; . .2 

+ ~ f (P0  + A'2)  see *0e~™  •«,»d8. 


p + iN-  j p0  + uv0  = jr(io«^»“«,»»'»*diJ.  (vm.194) 
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If  we  designate  the  circulation  P(y)  by  the  series 
(VIII. 192),  then  the  formula  (VIII. 194)  transforms  into 
the  following  forms 


OO  * 

Q = 3. lim  j {. Ml (0  * A2[jt (/)  — 3 ML]  + 

+ ^[/i(0-r6^  + 15^-j  + -.  + j*e-vA- 

- J |Vi  (0  - 4 [a  »-8^a]+  A [A(0-6^  + 

+ 15  + .,.+Je-4»'—  + ne  J (Vl  (f 1 /ra)  th- 

+ 4— i- 

V2  / 


• • • + 


V>  +.  1 


P 


g-Xofil+ndt, 


(viii. 195) 


where  00  = vb; 

Ji(x)  - the  Bessel  function  of  the  first  kind. 

8 . 1 3 • The  Direct  Method  of  Solving  Integro-Differential 
Equations  for  the  Submerged  Hydrofoil* 


*This  section  was  written  by  S.  V.  Koval 'chuk.  Cal- 
culations were  performed  on  the  Minsk-1  computer  by  I.  P. 
Tkachenko . 


A solution  of  the  regular  equation  for  the  submerged 
hydrofoil  by  replacing  the  nucleus  of  the  equation  with  a 
singular  nucleus  was  given  above.  For  practical  calcula- 
tions, this  solution  is  somewhat  cumbersome;  therefore,  [354 

the  development  of  methods  for  solving  singular  integro- 
differential  equations  is  of  interest.  In  aerodynamics, 
the  most  widely  used  are  the  direct  methods  of  solving 
singular  equations,  when  the  class  of  functions  in  which 
the  solution  is  determined  is  known  (in  our  case  the  func- 
tions which  satisfy  the  condition  of  f(-B)  ~ T(B)  - 0). 

These  methods  may  be  extended  to  include  the  case  of 
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the  integro-differential  equation  for  the  submerged  hydro- 
foil. A rather  comprehensive  treatment  of  a number  of 
methods  is  given  in  the  well  known  texts  on  aerodynamics 
by  V.  V.  Golubev  £l8]  and  Karafoli  [39].  A convenient  me- 
thod for  solving  the  Prandtl  equation  is  given  by  Multhopp 
[197] • This  method  is  being  widely  used  in  aerodynamics 
and  recently  in  the  theory  of  elasticity  [37]*  In  the 
study  by  A.  I.  Kalandiya  the  singular  integral  equation  is 
approximately  solved  using  this  method. 

Let  us  solve  the  equation  (VIII. 15)  by  the  Multhopp 
method,  which  uses  a simple  and  convenient  for  practical 
applications  procedure  in  obtaining  the  numerical  solution. 
Multhopp  operates  with  the  Langrangian  trigonometric  in- 
terpolation polynomial  in  the  search  for  the  unknown  func- 
tion. To  construct  the  polynomial  one  selects  a positive 
integer  n and  takes  the  roots  of  the  Chebyshev  polynomial 
of  the  second  order  for  the  points  of  interpolation  at 
(-1 , +1 ) as  follows : 

xk  = cos  0A,  0*  = k—\,  2,  3 ... . n. 

tl  7*  1 


It  follows,  then,  that  the  odd  trigonometric  polynomial  of 
the  n-th  order  which  at  points  0^  coincides  with  p(0 ) can 

be  written  as  follows  s 


-v  .V3  , ,x*+ir,/T:\  sin  [n  + 1)  0 sin  0* 

' r'  y)==  2/  Uk)  FoTO^coiOi 


A=l 


or,  in  a slightly  differently  form, 


(VIII. 196) 


L (f,  y)  = ^ r (£/*)  ^ sin  mOk  sin  m8. 


(viii. 197) 


Let  us  substitute  into  the  equation  (VIII. 15)  the 
polynomial  (VIII. 197).  The  expression  obtained  can  be 
satisfied  at  every  point  of  interpolation  by  a certain 
value  of  circulation  unknown  previously.  By  succesively 
assigning  the  values  of  0^,  02*  03...  to  the  argument  0, 

we  will  obtain  a system  of  linear  algebraic  equations  for 
finding  the  approximate  values  of  the  unknown  function. 
Integration  of  the  singular  part,  in  this  case,  is  usually 
followed  to  the  end;  we  cannot  do  the  same  with  regard  to 
the  regular  part  of  the  nucleus  because  of  the  complexity, 
while  the  existing  formulas  of  numerical  integration  cannot 
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give  sufficiently  accurate  results.  Therefore,  for  a more 
convenient  use  of  the  Multhopp's  method,  let  us  divide  the 
equation  (VIII. 15)  into  a series  of  recurrent  equations  of  [355 
singular  type  with  the  aid  of  the  parameter  T as  follows: 

t = VW+\  — 2/7 . H = J, 

where  h is  the  depth  of  submergence  of  the  hydrofoil;  1 is 
the  half-span. 

The  solution  (in  the  form  of  a series)  with  respect 
to  the  parameter  T is  given  in  the  beginning  of  this  chap- 
ter. 


Since  the  characteristics  of  the  profile  composition 
for  a foil  of  infinite  span,  which  are  not  defined  by  the 
T-parameter,  are  included  in  the  equation,  it  is  necessary 
to  generalize  that  solution  by  introducing  a parameter  T'  . 

We  will  attempt  to  find  a solution  of  equation  (VIII. 15) 
form  of  a double  series : 

__  oo  OO 

■■  r.(y)  = ‘2  2 (y).  (vm.198) 

n«0ffj«O 

» 

= 22  (y), , ■ t'  = V'W+\  - 2/7,  h = . 

n-0  m^O  & 

write  the  expansion  of  the  regular  part  of  the  nucle- 
follows : 

G(y  — r\)  2 = <?„(y) t*\ 

n*»l 

and,  representing  a^  and  a(y)  as 

a*  = S v’2'".  u (i/)  = £ (y) 

m*=0  m*=0 

we  can  substitute  all  the  expanded  values  into  the  equation 

(VIII. 15)*  Separating  the  terms  with  equal  T^nX'2m,  we 
obtain  for  the  solution  three  types  of  singular  equations 
as  follows: 


in  the 


Then 


Let  us 
us  as 


*_ 
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—I  I- 1 —I 


(VIII. 199) 


+>  ••'... 


fon  — 


2 *(jr) 


(a»  + I K<  % £)•  r°’n-1  * ‘ • ) 2 n j y d^) 

• 4 

+>  a. 

('  rl0— 


S-tfti 

*1 


—I 

+p  . 

- JX-dn 

;'r  2n  J 0 '—n 

—I  • 


fmrt  — 


Oo 


"•■,  2V(ff) 

1 ; i 

+1  n 


+1  ' m 


vG<£f.n  • 


r V r^Ji? 


+> 


1 I 
* \ 

2rt 

-i  1 


flo. 


</—  T] 


■ ~ i l r,„„(n)  dn 

1 T-T 


— I 


(VIII. 200) 


(VIII. 201 ) 


[356 


Obviously,  all  these  equations  are  represented  in  the 
general  form  as 


-h 


if/  + 'arj  =3“-^-/©-  (viii.  202 ) 
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Let  us  obtain  the  formula  of  the  mechanical  quadra- 
ture for  the  particular  integral  equation  (VIII. 202). 
Performing  substitution  y = cos  0k,  77  = cos  0,  we  can 

write  this  equation  as  follows: 


r(et) i_  f r (0)d8  , 

. 0(8*)  2n  J cos  8 — cos  6*  ' ' 


(VIII. 203) 


Taking  into  account  the  inequality 


n 

: J_  f cos  mOtf 9 sin  m8^ 

n J.  cos  8 — cosO*  ~ sin  8*  ’ 

0 

we  obtain  the  required  mechanical  quadrature 

j_  f r (Q) d0  _ J_  f <Mr.  n) . dd 

2n  J cos  8*  — cos  8 2n  J dQ  cos  84  — cos  8 


msin  mO*  sin  m8 


(VIII. 204) 


Substituting  the  integral  term  in  the  expression 
(VIII. 203)  by  the  expression  (VIII. 204)  and  following  the 
Multhopp’s  method,  we  obtain  a system  of  linear  equations 
for  determining  the  approximate  values  of  the  desired 
function  at  points  x^  (designated  through  T^): 


where 


• VWv  + v=  1,  2. ..  n. 


. _ 1 • . . h ■ n+1  . 

by  ft  +*w  4sin  6*  ’ 

\ 


(VIII. 205) 


■ V 4 (n 


with.  |v  — 4|=  1,  3, ... 
0 with  I v — ft  I = 2,  4 . . . 


The  coefficients  bvk  are  distinguished  by  an  interest- 
ing peculiarity.  With  a symmetrical  distribution  of  circu- 
lation, the  coefficients  with  odd  v can  be  expressed  through 


■ t 


coefficients  with  even  v and  vice  versa.  The  values  bvv 
are  given  by  Multhopp  in  [197]. 


If  we  substitute  the  solution  Pk  of  the  system  (VIII. 

205)  in  the  expression  (VIII. 196)  we  will  obtain  the  fol- 
lowing function: 
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r„  G)  = V ( — i)4+,r>  -sfn^+  »)9  sin 

cos  8 — cos  0.  * 

*=1 


(VIII. 206) 


which  should  serve  as  an  approximate  solution  of  equation 
(VIII. 203). 

The  agreement  between  the  solutions  using  this  method 
has  been  proven  by  A.  I.  Kalandiya  [37].  In  general,  this 
question  reduces  to  the  evaluation  of  the  rate 


For  positive  X,  as  in  our  case, 

n . * * y * 

11  li  < (TT+Tjr  max,^j  (8t-ev)v  = 1 ’ 

which  proves  the  agreement. 

For  the  symmetrical  distribution  of  circulation  along 
the  span  of  the  foil  and  with  the  number  of  interpolating 
points  equal  to  7»  we  obtain,  for  evaluating  coefficients, 
an  algebraic  system  of  equations  of  the  second  order,  which 
is  solved  in  the  general  form  as  follows : 


r*  = ra  = 


a3 

kjig  — k'M 
*1*4  — kik 3 


MU)  \mt 

— 0, 1 4G4*,.) -(-■*„  (0, 1464/.’,—  1 ,9142*,) ' 

(*l*4 — 

— *«*, 

1 , 1 

— • *2*3 

*s  (0.9142*4 

— 0,8536*,)  ! *4(0,8536*4— 0.9142*,) 

O3  (Af  ~~  /v’2^3) 

63 

• V • * 

, (VIII. 204)  [sic] 


where 


*,  ==  a,  — 98-i~  • — , aL  = — -f.  ~ 2—  = 2Al  4.  5,226, 
a3  * 1 a0  1 smti  a0 


0,2144 

1,4421 

fli 

- * 
Oj 

0,1517 

1,0196 

. °i 

a,  ’ 

0,0164 

1,3465 

1 fll  ' 

a*  ’ 

, 1.1945/* 

r 1 a. 

a3 

.> , o.ii2/' 

j 1.5774/* 

+2,165, 

a,  1 sin  t,  . a% 


2l+^_=» i + 2 

a0  sinT«  a0 


The  values  in  the  formulas  represent  the  trigonometric 
expressions  constructed  from  the  Multhopp's  coefficients. 
They  can  be  calculated  to  any  degree  of  accuracy.  The 
shape  of  the  foil  is  defined  by  the  relative  span  Xn. 

and  the  effective  single  of  attack,  which  in  addition  ac- 
counts for  the  variation  in  the  zero  lifting  force  angle 
under  the  free  surface,  is  described  by  the  expression 

f(y). 

In  order  to  obtain  the  numerical  results  let  us  trans- 
form the  functions  f(y)  into  a more  convenient  form.  The 
system  of  singular  equations  (VIII. 99)  which  takes  into 
account  the  effect  of  the  finiteness  of  the  foil  span  sub- 
merged under  the  free  surface,  contains  a function  f(y) 
which  is  equal  to 

-H  « 

“ 2^  I S r^0°  ® G‘  {~J  “ n)  ^ 

Taking  into  account  that  the  desired  function  Pnm  as- 
sumes zero  values  at  the  ends  of  the  segment  (-1,  +1),  we 
obtain  after  integrating  by  parts 

-H  n -H  n 

~ Yn  J y]  M G‘d^  “ J V.  r (n)G.'dri. 

Taking  the  transformation  for  the  circulation  in  the 

form  of  the  trigonometric  series  Jj^sin/eO,  we  find  the  fol- 
lowing integrals : . . 

n 

-g—  J sin  02  Ak  sin  /c0  =» 


where 


+ 9>43o  + + /Too) 3{0  -i — (>4to  + ^?o) — 

(2A\o  + 3 Al  + 2?0)  - + - 

+ ^2-(%  + Ai) -^*1  +'cos*  0*  - 

— (^o°  + %)  + -^pG#.o  + 3^«>  + *)+■ 

+ 30c;,^!o  — (^10  + ^?0)  4-  -|-G4>o^io]  — . 

- COS4  0*  ^■■^^8’-1  /lio yjr-  G&,0  (i4oo  + 3o)  + 

' ' " 


'8,0  'll 


Xo- 


Y G^Jo]  -jr  cos*  8*  — ~ 

T _ r :A‘  ._  f »*  '-■  r — 

1 °o  + °*  ' aQ-\~  ak 

• V , 

r.  + a©(^-^%|)W- 

i^+^r.+a®^ 
r„  + aG)(^_J^.+  “J)r.,+- 


- (v) 
al) 
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where 


c 


+ 2^te- 


2(0,0,  +op  3o,q*  t 


flo 
+• 


A.  °t\ 

s 


-±l-M 
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■p  o*  IWuMy)  ^oi(?2,o  1 f . r*u  jz 

r" a®r~ W~~ — < — ^)T=? 

t » — | • 

Tii  = | 2fli^(y)  G4,i^oi  3G<,q  ^ 

+i 


21 ' 2X>)  1 fil  " 
Gj.oMli 


, -^3  * Gj.o^ii  . 0 3G<,o  -ji  • 1 (*  r2,  j-) 

+ 4a)-  —4-  + cos- 8*  Ai  2rt*  J 

p o0  |2air30X  ((/)  3<7m  -ji  , 3G«tI  ,-^t  , 

r“ ' a ® I ~ 3 i~™  + -T-  + 


+ dll  - -S-  (2<  + 3/C  + 4,)  - iMJil  + 


^4.l^ll 
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*1 — (^ii  + ^?i) 2f  Ah  + cosa  0*  J^3Gg,i/1oi  + 

+ (Ai  + -Ah)  + 3j,j  _ 

r““^f2r”l“(^I)+-iira- 

4--gJi0  i r r',2 

— « — w]  TPf  *«J 

r « jEsl.  [ 2r20x  (?)  (-J  - 4 1 + *■«»•  ® -J  - 

n 2X(y)[  \aS  V • a° 


“0  0 • 

3G4,i>  ,-ii 
'16 
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. *«  %<  r<  4 


1 


2 X(|0 

+ sr„xS,(i-4) 


0 

- fll 


\ 


*0  “0‘ 
+1  =. 


+ 2r  12X  Cy)— 2 — 


^1,7^] 


If  the  functions  ah  and  (oq  + ot^  - fl^ao ) are  assigned 

numerical  values,  then  even  the  first  system  of  singular 
equations  can  produce  the  solution  to  the  problem. 

Once  we  obtain  the  distribution  of  circulation  along 
the  submerged  hydrofoil  span  in  the  form  of  a power  series 
with  respect  to  parameter  T,  we  can  determine  the  coeffi- 
cients of  the  lifting  force  Cy  and  the  coefficients  of  the 

induced  drag  cxi  as  follows : 


m— I 


‘ — 1 


(viii. 211 ) 
(VIII. 212) 


By  determining  these  coefficients  using  formulas  (VIII. 
109)  and  (VIII. 110),  the  functions  and  £2  that  describe 

the  effect  of  finiteness  of  the  span  under  the  free  surface 
will  be  as  follows* 


■*' Tl) = ~ 


2ttr 


n). 


A.  + Ait'  + Atx*  + AJT77.  a~ ' (V II I • 21 3 ) 


+1 

(I  + a)-  (VIII. 214) 

Let  us  consider  some  special  shapes  of  foils. 
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1.  The  elliptical  foil* 


[365 


The  first  four  approximations  of  the  desired  circula- 
tion in  the  expansion  with  respect  to  parameter  T have 
been  obtained  for  this  foil  as  follows « 


r (</)  — r#o  + t*r10  4-  T*r2o  4-  xarJ0  + . . . 

The  curves  showing  circulation  as  a function  of  parameter 
|^|  are  given  in  Figures  24,  25  and  26,  while  the  numerical 
values  are  given  in  Table  9. 

Using  the  correction  £i  one  may  compare  the  results 

of  the  solution  of  the  regular  integral  equation  and  the 
solutions  for  the  optimum  foil  with  the  solutions  obtained 
by  utilizing  the  Multhopp  methods  and  those  obtained  with 
respect  to  parameter  T.  The  results  of  computations  of 
function  for  GJ-*-  0 are  in  close  agreement  (Table  10). 

2.  Using  formula  (VIII. 13)  the  values  of  the  corrections 
were  calculated  for  several  types  of  hydrofoils  with  dif- 
ferent geometric  parameters  and  W = 0 (Fig.  27-31)-  The 
obtained  results  for  the  rectangular,  trapezoidal,  and  the 
double  trapezoidal  foils  make  it  possible  to  draw  certain 
conclusions  in  regard  to  the  choice  of  the  shape  of  the 
submerged  hydrofoil.  From  Fig.  27  it  is  evident  that  the 
variation  of  the  wing  span  has  a significantly  smaller  ef- 
fect on  the  value  of  the  correction  under  the  free  surface 
than  at  a considerable  distance  from  it.  For  example,  an 
increase  in  the  span  from  2.7  to  9-5  at  a depth  of  0.6 
changes  £ by  14 %,  while  at  depths  between  0.04  and  0.06 
the  difference  is  only  6$.  Computations  of  the  trapezoidal 
and  the  double  trapezoidal  foils  (Fig.  28-31 ) indicate 
that  the  reverse  trapezoidal  shape  has  a positive  effect 
on  the  quality  of  the  hydrofoil  submerged  under  a free 
surface.  This  becomes  clear  if  we  consider  that  the  opti- 
mum shape  of  the  hydrofoil  submerged  under  a free  surface 
is  fuller  than  the  elliptical.  Therefore,  the  correction 
for  hydrofoils  with  the  positive  trapezoidal  shape, 

i.e.,  with  that  approaching  the  elliptical  shape,  drasti- 
cally increases  with  a decrease  in  depth.  The  utilization 
of  hydrofoils  with  the  reverse  .'apezoidal  shape  is  of  in- 
terest from  the  point  of  view  of  stability  of  craft  with 
submerged  hydrofoils. 


346 


Table  9 


(0 

V 

pi 

MO 

fio 

r?„ 

H 

MO 

r* 

* 20 

0 

-0,0131 

—0,0242 

—0,0316 

—0.0342 

0,0120 

0,0034 

0.01 

—0,0132 

—0,0245 

—0,0320 

—0,0346 

0,0117 

0,0030 

0.02 

—0,0134 

—0,0247 

—0,0323 

—0,0349 

0,0115 

0.0026 

0.03 

—0,0135 

—0,0250 

—0,0326 

—0,0353 

0,0113 

0,0023 

0,0-1 

—0,0136 

—0,0252 

—0,0329 

—0,0356 

0,0110 

0,0019 

0.05 

—0,0137 

—0,0254 

—0,0333 

—0,0360 

0,0108 

0,0015 

. 0,06 

—0,0139 

—0,0257 

—0,0336 

—0,0363 

0,0105 

0,0011 

0,07 

—0,0140 

—0,0259 

—0,0339 

—0,0367 

0,0103 

0,0008 

0.0s 

—0,0142 

—0,0262 

—0,0342 

—0,0370 

0,0101 

0,0004 

0,00 

—0,0143 

—0,0264 

—0,0345 

—0,0373 

0,0098 

0,0000 

0,1 

—0,0144 

—0,0266 

—0,0348 

—0,0376 

0,0096 

-0,0004 

0,2 

—0,0154 

.,—0,0286 

—0,0373 

—0,0404 

0,0070 

—0,0046 

0.3 

—0,0162 

—0,0299 

—0,0391 

—0,0423 

0,0042 

—0,0090 

0.4 

—0,0166 

—0,0307 

—0,0401 

—0,0434 

0,0014 

—0,0135 

0,5 

.—0.0168 

—0,0309 

—0,0405 

—0,0438 

—0,0014 

—0,0180 

0.6 

—0,0166 

—0,0308 

—0,0402 

—0,0435 

—0.0042 

—0,0225 

0,7 

—0,0163 

—0,0301 

—0,0394 

—0,0426 

—0,0069 

—0,0267 

•'0.8 

—0,0158 

* —0,0292 

—0,0381 

—0,0413 

—0,0095 

—0,0306 

-Ot9 

—0,0151 

—0.0280 

—0,0366 

—0,0396 

^-0.0118 

—0,0341 

1 

—0,0143  ' 

—0,0266 

—0,0347 

—0,0376 

—0,0139 

—0,0374 

1.2 

. -,0.0125 

—0,0232 

—0.0304 

— 0,0.328 

—0,0177 

—0,0426 

1.4 

—0,0105 

—0,0194 

—0,0254 

—0,0275 

—0,0206 

—0,0461 

1.6 

—0,0084 

—0,0155 

—0,0203 

—0,0219 

—0,0226 

—0,0482 

1,8  • 

—0,0063 

—0,0116 

-0,0151 

—0,0164 

—0,0239 

—0,0489 

2 

—0,0043 

—0,0078 

—0,0102 

—0,0110 

—0,0246 

—0,0485 

2,2  • 

—0,0023 

—0,00425 

—0,00555 

—0,00601 

—0,0248 

—0,0471 

'2.4 

-0,0005 

—0,0009 

-0,0012 

—0,0013 

—0,0245 

—0.0451 

2.6 

0.001 1 

0,0021 

' 0,0028 

0,0030 

—0,0240 

—0,0425  • 

2.8 

0.0026 

0,0049 

0,0064 

0,0009 

—0,0233 

—0,0397 

3 

0,0040 

0,0074 

0,0096 

0,0104 

—0,0224 

-0,0366 

3,2 

0,0052 

0,0096 

0,0125  . 

0,0136 

—0,0214 

—0,0355  . 

3.4 

0,0062 

0,0116 

0,0151 

0,0163 

-0,0204 

— 0,0304 

3.6 

0,0072 

0,0133 

0,0174 

0,0188 

—0,0193 

—0,0274 

3,8 

0,0080 

0,0148 

0,0193 

0,0209 

—0,0183 

—0,0245 

4 

0,0087 

0,0161 

0,0211 

0,0228 

-0,0174 

—0,0217 

4.2 

0,0093 

0,0173 

0,0226 

0.0244 

- 0,0105 

—0,0192 

4,4 

0,0099 

0,0183 

0,0239 

0,0259 

—0,0157 

—0,0169 

4,G 

0,0103 

0,0191 

0,0250 

0,0271 

—0,0149 

—0,0147 

4,8 

0,0108 

0,0199 

0,0260 

0,0281 

—0,0142 

—0,0128  ■ 

5 

0,0111 

0,0205  : 

0,0268  ' 

. 0,0200 

—0,0136 

—0,0111 

6 

0,0122 

0,0226 

0,0295 

' 0,0319 

—0,0115 

—0,00(9  , 

7 

0,0127 

, 0,0235 

0,0307 

. 0,0333 

—0,0101 

—0,0017 

8 

0,0129  ’ 

0,0239 

' 0,0313 

' 0,0333  ' 

— 0,0099 

—0,0002-. 

9 

0,0130 

0,0211 

v 0,0315 

0,03-1 1 

—0,0097 

—0.0906 

10 

0,0131 

' 0,0242  ’ 

0,0316 

0,0342 

—0,0096 

0,0009  . 

II 

0,0131 

0,0242 

0,0316 

0,0342 

—0,0096 

0.0010 

12 

0,01.31 

0.0242 

0,0316 

0.0342 

—0.0996 

0.0910 

13 

0.0131 

0,0242 

0,0316 

0,0312 

—0,9096 

0.001 1 

14 

0,0131 

0,0242 

0.0316 

0,0312 

— 0,0996 

0,0011 

15 

0,0131 

0,0242 

0.0316 

0,0312 

—0,0096 

0.90  II 
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Table  9 (cont. ) 
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p3 
1 20 

r4 
1 20 

r1 

1 30 

•to 

H 

1 30 

-0,0201 

—0,0327 

—0,0035 

0,0054 

— 0, 00007 

.—0.0105 

-0,0205 

—0,0331 

—0,0033 

0,0055 

—0,00026 

—0,0108 

-0,0208 

—0,0335 

—0,0031 

0,0056 

—0,0004 

—0,0110 

-0,0212 

—0,0339 

—0,0029 

0,0056 

—0,0006 

—0,0114 

—0,0217 

—0,0343 

—0,0027 

0,0057 

—0,0008 

—0.0116 

—0,0221 

—0,0347 

—0,0025 

0,0057 

—0,0010 

—0,0119 

-0,0224 

—0,0351 

—0,0023 

0.0058 

—0,0012 

' —0.0122 

—0,0229 

—0,0355 

—0,0021 

0,0058 

—0,0014 

. —0.0125 

-0,0233 

—0,0359 

—0,0019 

0,0059  - 

—0.0016 

—0.0128 

-0,0238 

—0.0364 

—0,0017 

0,0059 

—0,0018  * —0,0131 

—0,0242 

—0,0368 

—0,0015 

0,0060 

—0,0020  - 

—0.0134 

-0,0288 

—0,0414 

—0,0003 

0,0063 

—0,0042 

—0.0164 

-0,0337 

—0.0463 

—0,0019 

0,0063 

—0,0068 

—0,0200 

-0,0387 

—0,0513 

0,0032 

0,0059 

—0,0098 

—0,0239 

-0,0437 

—0,0563 

0,0043 

0,0051 

—0,0132 

—0,0284 

—0,0485 

—0,061 1 

0,0051 

0,0038 

—0,0172 

—0,0333 

-0,0530 

—0,0655 

0.0056 

0,0021 

—0,0217 

-0.0387 

-0,0571 

—0,0695 

0,0059 

' 0,0000 

—0,0266 

—0,0446 

. —0,0607 

—0,0729 

0,0058 

—0,0025 

—0,0317 

—0.0507 

—0,0638 

—0,0758 

0,0055 

—0,0053 

—0,0371 

—0,0570 

1 -0,0684 

—0,0798 

0,0045 

—0,0114 

—0,0483 

—0,0098 

-0,0709 

—0,0815 

0,0029 

—0,0179 

—0,0593 

—0,0821 

•—  0.0713 

—0,0809 

0,0011 

—0.0242 

—0,0694 

—0.0931 

* „— 0,0700 

-0,0784 

—0,0007 

—0,0299 

—0,0780 

—0,1024 

—0.0672 

—0,0745 

—0.0023 

• —0,0348 

—0.0850 

—0.1095 

—0,0632 

—0,0692  . 

—0,0036 

-0,0387 

—0,0900 

-0.1143 

—0,0585 

—0,0631 

—0,0046 

—0,0414 

—0,0931 

- -0,1169 

- —0,0531 

—0,0564 

—0,0052 

• —0,0431 

—0,0943 

-0,1173 

—0,0475 

—0,0194 

—0,0056 

—0,0139 

—0,0940 

. -0,1158 

-0,0416 

—0,0423 

—0,0056 

—0,0438 

—0,0922 

—0,1127 

-0,0359 

—0,0353 

—0,0054 

—0,0130 

—0,0892 

—0,1082 

—0,0302 

—0,0284 

—0,0050 

. —0,0416 

—0,0854 

—0,1027 

—0,0248 

—0,0219 

—0,0045 

—0,0398 

—0,0808 

—0.0964 

—0,0196 

—0,0157 

—0,0038 

—0,0376 

—0.0757 

—0,0895 

—0,0148 

.—0,0099 

—0,0031 

■ —0,0352 

-0.0702 

—0.0823 

—0,0104 

4—0,0046 

-0,0024 

—0,0323 

—0,0617 

—0.0749 

-0,0063 

—0,0003 

• —0,0017 

—0,0303 

—0,0590 

—0.0676 

—0,0025 

0,0048 

—0,0010 

' —0,0278 

—0,0535 

-9.0604 

0,0009 

0,0088 

—0,0003 

—0,0254 

—0.0181 

—0.0533 

0,0039 

0,0125 

• —0,0003 

—0,0230 

—0,0430 

— 0.C466 

0,0149 

0,0256  . 

0,0025  ' 

—0,0137 

—0,0218 

—0,9 '89 

■ 0,0206 

- 0,0326 

0,0034 

' —0,0982 

—0,0082  • 

— 9,0  J tO 

' 0,0234  ' 

0,0360  * 

, 0,0036 

■ —0,0053 

• — 0,1X905 

0,0091 

0,0218  ’ 

0,0377  ' 

0,0034  i 

—0,0041 

: —0,00.36 

0,0149 

0,0254  • 

‘ 0,0384 

0,0032 

■ —0.0035 

0,0056 

0,0178 

0,0237 

0,0383 

0,0030 

—0,0034 

0,0065 

0.0191 

0.0258 

0,0389 

0,0029 

- .9,0033 

O.o  '69 

0,91 04 

0.0259 

0,0390 

0,0023 

— 0.0934 

0,0071 

o.o:'j  i 

0,0259 

0.0390 

0.1)028 

- 0.1  031 

0.0072 

n.ivyri 

0,0259 

0.0390 

0,0028 

— 0.0;  >31 

0,0072 

0,026' 

t 


Table  10 


h 

^opt. 

jellipt. 


I from 

formula 

(VIII.183) 


| 0.05  | 0.1  | 0.15  | 0.20  | 0,25  | 0,30 

j iTsisTl  1.4689  j 1,3641  | 1.2877]  1 ,2309  | 1,1880  | 1.1551 

( 1. 6477~[~r 4827  | 1 .3702  ff2904  j 1 .2321  j 1. 1836  j 1,1554 


with 


1,2885  1.2313 

1,2887  1,2314 

1,2889  1,2315 

1,289^.’  r'"'  '6 


1.1882  1,1552 

1.1883  1,1553 

1.1883  1,1553 

1,1883  1,1553 


0.40  j 

0,45  . 

| 0.50  | 0,55  | 

0.60  | 

0.70  | 

0.80  | 

J-M 

1,2 

1.1296  | 

1,1095 

| 1,0934  | 

1,0805  | 

1.0699  | 

1,0540  | 

1 .0428  | 

1 , 0286  | 

1.0204 

1.1297  | 

1.1096 

| 1,0935 

| 1,0805 j 

1,0699  | 

1 .0540  j 

1 ,0 128  j 

1 .0286  j 

1,0204 

1,1297 

1,1095 

1,0935 

1,0851 

1,0700 

1,0540 

1,0428 

1 ,0286 

1,0204 

1,1297 

1,1095 

1,0935 

1,0851 

1,0700 

1,0540 

1,0428 

1,0286 

1,0204 

1,1297 

1,1095 

1,0935 

1,0851 

1.0700 

1,0540 

1,0428 

1.028G 

1,0204 

1.1297 

1,1095 

1.0935 

.1,0851 

1,0700 

1,0540 

1,0428 

1,0286 

1,0204 

Af-9,S375 
sJT/  \8.f7S 


6,6/25  5,7,5608  2,725 

'klzk 


Fig.  2? 
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8.14.  Practical  Computations  of  Hydrodynamic 
Coefficients  for  Submerged  Hydrofoils 
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An  accurate  evaluation  of  the  hydrodynamic  character- 
istics for  submerged  hydrofoils  can  be  achieved  by  solving 
the  basic  integro-differential  equation.  However,  for. 
certain  problems,  it  is  necessary  to  follow  the  less  dif- 
ficult approach  resulting  in  a lesser  accuracy.  In. addi- 
tion we  need  formulas  for  coefficients  Cy  and  cx  which 

yield  approximate,  averaged  results.  The  lifting  force 
coefficients  for  a flat  and  a slightly  curved  submerged 
hydrofoil  of  finite  span  are  determined  by  the  formula 
(VIII. 110). 


'Ko  _ 

1 + w* 


(a0  + aK  — Acr0) 
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The  functions  4*,  i,  Aa q are  determined  with  the  aid 

of  the  expressions  derived  in  Chapters  I,  II  and  VIII. 
Combining  the  results  in  Chapters  I and  II,  the  function 
Y may  be  found  as  follows : 


+ 


=»  1 + 0 [l  + 2RcF. 

4[1+2Rc>1(^)]'-2[Rcf.(g)+l]+; 


* 
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-3  ['.+  2 RJ'V(r)]  * [‘  +>*/•  (r)]  +; ■'  ! 

+ 3^1+2Rcf,  + 2Ref,  (2“)]  + 3[>  + 2 Ref.  (jf)]- 

-o[i+2RC^(|-)]  + ?|[i  + 2R'f.(s')])’'- 
- n«r»-  [i  - 1 - + 5»5“‘-W80  “•  + -])•  (VIII. 215) 

^ = ^1—  (ao  + a^tll  +2ReF0  (zt )]]* 

where  Fn(X)  is  determined  using  formulas  and  tables  in 
Chapter  I. 

For  small  angles  of  attack,  the  relation  V = f(a)  may 
be  assumed  to  be  linear  and  then  formula  (VIII. 215)  will 
contain  the  H'q  value.  The  correction  Aao  will  consist  of 

two  terms  which  account  for  the  curvature  and  profile 
thickness,  respectively: 


where 


k - 4 [ 1 + 2 Re  F,  (£)  ] ,•  + {- 1 [ 1 + 2 Re  f , (£  )]’  + 

/ + [ 1 + 2 *>  (r)  ] - | [>  + 2 R«  f.  (£)  ] } * - 
- {-  4 [ 1 + 2 * f • (r)  ]’  + 2 [ 1 + 2 R«  I7,  (r)  ] [ 1 +" 

+ 2 RcR,  (•£)]  - ®[l  + 2 ReF,  (£)]  [lH-  2 Ref,  (£)'  - 

1.  -4[l  + 2Rcf1(2^)]+6[<  + 2Ref.(2i)  - 

-jlf1  +2Ref.(2?)]j,'-^-~[4»>-  ■ 

% 

7 . ^259  0 , 1 

768  “ + 1471360  0>  + ' ‘ ' J * 


The  argument  \i  is  determined  by  the  formula  \i  = 

= ^ ‘ (P~6~6  ’ a°°  and  a0  are  determined  by  the  results  ob- 

tained from  wind  tunnel  tests  or  from  other  experimental 
data.  In  the  event  the  values  for  the  given  profile  are 
unknown,  then  it  is  usually  assumed  that  = 5*^5  and 

a0  = (105-112  ) 6cp. 


The  function  has  to  be  determined  from  the  integro- 

differential  equation;  however,  in  determining  functions 
V and  AaQ.  which  are  assumed  to  be  constant  along  the  span, 

by  means  of  formulas  (VIII. 215)  and  (VIII. 2l6),  it  is  suf- 
ficient to  determine  the  function  ^ by  means  of  formula 

(VIII. 40).  We  may  attempt  to  consider  also  the  shape  in 
the  plan  view  by  assuming  that  ^ = £ + Vy , where  £ is  de- 
termined from  formula  (VIII. 40)  and  , depending  on  the 

shape  of  the  foil,  from  the  aerodynamic  data.  However, 
this  approach  for  determining  the  function  £2  is  not  nec- 
essarily more  valid,  because,  for  the  hydrofoil  submerged 
under  a free  surface,  the  Glauert  correction  also  de- 
pends on  the  mode  of  motion  (see  Section  13 )»  and  its  eval- 
uation from  the  aerodynamic  data  will  be  only  approximate. 
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Since  the  most  interesting  for  practical  applications 
is  the  case  of  Fr^  co,  qet  us  examine  it  in  greater  de- 
tail. For  this  case  Y and  Lao  will  be  determined  by  the 
formulas 


= 'M1  — K + aK)T], 


/cat* 

2i|)  ’ 


(VIII. 218)  [sic] 

(VIII. 219) 

(VIII. 220) 


C - 1 + 0.5t l + 0,25t<  -I-  0.0625x6  + 0,0469x6  + 

. .+  0,0237x'°H-0,0188t[2', 

x - l2  x2 - x‘  -I-  x" - A X8  + ]5g T10 . (VIII.  221) 

From  the  equations  given  in  Chapter  I and  from  physi- 
cal considerations,  it  follows  that  functions  H'o  and  ,1  for 

a thin  foil  with  h — > 0 approach  the  values  of  'Pq  =0.5  and 

"X  = 0 . However,  the  asymptotic  formulas  in  Chapter  I 


» 


produce  different  boundary  values.  Because  of  this,  the 

remainder  terms  of  the  T*®  order,  correcting  the  boundary 
values,  are  introduced  into  the  formulas  (VIII. 218)  and 
(VIII. 221).  Their  values  for  finite  submergences  are 
small,  hardly  affecting  the  results  of  the  solution  ob- 
tained for  submergence  depths  of  fi  > 0.10,  i.e.,  those  of 
practical  interest. 

The  total  drag  of  a hydrofoil  of  finite  span  near  the 
free  surface  is  divided  into  three  components:  induced, 

wave,  and  profile  drag.  It  is  clear  from  this  chapter  that 
it  is  more  convenient  not  to  separate  the  induced  drag 
from  the  wave  drag,  but  to  treat  them  together. 

The  coefficient  of  the  induced/wave  drag  can  be  de- 
termined by  the  formula  (VIII. 110) 

where  function  ^ 2 should  also  be  determined  from  the  solu- 
tion of  the  equation  (VIII. 25).  However,  in  the  first  ap- 
proximation, it  may  be  assumed  to  equal  £ according  to  the 
formula  (VIII. 40). 

This  book  does  not  consider  the  questions  dealing 
with  the  flow  around  the  submerged  hydrofoil  in  a viscous 
fluid;  therefore,  it  is  not  possible  to  give  a sufficiently  [373 
accurate  method  for  evaluating  the  profile  drag  for  the 
submerged  hydrofoil. 

An  approximate  value  for  the  profile  drag  can  be  de- 
termined by  employing  the  experimental  methods  used  in 
aerodynamics  [16,  17  J and  introducing  a correction  for  the 
effect  of  the  free  surface  when  Fr  -?co: 

Cxpin  = c,/[1  + ncm  (0,54  -f-  0,46<p)],  (VIII.  222) 

where  c*  = 6 + 0.176Cpj 

Cxj  - the  friction  coefficient  of  the  flat  foil; 


The  value  n can  be  assumed  to  be  constant  and  equal 
to  0.03  when  Re  > 5'10^- 

In  addition  to  formula  (VIII. 223)  for  computing  the 
profile  drag,  one  can  use  the  F.  G.  Glass  grid  system 
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[l6,  17],  in  which  c#  should  be  replaced  by  c#(0.54  + 

+ 0.469). 

The  formulas  (VIII. 109)  and  (VIII. 110)  for  the  coef- 
ficients Cy  and  Cxi  can  be  extended  to  include  other  more 

complex  cases  of  motion  of  lifting  systems.  In  Chapters 
XI-XII  below,  other  cases  of  the  submerged  hydrofoil  motion 
will  be  examined.  The  results  which  will  be  obtained  there 
and  which  will  deal  with  the  evaluation  of  coefficients  Cy 

and  Cxi  should  be  used  in  the  actual  practical  problems. 

The  extensive  reference  material  available  in  this  book  in 
the  form  of  function  tables  will  facilitate  considerably 
the  practical  utilization  of  the  results  obtained. 


Let  us  consider  one  simple  approximate  generalization 
of  formulas  (VIII.109)  and  (VIII. HO)  for  the  V-shaped  sub- 
merged hydrofoil  moving  at  high  velocities. 


The  coefficients  Cyy  and  Cxiv  for  the  V-shaped  sub- 
merged hydrofoil  can  be  expressed  as  follows: 

\b  a 

•V  00 


\b  a 

• + lr«‘ 


(ao  + cos  P — Aafl) , (VIII. 223) 


r2 


For  the  hydrofoil  that  intersects  the  free  surface  these 
may  be  rewritten  as  follows : 

' Cu*  = ~rfa^|T (ao  + a* ~ AaoJ • (VIII. 224) 

...  i + 

r'-C-tg{V  , 

c*‘~~2kir^'  ^ (viii.  22  5) 

where  P - angle  of  the  V-shape; 

h - depth  of  submergence  of  the  central  cross  section 
of  the  hydrofoil. 

Functions  H'v  and  tct.QV  Gan  ^e  approximately  determined  [37^ 
by  formulas  (VIII. 215)  and  (VIII. 220). 

By  disregarding  the  vortex  trail  behind  the  V-shaped 
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hydrofoil,  the  lifting  force  of  the  hydrofoil  will  be  ex- 
pressed by  the  formula 

where  y,  when  being  determined  by  the  hypothesis  of  plane 
cross  sections,  will  be  found  by  the  formula 


lu  — 

Si  -V 

Let  us  find  the  function  y using  formulas  in  Chapter 
II.  Performing  integration  we  obtain 


Y = 1 — sin  (a0  + aK)  t — — cos  a t*  ■ 


2 (ao  + °k) 


(VIII. 226) 


where 


nere  • •.  • __ 

* \\VAh\-\-  1 + h\  V Ah\  + 1 ' 

' ; : (VIII.227) 

xj  = ~ ft*  + hfc  +^~~(  + 

3 3 v Vu*+1  + V4/1%+1 

+ 4(S?  + Sp(ft,+S2)- + 16(A3+7i»)(/r«  + SA  + Sp  (VIII.  228  ) 

h\V4h]  + l + h\  V 4h\  + 1 h\V4h\+  1 1 )’ 

-,=  2[ +"4 (ft,  +7?2)  -i-  2 (Iif  + hp  (S?  + S,Sa  + ftp 
1 ' h]V4i}\+\  +th\y4h\+  V.  ■ 


1 4 (S?  + ftp  (S,  + ft2)  + (ft,+ft2)  - 

2 ulVwi  + \ +Ti3V4K*-\-\  1 !a 


w-  8 (/i|  -1-  A^)).  . . (VIII.  229) 

where  hi  - depth  of  submergence  of  the  center  cross  section: 
h2  ~ depth  of  submergence  of  the  end  cross  section. 

For  a hydrofoil  intersecting  a free  surface  (h£  = 0),  [375 

the  formulas  become  simplified  and  y is  as  follows: 
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(VIII. 230) 


v — I — an  („. + ..)  ^ . ■■  I r 

-fc5s;„,|,-4.(^a)]- 


(°0  + “«) 


.l2(l  + Ah2)  — h] . 


The  functions  Yv  and  flaov  are  determined  by  the  for- 
mulas 

' . , _ (i  4.  n\*  cos  a.  _ 

t|>=  1—  sin^  + a^cospjT  — 1— (VIII.  231 ) 

a 

■ 

The  T1  curves  are  given  in  Figures  32-3^* 

For  determining  function  £ for  the  V-shaped  hydrofoil 
near  the  free  surface  we  can  utilize  the  approximate 
Prandtl  condition  on  the  proportionality  between  the  in- 
duced drag  and  a certain  arbitrary  front  surface  [179]* 


h.*  A 


Fig.  32 


1 


2 

Fig.  33 

Applying  this  concept  to  function  we  obtain 

. C-t.(f)-E„(r  + 7)“{.(T  + ¥)-  <VIII'232> 

A series  of  computations  for  hydrofoils  using  formulas 
(VIII. 109)  and  (VIII. 110)  and  the  comparison  of  the  results 
obtained  with  the  experimental  data  has  fully  confirmed  the 
validity  of  the  calculated  theoretical  results,  especially 
at  high  velocities. 

For  motion  at  high  velocities,  there  is  an  experimental 
method  for  evaluating  the  function  'f'  [ll , 167]. 

Figure  35  gives  the  experimental  curves  obtained  by 
V.  T.  Sokolov  (curve  1)  and  S.  D.  Chudinov  (2),  as  well  as 
a theoretical  curve  3 and  a curve  4 derived  by  plotting 
the  N.  Ye.  Kochin  solution.  These  graphs  show  that  the 
experimental  and  the  theoretical  curves  are  in  close  agree- 
ment. A certain  deviation  from  the  Sokolov  curve  is 
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span.  This  follows  directly  from  the  conditions  of  the  [375 
experiment  which  served  as  the  basis  for  obtaining  those  376 
curves  and  from  the  methods  used  in  processing  the  results. 
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V.  T.  Sokolov  measured  the  distribution  of  pressure 
on  the  profile  of  a hydrofoil  and  the  measurements  (with- 
out recalculation)  were  used  in  the  expression 

«p=  Ap“  ~ Fj* 

APkoo  Cubgo 

(where  Cyb  is  the  lifting  force  coefficient  of  the  suction 
wall). 

If  we  recalculate  the  experimental  relationship  Y = 

= f(h)  for  an  infinite  span  we  obtain  a close  agreement 
with  the  formula  (VIII. 218).  This  is  illustrated  in  Fig. 
36,  where  curve  1 is  the  Sokolov  experimental  curve,  2 is 
the  corrected  curve,  and  3 is  the  theoretical  curve. 

In  the  recalculation  the  effective  span/chord  ratio 
X^  is  chosen  as  4.2. 

The  calculated  data  (the  curves  on  the  graph)  and  the 
experimental  results  obtained  by  M.  B.  Maseyev  [108]  (the 
points  on  the  graph)  for  a foil  with  X = 3»  6 = 0.06  and 
k = 1 are  presented  in  Fig.  37- 

The  experimental  results  are  also  compared  with  the 
theoretical  data  in  Figures  38-41. 

In  Fig.  38  the  calculated  data  are  represented  by 


MSM;i‘0,07S;h-t 


— Hi. 

fy 




YJkZLA. 

-2 


Fig.  38 


Fig.  39 


Fig.  40 


points,  while  the  experimental  results  are  represented  by  [377  ; 

curves;  in  Figures  39-40  the  calculated  results  are  the 
curves  and  the  experimental  ones  are  the  points  [l4,  29]. 

In  Fig.  4l , curve  1 is  based  on  the  S.  D.  Chudinov  formula, 
curve  2 on  the  formula  by  V.  T.  Sokolov,  curve  3 was  ‘Ob- 
tained from  formula  (VIII.  220)  and  th^points  are  based  on 
the  experiment  by  A.  N.  Vladimirov. 

The  experimental  results  are  also  compared  with  the 
theoretical  data  for  arbitrary  Froudc  numbers  by  T. 

Nishiyama  [209-216], 
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The  comparison  shows  that  the  theory  being  developed 
describes  rather  accurately  the  motion  of  lifting  systems 
submerged  under  the  heavy  fluid. 

8.15.  Optimal  Relationships  for  Submerged  Hydrofoils*  [382 


*This  section  was  written  together  with  A.  I. 
Yukhimenko. 


The  formulas  (VIII. 108)  and  (VIII. 110)  are  used  in 
solving  many  applied  problems  in  hydrofoil  dynamics.  A 
simple  solution  for  one  such  problem  is  given  below  [115]. 
Other  simple  problems  are  examined  in  studies  [1041  and 
[106].  * 

As  was  already  mentioned  above,  the  coefficient  for 
the  total  drag  of  a submerged  hydrofoil  can  be  expressed 
as  follows  s 


Cx  - CXp  + ^xiB- 


If  we  determine  Cxig  by  formula  (VIII. 110),  then  for 

cx 

the  inverse  quantity  £ = we  will  obtain 


C C 


V 


(viii. 233) 


If  we  change  the  hydrodynamic  angle  of  incidence  only, 
then  the  optimal  relationships  for  the  submerged  hydrofoil 
for  a given  relative  span,  submergence,  shape  of  the  hy- 
drofoil in  the  plan  view,  and  the  Fr^  number  are  found  from 


the  condition  of 


di. 

da 


0. 


Taking  the  linearity  of  Cy  as  a function  of  a into 

account  and  disregarding  the  change  in  the  profile  drag 
with  the  change  in  the  angle  of  incidence  (the  angles  of 
incidence  used  in  practice  are  sufficiently  small,  and 
hence  this  assumption  is  justified),  we  arrive  at  the  con- 

dition  -A—  - 0,  from  which,  after  differentiating,  we  will 
a Cy 

obtain 


CJ 

r'a  u°or  f 


(VIII.  2 
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Cxp  = cxiB' 

i.e.,  for  optimal  relationships  of  Cy  and  X for  the  foil, 

the  profile  drag  is  equal  to  the  sum  of  the  induced  and 
wave  drags. 

From  the  condition  (VIII. 234)  the  expression  for  Cy 
optimal  for  a flat  foil  can  easily  be  found  as  follows* 


yn  opr 


^tpm  • v 

mi)-: 


(viii. 236) 


for  a V-shaped  foil 


V: 


„ *Pm 

«K  H 4 } 


(V III. 237) 


where  p is  the  angle  of  the  V-shaped  foil. 


The  formulas  (VIII. 233)*  (VIII. 236)  and  (VIII. 237) 
make  possible  the  qualitative  comparison  of  foil  systems 
using  plane  and  V-shaped  foils  and  having  optimal  Cyv  and 

Cym  and  the  given  Xv  and  Xm. 

Let  us  examine  a case  of  Xm  = Xv  and  CXpv  = CXpm. 

The  degree  of  effectiveness  of  such  foil  configurations 
will  be  determined  by  the  quantity 
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With  k > 1,  the  V-shaped  foil  system  is  more  advanta- 
geous, while  with  k < 1,  the  plane  foil  system  is  better. 
Hence 

where  '*l0„»&JL2EL^ 

C0SP  ' l0PT  C,uorrr 


Since 


k ■ « 

K 1 OpT  ■ 


cos  P£ 


/tgp' 


_ -r. 

m ■ v V. 


£(tg  p/4) 

. I tl\ ..  , 


(VIII. 238) 


X 
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The  formula  (VIII. 238)  makes  the  comparison  of  the 
hydrofoils  with  optimal  Cy  and  X relationships  for  Xv  = Xm 

possible.  However,  during  the  design,  the  consideration 
of  strength,  performance,  and  service  flexibility  does  not 
always  make  the  choice  of  hydrofoil  configuration  with  op- 
timal relationships  possible.  For  this  reason,  below  we 
will  consider  hydrofoils  with  arbitrary  elements. 


Let  us  approximate  the  function  4s 

/tgP\  = 0,92  + 4, 1 3 cos  p — 3 cos*  p 
4 J 1,10+  3,65cosp — 3,6cosJp' 


(VIII. 239) 


Then  the  formula  for  £v  will  be  expressed  as  follows : 


C,pv  ..  . ..  0,92  -h  i,  1 3 cos  P —3  cos*  p 

cosP  nX,.  ' 1,10  + 3,65cosp — 3,6cos*p 


(VIII. 240) 


Let  us  determ5.ne  the  optimal  angle  for  the  V-shaped 

If  under  this  condi- 


3£v 

foil  from  the  condition  of  = 0. 


tion  we  will  expand  £(cos  6 ) into  the  Taylor  series  in 
the  neighborhood  of  cos  (3q  = 0.866,  then  we  obtain  a quad- 
ratic equation 

[31,66C,^--4,8^  (1  + 6)]c«’p  + [73,2^,  + 

+ 0.02^  (1  -|-6)jcosp  + [42,7Sci;,a--  1,19^  (l  4-6)J  -0. 

Solving  this  equation  we  get 

C0S6  - 1-157(1—0. 425^)  (VIII  241) 

1 — 0.1515a  ' 


where 


■4-(i+8»- 


The  formula  (VIII. 242)  allows  us  to  determine  the  op- 
timum angle  for  the  V-shaped  foil.  The  graph  of  the  ex- 
pression P0pt  = f(a)  is  given  in  Fig.  42  (the  value  of 

Popt/lO  is  plotted  along  the  ordinate). 

For  actual  hydrofoils  Cy  = 0.25-0.27;  X = 4-6;  CXp  = 
= 0.006-0.007,  then  a = 0.4-0. 6 and  f30pt  = 25-36° ■ 
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The  value  of  ic  for  any  two  hydrofoil  configurations 
with  equal  lifting  forces  can  be  written  as  follows: 


(VIII. 242) 


where 


k —Cjg*..  £ 
Ki  r • *2 

^ I/O 


Let  us  determine  the  value  of  cos  p for  which  the  for- 
mula gives  the  required  value,  specifically  that  of  k,  and 
the  condition  of  equivalency  for  1c  = 1 . 

By  approximating  the  function  £ 

/fgp\  _ 6,855  — 4, 52  cos  p . 
t\  4 ) 6,755  — 5.36  cos  p"* 

we  arrive  at  the  quadratic  equation 

, cos2P  (4,52a  — 5,36*6)  + cos  p (6,755*6  + 5,36/q  — 6,855a)  — 

— 6,755*!  = 0, 


from  which 


0 6,755*6  + 5,36*,  — 6,855a  . 

“SP»=- 


^(6,755*6  + 5,36*,—  6,855a)a  — 27.02  (5,36*6  — 4,52a)  ( y 1 1 1 . 243  ) 


2(4.52  — 5,36*6) 
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The  formula  (VIII. 242)  makes  it  possible  to  evaluate 
the  advantages  of  one  wing  configuration  over  the  other. 
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For  example,  with  R = 1,  p^  < p < P2  (Pi  < P2 ) • and  hence 

the  V-shaped  system  is  more  advantageous,  while  with  p > 

> P2  and  0 < 01  the  system  using  plane  submerged  hydrofoils 

is  better.  When  Pi  = 02  we  will  have  only  one  equivalence 

point.  The  elements  that  determine  this  point  are  found 
from  the  condition  in  which  the  discriminant  is  zero: 

h>  = 0,795*!  + 1,015a  + y'6fi2aEl. 

The  relation  b = f(a)  as  expressed  by  formula  (VIII. 
242)  is  presented  in  Fig.  43. 


Fig.  43.  [l  - area  of 
advantage  of  V-shaped 
foil;  2 - area  of  ad- 
vantage of  plane  foil] 


Lines  = const  divide  the  graph  into  two  zones. 

In  the  lower  zone  plane  hydrofoil  configurations  are  more 
advantageous,  while  in  the  upper  the  V-shaped  foils  are 
better.  Obviously,  the  equivalence  point  is  located  in 
the  region  of  pGpt*  Therefore,  the  region  where  the  V- 

shaped  hydrofoils  are  more  advantageous  includes  hydrofoils 
with  the  angle  of  PQpf 


CHAPTER  IX.  THE  THEORY  OF  THE  SUBMERGED  HYDROFOIL 
IN  A THREE-DIMENSIONAL  FLUID  FLOW  OF  FINITE  DEPTH 
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9.1 . The  Velocity  Potential  for  the  Submerged  Hydrofoil 
in  a Fluid  of  Finite  Depth 

In  studying  the  problem  of  hydrofoils  moving  in  a 
fluid  of  finite  depth  [110]  the  velocity  potential  and  the 
acceleration  potential  must  satisfy  the  following  additional 
condition  on  the  bottom. 


<P,  = 0,  Qt  = 0,  * = -/io.  (IX.l) 

Let  us  find  the  acceleration  potential  in  the  form 


0 


y.  z)ds, 


(IX.  2) 


where  G(x,  y,  z)  is  the  harmonic  function  in  the  area  li- 
mited by  surfaces  x,  y,  0 and  x,  y,  -h0  with  the  exception 

of  point  Q(  T),  £)  on  the  surface  x.  For  determining 
function  G(x,  y,  z ) we  can  use  the  boundary  conditions  of  , 
(VIII. 1)  and  (IX.l). 


The  function  G(x,  y,  z)  is  found  in  the  form 
° (JC’ ,J'  2)  = [(*  — «« + (y  1 ~ 

i(*  - 1)‘  + (y - n)1  + (* - t),JV2  + 1 y'  1 • 

where  G^(x,  y,  z)  is  the  harmonic  function  within  the  en- 
tire area  under  consideration. 


Let  us  note  that 

d I z-5 

oT  ’ r “ ‘ 1(JC  - & + {y - ny  + (2  - tm2  * 

f - + (y - Ti)4  + (2  -T)r 


and  using  the  integral  expression 

ft  CO 

y = ^ j*  J , 

n co 

~r  = ~ | J e-U'+t+v.-Wdm 
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n ■ ■■  ■■ 


tion 


under  the  condition  that  z - £ > 0 and  z + £ + 2h0  > 0. 

Then  we  can  evaluate  the  function  using  the  equa- 

+“lfl  r g-”»sh? 

, ch  X/i0 

x(Xcos*0  + y )en»Xid\, 

a = (x  — l) cos  0 + fo  — t])  sin0,  (IX. 3) 


d*Gx  , ao,  i j*  ...  r 


1-M‘sh  X (t  + ftp)  ch  X (z  -f  ftp) 


where 


from  where  it  follows 

G = — t d0  f r~M‘ sh  *•  (S  + ^o)  ch  X (z  + h0)  (X  cos^  + Y)  e^XrfX 


ch  X/t0  [y  th  X/t0  — X cos*0J 


(IX. 4) 


In  order  to  satisfy  the  conditions  at  infinity  the 
path  for  integration  with  respect  to  X should  bypass  a 
special  point  Xq[0].  where  Xq L© D is  the  real  and  positive 

root  of  the  following  transcendental  equation 

vth  X0/i0  = Xocos*0.  (IX.  5) 


vhr 


For 


p 

cos^e 


>.  1 the  equation  (IX. 5)  has  only  one  positive 


root  for  every  6,  and  for 
roots . 


— < 1 it  has  only  imaginary 
cos^e 


We  can  show  that  the  conditions  at  infinity  are  satis- 
fied if  the  integration  path  with  respect  to  X for  the 

values  of  |0|  < |tt  bypasses  the  special  point  XQ  from  above 

and  for  rr  > (0|  > ^rr  - c it  does  from  below.  Then 

GJ :_£-C _ 

i(*  - iy  -h  \y  - n)j  + (i  tjV'r 


i — 5 + 2/to 


k*  - ir  -i-  in  - n)j  -i-  (* + ; + 2/t0 w** 


r + 


+ 4" 


c-^.  (X  cos50  + Y)  all  X (C  + h0)  -f 

+ chX(z-f  A,)XfH»»  

ch  XAolv  tli  X/t0  — X cos-0] 


d\  -f- 
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+ T*  «• 

± -1 


tr**  (X  cos’9  -f  y)  sh  X (C  + ft«)  + 
-f-  ch  X (z  4-  h0)  Xer1**  __ 
chXMvth  X/i0  — X cosl8) 


dX. 


(IX. 6) 
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Let  bypass  the  specific  point  Xq(0)  from  above  and 
let  L2  do  it  from  below.  Computing  the  remainders,  the 
expression  for  G can  be  written  as  follows: 


G = 




1(JC — £)*  4-  (y  — n)*  + (2 — e)*!3^ 
2 + 1 + 2Ao 


l(2-a*  + (y-ti)*  + (*  + C + 2A0)l]3/J 

It/2 


-L  Dp  9vi  f ^X,(S+h,)ChX0(2+h,)^d9  + 

+ ReiJv:  l chJX0A  cos20  — vA«  . 

-V2  , i-  • 

• * 1 r ..  r e-Wl«(XcosJ0  + Y)shX(CH-/io)chX(2  + Ao)ea*  j.  /Ty  „x 
+ " J ) chXMv'i [irxV^cos26)  (IX*7) 

where  the  integral  with  respect  to  X is  taken  as  the  prin- 
cipal Cauchy's  value.  The  velocity  potential  will  be  found 
from  the  expression  (IX. 2)  as  follows: 

M 

<p  = + j j*  y (0)  J G (t,  y,  z : £,  rj,  %)dsdt. 

| 09  <'  • 

Computing  it,  we  obtain 

<P="^IIY{6)  ~ O' “ 

* 

(2  4-e  + 2 Ao)  /(*—!)_■  A + 

4 5 -I-  27io)3  V ri  ) 


(i/-’l) 


+ 


- f sU«  (A  + hA M*  + M jo  _ 
K J (cii'-XoAo  cos:3  — y/i0)  cos  0 


4 n 00 


l (*  dQ  r 

cos6J 


e~^  (X  cos-0  V)  sh  X (£  4 /i0)ch  X (z  + hn)  cP>" 
chXho(vthXft,  — Xcos20) 
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. *•  t.  *1 


I 


e-M-sh\(i  + ht)chX^+h9)cosX(if  — 1»)  ^ j ^ 

Using  the  Prandtl  theory  the  velocity  potential  can 
be  expressed  as  follows « 

M I 

<p  <Po  + 1 T (ij)  f G (r,  y,  z,  tj,  5) dxdr\ , (IX.  9)  [sic] 

—6/5  BO 

where  <pq  is  the  potential  of  the  corresponding  two-dimen- 
sional problem. 

After  computations,  it  follows  from  the  expressions 
(IX. 8)  and  (IX. 9)  that 

bn 

9=9.  + -^  f r(T°^(y-11)»+t"C)?“ 

-in 

_ - z + 5 + 2ftp 

(y— H)*  + (z  + C + 2/to) 

' __  4v  r ch  \0  (z  + h0)  sh  X0  (g  + ft0)  cos  X0  (y  — rfl  sin  8 ^ + 

J‘-  eW8  (ch'W.-—-)  • . ; 

0 

60 

(IX.  10) 


With  Fr  ->  oo  and  y -»  0 , the  expression  (IX.  11 ) produces 
the  value  of  the  potential  for  the  boundary  condition  on 
the  free  surface 


6/1  ’ 

*"*  + ‘5T  J rw[v-#'+(^-t)i'“ 


z -f-  $ 4~  2/tp  . ■ 
■(y^ti)JT(2  + 5i  + 2fto)*’.  . 


__  2 f e~***  sh  X -f  ho)  ch  X(z  + h0)c.os‘k{y — i\)  ^ j ^ . ( IX . 1 1 ) 

0/  / i • •*  > .*  • * ' • ' 


U li  A 


For  Fr  -*  0 and  y -»oo,  the  formula  (IX.  11)  gives  the 
value  for  the  potential  for  the  hydrofoil  moving  between 
two  solid  walls. 


<Po  + 


1 

4 n 


X',„ 


(y— ti)*  + (2—0* 

</* 

* 4*  C 4-  2A# 


(y — *1)*  + (*  -f*  H 4*  2/ifl )* 


•+  2 f g~**»sh  4-  h„)  ch  X (z  + A0)  cos X (y  — n)^1 

..  • • "shXA,  > J 


*1 


(IX. 12) 


The  expressions  (IX. 11)  and  (IX. 12)  can  also  be  ob- 
tained by  analyzing  the  vortex  models  of  corresponding 
motions  directly. 


The  integration  with  respect  to  0 in  the  formula  (IX. 
10)  extends  only  to  values  of  0 for  which  the  equation 
(IX. 5)  has  a real  positive  root  Xo(0).  These  values  of  0 

vhQ 

will  be  determined  by  the  inequality  p—  > 1. 

cos^0 

The  formula  (IX. 10)  can  be  expressed  in  a somewhat 
more  convenient  form.  Let  us  choose  a new  variable 


Then 


X°.==  ^lhM*  * 


d0  = - 


cosJ0  ^ch5X0  ft—  ■~!g- j v.  2vch  Vish  Vi  l/- 1 


Y t/i0/i 


dX'\ ' 


<P  “ To  4* 


■t/7 

4*  J ((y  — r 

-bJ2  . 


nJ*  + (i-t)T 


2 + £ 4-  2/:0 


(y-n)J  + (2  + 24-2/io)* 


— 2 


ch  X (2  + h0) sh  X (C  + //0)  cos 


v, 


ch  X/i0shX/(( 


/■ 


v tb  X/i0 
~X~~ 


dX  + 
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% ' *1  »2 


(IX. 13) 


+ ?^er-u'shk(Z  + h0)ch\(z  + h0)cos\(y  — ti) 


shX/i0 


rfX  j dr] , 


where  yo  - 0 for  vhO  < 1*  Yo  the  real  positive  root  of 
the  equation  (IX. 5)* 

For  h0  ~*oo  the  formula  (IX. 13)  gives  the  following 
value  for  the  potential  in  a fluid  flow  of  infinite  depth 


<P  = <Po+^r 


*- C 


tl)*  + (z-C)* 


Ukjcos  Q/— T])rfX— 


r* 


— 2 


eX(,+0  cos  X 


(y— -n)  j/"  i- 


d\  drj 


(IX. 14) 


i / 

; v 


•'  V'-i 

9.2.  The  Integral  Equation  for  the  Hydrofoil  in  a Fluid 
of  Finite  Depth 

Let  us  formulate  the  expression  for  the  induced  veloc- 
ities 9Z  in  the  following  manner* 

Vs-  ■)- 

lJ*±i±Jk ^(*-0  _ , j j _ 


0/-’T)*  + (z  + C + 2/:)*  l 


• +.T 


— Re2y  j* 


shXn(5  + /«o)shX0(z  + /i0)  "x*** 

i -.a'  * — — . — ■ — — 


ch2X0/i0  cos*0  — xh, 


COS  9 


dd- 


_ L f f ^•(Xcos“,0  -!-  Y)  X f;  -i- *,)  sTi  Ur-l-li^k  jx  t 

11  i C°S  ° J ch~  X/i0  (v'th  X/<0  - XWfi)"  + 

CO 

+ » f sh x c + ft°> sh^  + Mjeos X f 1/ - rp x 1 

b)  sliXA,  . “*)•  UX.15 

It  follows,  then,  that  the  integral  equation  of  the  lift- 
ing surface  with  an  arbitrary  shape  in  the  plan  view  will 
be  as  follows : 


) [392 
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K:: 


ft  If Y <g)  [st^f  ( y ix ~o- +(,  — ~ ~ 

z + t + 2 h (x-i\-1 

* V r*  J 


dz  (y-ri)*+  (z  + t + 2/t)* 

n 
2 


+4 


Re2v  f shUQ(/»0-/i)X,e^ 

J (ch*X0A0cos*8  — vA0)  cos  6 a 


J r*  d,  f e_Wl*  (X  cos*  + v)  sh*X  (h0-^  h)  e‘ 


CO 

I 


n* 


ch  X/i0  (v  th  XX. — X cos*0) 


■ e~u>  sh1  X (X0—  h)  X cos  X [y  — q) 
ch  X/u 


dxj  rfs  = 


■dX  + 


v0a. 


(IX. 16) 


From  the  lifting  theory  the  resultant  of  the  induced 
velocity  along  the  axis  z will  be  as  follows s 


dq>  3<Po  , J. 
dz  ~ dz  +4rt 


fcf. 


rw 


(y-Tl)»-(z-q* 

f(i/ -*!)’+ (2 -01]1 


to-iQ1  — (g+C  + 2ft)» 
[(y  — rj*+  (Z  + C + 2A)2]3 


+ 


+ 2 f Xe~^»sh  X (£  + hp)  sh  X(z  + /t0)cosX(y--q)  ^ " 

i.  sh  X/fj  b , 


X sh  X (z 4- h „)  sh  X (? + /i  0)  cos  X(y 


-2 


thX/ip 
X 


dX  1 drj.  (IX.  17) 


? ch  \li 0 sti  Win 


The  integral  equation  for  the  problem  will  be  obtained  [393 
by  taking  at  the  points  on  the  surface  of  the  hydrofoil 
P =(0,  y,  -h)  and  by  taking  the  boundary  conditions  of 


-vOO0  = V0n  + VXn, 
where  ~ f 

-L  J r<1) 


Vk, 


1 


(y  — *i)*  — 4 (ft0 — h)* 


(y—i  i)z  l(y— n)H-4  {h0—iiyy 


\ 
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.4 


J 


rXg-M'shX  (ft0  — A)cosX(y  — vj) ^ 

+ J sh  Xh0 

X sh  X ( h0-h ) cos  ( X(y-Tj)  1 / 1 - — \ 

— t=W— 1 - —L~1  a <*n. 


vihX/t 


0 ch  X/j  n sh  X/j0 


(IX. 18) 


Combining  the  values  of  Von  with  the  values  for  cir- 
culation on  the  hydrofoil,  we  obtain  the  basic  singular 
integro-differential  equation  for  the  proposed  problem: 


r (y)=  VoB^  aM!  a (y) 


T dr  - 

i r r dr\ , 

xV'o  W — ’ldT1 


r r /_\  Z' (y  ti)*  • 4 (ft0  ft)* 

y [0r-^!  + 4 (h.-OT  + 


X ® « J 

X sh*  X ( h0  — h)  cos  X (tj  — r))  y 1 — - 
ch  X/t0  sh  Xft0  J/^ (1  — ~~ 


CO  \ 

-f 


v thX/i0 


(ix. 19) 


where  B(y)  - chord  of  the  hydrofoil; 

ahhQ  “ angular  coefficient  in  the  relationship 

CyhhQ  = f(a)  for  an  infinite-span  hydrofoil. 

Another  form  of  equation  is  obtained  by  integrating 
by  parts  the  second  integral  with  respect  to  T)  as  follows : 


r . . VoB{y)ahl  1 I Jn_  1 

2 w/  4nV0  1 y — Tl  y~  i] 
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A 


V 

S * » •'  » 

C sh?  X (/to'  - h)  Sin  X (y  - rj)  l/"  1 — 

+ J ^l-^^ijchX/ioChXA, 


drj} . (IX.  20) 


For  the  considerations  that  follow,  it  is  more  con- 
venient to  present  the  equation  (IX. 19)  in  the  form  of 
(VIII. 15): 


r 5,  - 1|-  «ffi  -1  Jr  (n)  to-  i]  *. 


°kKt  ® ...?  0/-T1)  + 16 (ft0  — A)  * 

QO 

(«-***•  sli»2X(S0—S)  . _ _ 


shJ  2X  (A0  — /()sinX  {y 


G- n)]/ 1- 


<0  th  2XA0 
X 


wlh2XXp\ch  2X/i0  sh  2X/t0 


(IX. 21  ) 


For  hQ  -»  c*>,  the  function  Gfth0(y  “ V)  will  be  as  fol- 


lows : 


Gii  G~‘ n)  = — 1 e-^sinX(y  — t])dx  + 


^sin  (y  — rj)]/"  1 


' -d\, 


while  for  id  ->  co  and  UJ  -*  0 


_ (j/~ n)  

Gao.  + ,-6  _ h)t 


r 5jn  Id -lb  dK 

J sh2X/io  . 

OgtmG-^~  i^L 


(IX. 22) 


-=-  + 


(y  — tD*  4-  16  (/r0  — /i)* 


■+  2 f r^,sh>2X(?~:-^  sin  X to  - ii)  dX. 
T 1 ch  2X/s0 


(IX. 23) 


The  formulas  (IX. 22)  and  (IX. 23)  correspond  to  the  boundary 
conditions  at  the  surface  <py  = 0 and  <px  = 0. 

9.3.  Determination  of  the  Hydrofoil  Velocity  Potential 
in  a Fluid  of  Finite  Depth 

In  order  to  determine  the  velocity  potential  let  us 
use  the  integral  formulas  (VII.43)*  First,  let  us  deter- 
mine the  function  G(x,  y,  z,  7) , (,)  using  the  integral 
expression  (VIII. 34).  Let  us  find  the  function  G in  the 
following  forms 

G{x,ij,z)~y  + ~ 4-  G (x,  y,  z). 

We  obtain  the  followings 

-f-co  -t<o 

1 1 P __dk f - <•— 0 e«ir-n)»  ^ 

y 2*  J J 

—oft  — c» 

1 _ 1 Y dk- "T  - K+»>. 

Tx"2nJ  y#+T*J 


4- co  +2 

* +Jl„1-C — £ C 

r + r,  2*J  + J 


-*/»■+*•  f + X»  (M-fto)  X 


x e'^e'^dx. 
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Let  us  define  Gj_  by  the  formula 

-\-GO  -J-oo 


°l~  * j KF+T'-J  * 


377 


-jt./Ii+T*  ch  V k*  + X*  (t  4-  hp)  ch  Vk'  + X*  (z  4-  h0)  A (ft,  X)  y 
X 6 - ch  Vk'+Vho 


(IX. 24) 


Let  us  select  the  function  A(k,  X)  using  the  condition 
(VIII. 1)  as  follows! 


X* 


A{lxk)~ 


yx*  + k* 


^ + V 


(-JL 

V/XH 


t|xX 


+"A*  VX*  + ** 


>th/X*  + **/i0j 


Then 


or 


G(x,y,z)  = y + ^ — 

dk  +F  e"',y*,TxTch  /^TX*  (6  + h0) 


1 (•  d*  C e ch  y &H-  X* 

J ]/^TXJ  J chlA’+X’/t 

— oo  —09 

chv'«5+r-(2+(..)(-^~  + v) 


gKi-D*-  e«v-n)» 


+ ^ — — v th  /£>  + X^o 

* 1 /“#.2 


-dX,  (IX.  25) 


]/?<*  + x*  yls  + x> 


-f  oo 


Hco 


G (*.  </.  2)  - 7 + 2«  j ,f 

_o»  -CO 

• -*.ViqW ^==-  + v^ 

\Vrfe*'+  X1  I 


— -X 


1 ui/iTTjJh  T X* + -v  th  /X2  + x»  /to) 

Ch  y X1  + X /to  (^r+T»  + 7Xm-  X*  j 


x [«->*?*  ch y^2  + x> /t0  - v th ^ + X2 /£°)  ~ 

_ 2 Ch yTsr+T*  (S  +/to)  ch  J/F+X*  (z+h)]xe1^  e'^dX.  ( IX  • 26 ) 
Equating  to  formula  (VII. 43)  > we  obtain  the  fol.lov.ing; 


[397 


\ 


X 


X* 

+X* 


e-/*.+ v(z+o  cll  y &+T*  ho  x 
th  yT*+x=  /toj  -2  cii  /FTx2  x 
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. iv  .i 


(2  + /lo)chl^+T*'(z  + ho)  + V)] 


\rk'  + VchV¥+Wht 


Q(K,k)- 


Xs 


= — vthV^X*  + A* /t0 


y>  + x* 

. . _ X[(2fca  + X»)chay^+T»ft,  — v (ft*  + X8)) 

(*.  X)  - (ft-s  + XS)J/2<h*  yp  + Vh0 

N(0,k)  1 e'(1,-n,e~l*l(t+c^*) 

Q (0,  ft)  2 |A|  "*■ 

e'a'"n)l*1  ch  | ft  | (g  + ho)  ch  | ft  | (z  + Ae) 

+ Tftith£|A0 


Let  X0  be  the  real  root  of  the  transcendental  equation 


(IX. 27) 


X* 


.vth/Xf+KsA0  = 0. 


.yxr+ft» 

Then,  using  formula  (VII. 43)  we  obtain 


(IX. 28) 


+ 


~~W 


-dk  — 


+ 2v 


4«o 


_ r ch  I ft  I (S  + ftp)  ch  1 ft  I (»  + ft,)  Jfc  , 

J...  | ft  | sh  | ft  | ft0  dft+ 

-OO  • • 

e-h‘VXIW el(u~v,tch  Y^Tk1  (2+ ho)  ch  V'X’Tft5  (z  + 

I- 


+ h0)(l  + th  VW  + k*h0) 


Xo  ( (2ft2  + \l)  cha  + ft2  h — v (ft2  -|-  X?)J 
X ch  V Xjj  + ft2ft0  (ft2  + ?.o)  cos  X o (x  — l)  dk  — 


4 OO. 


rfft 


eHu~V)i  e /*■+»,• 


'".J  ^*  + x0  ch  ]//>  + X’  ft0  - V thj/ft2  + Vh0 

“CO  —CO  ' \ V x*  H-  ft 


xj^+^cli  j/fta  + xv»0  v th/JF  + ft3  ho)  - 
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- 2ch VTP+TPft  + h«)  X ch  Vk'  + tf  (z  + * 

+«(pinw+:)]K 


(IX. 29) 


The  integration  of  the  triple  integral  with  infinite 
limits  is  carried  out  for  the  values  of  k to  which  the 
real  roots  Xo  of  equation  (IX. 28)  correspond. 

Behind  the  hydrofoil,  at  infinity,  the  potential  will 
be  determined  by  the  formula 

*,.+«• 

a r if  e'(if-n)A  e-mu-K+AJ  ' , • 

+ 36L_J  1*1  ' 

-» 

„ +" e'u-'V  ch  I k I (8  + ho)  ch  I k I (z  + h0) 

- 2 j — dk + 

-CO 

Ch  Vk7  + Xl(l+h0)chVk2  + Xo  (2  4-  h0)  _ 

1 if**  I ■■  ■ ■ ■ ■ ■ x 


Xo  [(2/tJ  + X?)  ch2/x2  + 4 h0  - y(  k7  + X?) 


X(1  + th  V k7  + X^ ha)  ch  Vk 7 + X?  h0  (h*  + X?)  cos  X0  ( x — £)  dk  J ds.  ( IX.  30 ! 
For  v 00,  the  formula  (IX.30)  will  be  as  follows: 


gUl/ — g— 1*|(*— Cf 


: i*r 

; ri+p° g*(ff-n)*e-i*|A.ch  I h I (5  + h„)  ch  | ft  | (2  + ft,)  r1h  \ rh  ( rx . n ) 

r \kiih\k\ho 


* 


For  v -»  0,  Xj  -*•  v|/c|  th  JA'(h0  and  then 


(P_ao  = 


I 


[+? 

'X 


gHu-ifi*  g— 1*1  (»—{+*«) 


1*1 


dk  + 


» ,P*g~~|*|*«ch | k 1 (C^f  hn)ch\k\(z  + hj  Jl%  | 

+ J \kTch\k\h,  . | 


(IX. 32) 


9.4.  The  Wave  and  the  Induced  Drag  for  the  Simplest 

Hydrofoil  Configurations  in  a Fluid  of  Finite  Depth 

The  solution  of  the  integro-differential  equation  and 
the  problems  connected  with  this  equation  (for  example , 
the  problem  of  optimum  relations),  can  be  obtained  by  us- 
ing the  methods  given  in  Ch.  VIII.  The  problems  for 
and  Co  -=»  0 are  solved  without  much  difficulty.  In  the  spe- 
cial case  when  uJ  ->  0,  the  function  (IX.  7)  may  be  presented 
in  the  following  form: 


p+«(m-4<)  7*+T\ 

. v 1 1 


where  /zj  — — A;  t — 4ha. 


(IX. 33) 


For  the  function  Rc =-  the  expansion  in  powers  of 

z ± 4ix 

parameter  xx  *=  V ix*  + 1 — 2x  is  as  follows  s 


— P -s-l— 5 P 

* » 


[400 


n~2,A  p—  0 
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Now,  utilizing  the  expansion  (IX.3M»  it  becomes  not  too 
difficult  to  obtain  a solution  which  is  similar  to  that 
presented  in  Chapter  VIII. 


A close  first  approximation  for  the  case  of  an  ellip- 
tical distribution  of  circulation  P(y)  in  an  infinite  flow 
can  be  obtained  with  the  aid  of  the  method  similar  to  the 
first  approximation  method  for  solving  regular  equations 

03]. 


Let  us  find  the  solution  in  the  following  forms 

r (y)  = <&  VT-f.  (IX.  35) 

Substituting  the  expression  (IX. 35)  into  the  equation 
and  integrating  v/ithin  the  limits  of  2 - 1 to  +1  we  obtain 
the  following: 


For  the  case  of  the  hydrofoil  moving  in  an  infinite 
fluid  flow  the  formula  (IX. 36)  produces  exact  values  of  5 
for  the  elliptical  distribution  of  circulation  along  the 
span.  However,  for  the  motion  in  a restricted  fluid  flow, 
the  optimal  hydrofoil  will  be  that  which  has  the  distribu- 
tion of  circulation  different  from  the  elliptical  distribu-  [402 
tion.  The  foil  that  has  an  elliptical  distribution  of  cir- 
culation in  an  infinite  fluid  flow  will  not  have  an  ellip- 
tical distribution  when  moving  submerged  under  the  surface. 

In  this  case,  the  formula  (IX. 36)  will  produce  an  approxi- 
mate solution  that  corresponds,  to  a certain  degree,  to 
the  approximate  Prandtl  solution,  that  is,  to  the  analysis 
of  the  system  with  a minimum  induced  drag  [39] • 

Going  over  to  the  coefficients  of  the  lifting  force 
and  the  induced  wave  drag  for  the  hydrofoil  under  consider- 
ation, we  can  write 


(IX. 37) 
(IX. 38) 


For  the  case  of  motion  in  which  0)  -»  0,  using  the  ex- 
pression (IX. 34)  we  obtain  the  followings 


t = 1 + 0.500e,  + 0,250e2  + 0,0625e3  + 0,04G9e4.  + 

+ 0,02378, + 0,01888*,  * (IX.  39) 

’•  * - £ (2t|(  +.t|,-t* + t*),  ; 


ea  f (2<  + < *1.  - 2t l - t l + t y . 
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For  analyzing  the  effect  of  shallow  water,  curves  ob- 
tained by  plotting  formula  (IX. 39)  and  a computation  Table 
11  are  given  in  Figures  44  and  45-  It  is  clear  that  shal- 
low water  reduces  the  drag  of  the  submerged  hydrofoil  con- 
siderably for  the  motion  in  which  (D  -*  0.  The  formulas 
(IX. 37)  and  (IX. 39)  can  be  used  in  practical  considerations 
of  the  effect  of  shallow  water.  Table  11 


\ 

Values 

of  function  £ 

for  h 

CL 

h 

0 1 

0,05 

1 0,1  1 

0,2  I 0.3  I 

0,4 

| 0.6 

1 00 

0 

0.0000 

0,4211 

0.63-17 

1,0825 

1,3385 

1,5029 

1,7977 

2.0000 

0,05 

0.0000 

0,3804 

0,6247 

0,0543 

1,1001 

1,3715 

1,5830 

1,6151 

0,1 

0,0000 

0,3812 

0,5027 

0,8828 

1,0620 

1,1762 

1,3318 

1,4821 

0.2 

0.0000 

0,3607 

0,5624 

0,8005 

0.0154 

1,0365 

1,2105 

1,2006 

0,3 

0,0000 

0.3573 

0,5310 

0,7615 

0,0039 

0,0643 

1,1356 

1,1801 

0,4 

0,0000 

0,3562 

0,5288 

0,7442 

0,8570 

0,9300 

1,0570 

1,1208 

0,6 

0,0000 

0,3546 

0,5225 

0,7216 

0,8301 

0,8055 

1,0014 

1,0698 

oo 

0,0000 

0,3546 

0,5176 

0,7094 

0,8109 

0,8702 

0,9302 

1,0000 

The  problem  of  the  hydrofoil  moving  under  the  surface  [402 
of  a fluid  of  finite  depth  was  also  studied  by  I.  Breslin 
[230].  For  the  hydrofoil  with  a constant  circulation  along 
the  span  and  for  the  hydrofoil  with  an  elliptical  distribu- 

Cx  -r 

tion  of  circulation  he  obtained  formulas  for  — Let  us 

Cy2 

present  the  most  important  results  of  this  investigation. 


Breslin  defines  the  potential  of  the  hydrofoil  in  an 
infinite  fluid  flow  as  a potential  of  a layer  of  dipoles 
located  within  a semi-infinite  strip  whose  width  is  equal 
to  the  hydrofoil  span. 


Breslin  determines  the  wave  potential  92  as  follows 


<Pa=  - 


+ - ~ 

2 r f ^ r roo  r x.*  mv 
* #J  J r0  J“1T^)  /T 

-00  _ 6_  e. 


— h)  ch  K (2  + hn) 
sec*  8 sec  /?\0/io  x 


X[lo  + vsec20]sin(.«  — T)cos01cos[Xo(i/  — q)sinO]e-^.  dr\db.  (IX. 40) 
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From  the  general  formula  (IX.  8)  we  can  determine  2 
as  follows: 


+ - 
T 2 


Ti  = Ml  f f v f ^0  (?  + K)  ch  X0  (Z  + h0)  e**  . h1 


If  we  integrate  the  expression  (IX.40)  with  respect 
to  T then,  after  transformations,  we  can  write  <^2  as  fol- 


lows : 


<P2=  + 


sh  K (C  + K)  ch  K (Z  + An)  sin  [\„x  cos  0 cos  (f/  — t)) 
x Ic'h*  8 - vA„)'^  8“  : UX . 42  ) 


This  expression  can  also  be  obtained  from  (IX. 4l)  if 
' we  introduce  the  lifting  line  approximation. 

For  determining  the  wave  drag  a formula  is  used  which 
defines  the  wave  drag  on  the  basis  of  the  free  surface 
shape.  The  expression  for  the  shape  of  the  free  surface 
may  be  written  as  follows: 
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where 


q = £ Qj  sin  X0  x cos  ® cos  s'n 


_ 4VnroX0shM/i0-/i)(*o+  v sec  8)  *7^ 

Qi  =*  — A 


(IX. 43) 


nq 


1 — vA0 


sec*  8 

ch*M« 


X J cos  (X„ti  sin  0)  d>). 


If  the  shape  of  the  free  surface  is  defined  by  the 


equation 


I ^ 
2 


H<=s  | (Qtsin>4cosfl  -f  QjCos/lsinfl  + Qjcos/lcosfl  + 


+ QiSin/lsinS)dO, 
then  the  wave  drag  is  given  by  the  formula 


(IX. 44) 


where 


(Q*  + Ql  + Q|  + Qj)  ^ct  AXc/fo  — cos3  6dd,  ( IX . 45  ) 


i4  = cos  0;  B = \0y  sin  8. 


For  the  hydrofoil  with  a constant  load  along  the  span 
after  the  transformations  we  obtain 


Cxb_  _ 2 f ct  h\0h0 sh2  X0  (h0  — h)  sin  X0  B sin  8rf9 
Cf  n\  J (ch2  Xh0  — v/t0  sec2  0)  sin2  0 cos  8 ' 


(IX. 46) 


[405 


For  the  case  of  a fluid  of  infinite  depth  this  formula 
transforms  into  the  following  formula: 


Cxb^  = 2 sin*  (v  see8 0)  e-2v'»«'»  ' 

Cut  xX  sin2  0 cos  8 

*/ 


(IX. 47) 


For  the  hydrofoil  with  the  elliptical  distribution  of 
load  along  the  span,  the  wave  amplitude  will  be 
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„ 4vr0  X0  sh  X0  (ha  — h)  (X„  + v sec*  8)  v 
re  ' *“  - * 


jsecJ8  \ 


Then 


(‘  v"*di 

b 

a 

x |*vrrr  tj’cos  (kar\  sin  8)  dr). 


* 


Cx»  _ 8 


4 


* Sin  8) 5hU0  (/,„  - h)c\  m \ 


(ch*  X„A#  — vA#  sec*  (i)  sin  V cos  6 


■d8, 


for  Fr  ->oo 


Cxb  __  2 J?^(^^-)sh*X(ft0-A) 

Q.  jtX  J Xsh  2X„/i0 


dX. 


(IX. 48) 


(IX. 49) 


(IX. 50) 


In  solving  for  the  induced  drag  I.  Breslin  takes  the 
velocity  potential  as  follows: 

T = % + <P,  + T„  + <P26  • 


[406 


where  <Pq  - velocity  potential  for  the  wing  in  an  infinite 
fluid  j 

<pl  - velocity  potential  that  satisfies  the  condition 
of  (<P0  + 9,),=  °.  2 = — ho> 

<?b  + *P2b  " wave  components  of  the  potential 

% + 4*26  = T0 1 Tu  + T!,. 

where  epoi  satisfies  the  following  conditions: 

<Po,z  = °*  z = — K (To  + Toi),  = z = °; 

T„z  = 0,  z = — A„,  (Ti  + Tii)j  — 0.  z=0. 

For  Fr  0,  0,  and  for  Fr  00  Breslin  defines 

as  = -2(cpoi  + 9n)*  Obviously,  this  type  of  definition 

is  incorrect,  because  with  Fr -9  co  we  have  the  condition  of 
= 0 on  the  free  surface.  We  can  define  in  this  way 

only  for  a fluid  of  infinite  depth,  when  ^-'b  will  have  the 

particular  points  only  on  the  surface,  which  represents 

the  mirror  reflection  of  the  surface  s + Z.  from  the  plane 

xy.  For  a fluid  of  finite  depth  cpb  defines  the  grid  of 

imaginary  surfaces.  On  the  basis  of  the  expression  for 
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with  Fr  co,  Breslin  determines  the  induced  drag  as  one- 
half  of  the  wave  drag  with  Fr ->  «»,  taken  with  the  opposite 
sign.  For  the  same  reason,  this  type  of  determination  is 
incorrect,  a fact  which  is  quite  evident  from  the  compari- 
son of  the  nuclei  Gjno(y  “ rj ) with  U)  ^ “ using  formulas 
(IX. 22)  and  (IX. 23). 


9.5*  Motion  of  a Submerged  Hydrofoil  in  a Channel  of 
Rectangular  Cross  Section 

Let  us  consider  a hydrofoil  moving  through  a channel 
with  a rectangular  cross  section  and  width  b. 

The  potentials  0 and  9 in  this  problem  must  satisfy 
also  the  additional  conditions  at  the  walls  of  the  channel 

8,=  0,  . cp,  = 0.  !/  -=±  (IX.  51) 


The  function  G(x,  y,  z,  £,  ?),  £ ) , in  this  case,  can 
be  found  by  the  simple  mirror  reflection  method.  Using 
the  expression  (IX. 8)  we  obtain 


4.  CO 


2-C 


T-  + 


[(*  - C)M-  [y - ti  - 2 nby-\-  (Z  - 0*]}  3 
Z-C 


' \' 


[(*  - 1)  4-  [y - tH-  6(1  - 2n)M-  (Z  - 0l) 2 
• z 4-  5 + 2A0 


l(x  + + ^+S+2A0)*1  * 

z 4*  £ 4-  2h0 


-3"  + 


{(x  - 4-  [y  4-  ti  + b (I  - 2r,)IM-  (z  + S 4-  2Ao)])  2 

* 

cli  A-o  (C  4-  /i0)  ch  X(z  4-  /i0) 


4-  Rc  2y 


+ - 
^ 2 


' ch2  cos2  0 — \ha 


x e^-«rc— 2/i)Jcos0j  - 


-)-:x  ce> 


e °(K  cos2  0 4- v)sh  X(£4 -/?o)ch  ?.(z-l-/t0)  e 

ch  X/iu  (v  tli  X/i0  — ?.  cos2  0) 


,«.(x-ys[n4 


— X 
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i 


J 


x ertfii+n+«l-2fl)coi#l  jjQ 


(IX. 52) 


Then  the  velocity  potential  can  be  written  as  follows: 

<P=“  4H'JjY(6)  ^ ~ n - W+  (‘ - 0*  X ' 

■.  * t — OO 

-T-  ’ .1  ,* 

. LV'C*-S)*+(y-ti-2^  + (z-;)»  J 

, - fr-0 x 

My-n+6(l-26)J*+(2-t)* 

2 -I-  C + 2 A, 

Cy  — TJ  — 2r,b)-  '!*  (2  + C + 27f0)» 

x r 1 1 - 

1 /(*  - 9*  + {y  - 11  - 2 nb)*  + (2  + t + 2/i0)  J 

(z  + £ + 2/:0) v 


li/  + T "t  6(1  — 2/t)]2-{-(z  + C + 2/x0) 

' ■ (*-9 

L/ (x  - Q«  + [y  + n -1-6(1  - 2rt)J  — (2  + S+2/i0)a 


+ Re2y 


sh  X„(g  +7;0)chX0(2  + ft0)'eft,( 
cii2  X0  /i0  cos2  6 — \h0 


cost 


x 2X„ to— -n-|-Z« 6)S In 0 ^cW >1  1*0 — 2/i)cos « j 

dO  f C_,,I-(>.C032  0 -|-  v)  Sh  M5  + /io)ch  (z+h0)eIMx~VcOi' 


_i  r rfO  r e ‘(Xcos2  0 - 
n J ^ cos  Q J c 


ch  A/t0  [ v th  A,/!0  — Xcos2;0J 


X V* — 2/ifc)s>n0  1 1116(1— 2n)]cos8j^^ 

_ 2 f f— :h  c1iM2-1-6q)  x 

] chX/i0 


X [cos?.(y — ii — 2/:/>)  -|-eosX(y  -1-  ii-|-6)(l  — ?.n)]dX\ds. 


A 4 


If  we  use  the  integro-differential  equation  (VIII. 15) 
then  the  nucleus  G(y  - T))  will  be  determined  by  the  formula 

+ °o  ' 

G (y  — q)  — VV  — =—  + _ — - — L — ) + 

ZjV  (y-ri-2 nb)  [y  + ri  + 6(l-2n)]  J 


4-  OO 

+2 


(t/  — r\  — 2nb) 


(ff-n-2nA)*+! 6 (A0  — A)* 
fy  + V + b(l  — 2n)l 


ly  + T]  + b (1  — 2 A)]*  + 1 6 (/i0—  h )* 
“ c“JWl*sh*  2?.  (/7„  - h)  v 


"2f 


sh  2Xft, 

x(sin \(y  — r\—  Inb ) -1  s!n  (r/  -f  rj  + b (1  — 2n)\  -f 


X 
+ sin 


f(r 

J^sin  X 


sh*2X  ( h0  — h) 


ch  2\ha  sh  2\h0 
cd  th  2 \h0  - - or.] 

l x— 5(y-n— 2^)J 


d\  x 


in  X j/  1 _ + q + b (1  - 2n)] 


where  symbol  Y/  denotes  that  the  sum  does  not  contain 


(IX. 54) 

1 


y — n 


For  an  infinite  channel  depth  the  function  G(y  - T}) 
will  be  as  follows i 


+ CO 


r) 


+ 


_ _ ( _ l , ]_ 

G (y  - 11)  - 2j  \ '(Y1^  - 2 nb)  ty+ii+^1-  2/01 

— CO 

“}  • CO  f CO . * » 

+ ^ ] f,-?*.  [sin  X (y  — t|  — 2 nb)  -|-  sin  X (y  -|- 1]  - j - R\  —2si)\  d\  + 
+ 2 j-il^-^sinXj/ 1 — y (r/  — n — 2/i5)  + , 


— co  \ 0 


+ sin  X j/  1 - ~ \y  -I-  n + b (1  - 2/i)]  j 


<fX 


(IX. 55) 
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The  integration  in  the  integro-dif ferential  equation 
(VIII. 15)  is  performed  within  the  limits  of  -1  + a to  +1  - 
-a,  where  a is  the  relative  displacement  of  the  axes  of 
the  hydrofoil  and  the  channel  along  the  horizontal. 

With  a = 0,  the  coefficients  Cy  and  Cx  for  a hydrofoil 

with  the  elliptical  distribution  of  circulation  in  an  in- 
finite fluid  will  be  determined  by  the  formulas  (IX. 37). 
where  function  l is  also  given  by  the  formula  (IX. 38),  in 
which  G(y  - Y))  is  determined  by  formula  (IX.  5^)* 


CHAPTER  X.  INTERACTION  OF  SUBMERGED  HYDROFOILS 
IN  A THREE-DIMENSIONAL  FLOW 


[410 


10.1.  The  Velocity  Potential  and  the  Integral  Equations 
for  Hydrofoil  Systems 

The  interaction  theory  for  the  submerged  hydrofoils 
cam  be  developed  on  the  basis  of  the  results  obtained  in 
Chapters  VIII-IX. 

The  problem  of  motion  of  a system  of  submerged  hydro- 
foils is  analyzed  also  with  the  boundary  conditions  on  the 
free  surface  (VIII.l),  (33)* 

On  the  surface  of  the  i-th  hydrofoil,  the  condition 
(31)  must  be  satisfied: 

T,  = \ ' on  Si. 


Let  us  examine  the  steady-state  motion  of  a system  of 
n arbitrarily  positioned  submerged  hydrofoils. 

When  crossing  the  surface  s^  the  acceleration  poten- 
tial undergoes  a jump  + 0+  = — Y 3. ( 0 ) • Taking  this  fact 

into  account,  the  expression  for  the  acceleration  potential 
can  be  written  as  follows : 

A . 

• “ 47T  >]  if  V’W-k  N-  + *,(*.**>]  (X.D 

l,  J 


Let  us  obtain  the  expression  for  the  velocity  poten- 
tial which  satisfies  the  condition  (33)  through  the  inte- 
gral (X. 1 ) : 


v “ - ^ 4^  j j Y I (0)  | ~jv - 7-  + K (*.  u,  2)  ]<fa  • dx.  ( X . 2 ) 

Si  CO 


Using  the  value  cpz  and  the  boundary  conditions  (31), 

we  arrive  at  the  system  of  integral  equations  for  determin- 
ing Yj_(o)  as  follows: 


n 


t I 


l d 
in  dz 


( X . 3 ) 


[411 


392 


The  harmonic  function  k(x,  y,  z ) is  determined  from 
the  boundary  conditions  (VIII. 1).  For  a fluid  of  infinite 
depth  the  function  k(x,  y,  z)  is  given  by  formula  (VIII. 6). 

This  problem  will  fall  within  the  limits  of  the  lift- 
ing, line  theory  approximation  if  we  select  for  the  upper 
limit  of  the  integral  with  respect  to  x,  the  values  that 
are  equal  to  the  points  along  the  abscissa  for  the  i-th 
foil,  i.e.,  the  points  located  on  the  lifting  line.  The 
system  (X.3)  will  then  acquire  the  following  forms 

n / *«  • \ 

y ( -®rar J j Y< (9)  f w,  [ k‘ {x>  y'  z)hdx  I “ - «V/ + v ( x . 4 ) 

(/  = !,  2 ,...n) 

where  voi  - normal  velocity  on  the  i-th  foil  that  corre- 
sponds to  the  two-dimensional  problem; 
x0i  ~ abscissa  of  the  i-th  lifting  vortex. 

Introducing  the  circulation  Pjtn)  around  the  i-th 

foil  we  arrive  at  a system  of  integro-differential  equa- 
tions of  the  problem: 


4* 


a (y)- 


* 0 / 


7°i  dr,  . 

r Ati 

\ y~  t) 

■Jibi 


Tz  J r/  ^ J ~d£  kt  (*-  y< t,xcln 


!"V 


n 

+ 2bl  . ■‘Of 

L ' 

/ 

1 . CO 

" ", 

(/«  J.2..../I) 


(x.  5) 


10.2.  The  Motion  of  a Bipianar  Kydrofoi  1 System  Submerged  |_4 1 2 
Under  the  Free  Surface  of  a Flu  id  of  Infinite  Do p th 

Let  us  examine  the  motion  of  two  bipianar  foils  sub- 
merged under  the  free  fluid  surface. 
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Performing  computations  for  the  potential  and  the 
induced  velocity,  we  obtain 


^ 4n 


f 


rjri) 


4** 


Snl- ™ +2 


(1/  — n)a  H-  (z  — 0* 


— 2 l e 


COS  (y 


-">/ >-T 


dX 


dn4- 


+ 7>* 


4 r2(n) 


-i6* 


(*~W 


(i/  — *l)*  + Ca)* 


-3- + 2 1 eM‘+u  ccs  X(£/  — n)  dX~ 


OO  , 

cos  X(y  — ii)  ]/  1 — Y 
„*(z+W  * K 


2 \ eX(’+w 


V 


/'-4 


J 


dt) 


(X.  6 ) 


**A  4,1 


+ i4‘ 


I 


ri(n) 


-T6' 


+ 2Je>,'+!"tos  ^ K 


XdX  — 2 \ XeM:~M" 


cos  X ( y 


-'*]/ 1- 


d\ 


dn  4- 


+4 


4-  f r. 


(’i) 


h$ 

2 


(tj  — I])2  — .L  2 rc^+MXcos(ir-ii)dX  — 

l(y— n)*+(z  — W2!3 


2 \ 


I W 


cos  X {y 


/ ' 

7,-4 


• dA. 


dn 


( x . 7 ) 
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, .« 


Then  the  relations  (X«5)“(X.7)  produce  a system  of  two  in- 
tegro-differential  equations. 


rl(y)  = — 


r+4  <*rL 


(y)— 


4wo 


b L 

L"1 


r_*s-*,+ 

J y-1! 


^ 2 


V 

I 


+ 1 w (2w  j |/r_- 

X cosK  {y  - TO  ]/"i  - -J  dxjdtH-  j H 

oo 

+ cosX(y  — rj)  dX  — 


2 1 ^ — a.(/»»4-/i*) 


X cos  (*/• 


-Dl/” 1- 


/r+l 


X , 

— dh 


r.o,)-  "-*■ 


r rf’i 

J J/-n 


■in  -h 


L-  2 


X 


4-  f rw  , to  — 'n)1 — (2/,7  _ 2 f x e"JX'"  x 

+ J r,lyi(H'twf  Y x 


2 

cos  (i/  — n1)|/r 


7 


A.  J 2~ 


r^-ti)2+(^-w 

j* e“?'(/,rf'h,)X  COS  ^ — *»l)  — 

0 

cos  x (;/  — n)  y i — £ 


2 I Xc~M'"+h,) 


VrZi 


— dX 


(X.8) 


[4l4 
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or  in  the  dimensionless  form 


r'^M 


ai  (y) 


■+i  . _ 


J J rx  (n)  + 

” i 


L-i  -I 

V 

+ \ r,(n)0$(y  — T))dr,|}, 

—i 

r-@  = SSW  (^W-4-[|^‘‘;i+  fr.(^->1¥Tl  + 

+ 1 

+ jr.wGjy- 


where 


—i 


—n  J 

—I 

; — »i)dn||. 


04  ((/  — t])  = 


Or -*)*-(  4/i.). 


2 l ).c 


[y-iiP  + W*]* 

_ cosX(4f  — ti)]/  1 — 

-4Wi, r 


d\ 


o,®  - ^ + 

l(y-n)*  + 4As 


+ 2 J «-5W*+'t,>  x cos  ?.  0/  — T!)  £fX  — 


— 2 V e 


. , X cos  (y  — 11)1/  1 

-4XW.+A,) P X 


(0 


dX 


[(i/— n)a  + t<HUhW 


2 l e' 


4Klrh, 


cos  A,  ((/ 


-5|/ 1 


/ 


^ 


CO 


G4  {y-r jj  - Jlzilifc  WL  + 
l(y  — r])a  + 4 (ftt  -i  /i;)T 


(X.  9 ) 


[415 


(X.lO) 
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+ 2 f e-^+^Xcos \(y- q)dX- 


-2  I « 


.-uw.+JCj 


cos  X(y 


ls-i)]X 1 — x 

T^T- 


• 

• 

1 

r,(y)  = -/t— • 

. '< 

' w 

2//  , 

“ T~*  "1  ~ 

A » *L 

/;•  v 

drlvt 
a.  « — •/  -- 

*<  da 

With  h -+00,  the  system  (X.9)  will  transform  into  a 
system  of  equations  describing  the  motion  of  a biplane  in 
an  infinite  fluid  flow  with  the  foils  separated  by  2H« 


■ '.-Mw  * (H-n  + 

*I''®T£SStw4 

1 (!/)  = #)  a>  (y)  “ 4r  + 


^ J.  %-n)»+  i6ff*p  1 


(x.n ) 


With  6)  ->  0 the  nuclei  Gn(y  - T))  will  be  as  follows 


Gt(y  — ii)=* 


Q Q _'=v  - Cy  - 7)2  - 'l/cl/q  - k)\  G- vY-jHk  -I- M 

1 Ur-n)?+4A*(Si~S^j»  iS-^4^^vrt  (x.12) 


Gj  (y  — 11) 
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; 


G Cu-h)^  (y-i \)a-4(hx-~W  . Ut-rd-ifa  + lft 

l( y — rp+Hh  — h&f  [Q-^'  + Wi  + WP 

With  (i)-»co,  nuclei  G^  and  G3  will  have  the ^opposite 
signs,  while  in  nuclei  G2  and  G4  the  sign  of  the  second 
term  will  change. 


The  coefficients  of  the  lifting  force  and  the  induced 
drag  for  the  hydrofoil  system  will  be  determined  by  the 
formula 

+1 

t c = X,  f r,  (y)  dy, 

-1 


X V 

g*h  = ~2n  r*  (y)  dy 


+f  r+i  . _ +1, 

j I*  &\  + J (ii) C?x (y  — tj) rfq 


+ 


°"a“2  n 


L-i  . _i 

+ j*  r»(n)Ga(y  — 
r+J 


(x. 13 ) 


j r,  Cy)  M dn  + j r2  (n)  c,  Q - n)  + 

+1 

+ J*  r*!  (n)  (//  — 1 


-1 

■rijdn 


(X.l4) 
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where  X,  ==  — ; and  Si  is  the  area  of  the  hydrofoil. 

si 

The  system  of  equations  (X.ll)  can  be  solved  with  the 
aid  of  methods  discussed  in  Ch.  VIII. 

Let  us  obtain  an  approximate  solution  for  a hydrofoil 
with  the  elliptical  distribution  of  circulation  in  an  in- 
finite flow.  This  solution  permits  studying  the  free  sur- 
face effect  on  the  hydromechunical  characteristics  of  bi- 
planar  foils  and  is  satisfactory  for  the  majority  of  prac- 
tical cases. 

Lot  us  take  the  function  ~--r-  in  the  form  of 

K ( y ) 

K(y)  “ '4x;  Vl  ~7j%' 

Lot  us  find  the  solution  of  the  system  (X.9)  in  the 
form  r,(y)  ---  d^Vl— y*  and  integrate  the  equation  with  respect 
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to  y from  -1  to  +1 • Then 

+i 


<DX  « IS.  + 1 jVl-y*  jVl  - C^-^dyj  - 

+i  -y  _ ' \ 

— P Kl  — y»  f v 1 — n‘  GtQ  — xOdndy  . 

®,  + dyj*  K 1 -n*  Ca(i/-^n|- 


or 


_ J®L  j V 1 — y*  j*  Kl  — tj*  G«(y  — ^dryly  , 

f a-  \ a-  2a 

4,+^+^uo‘-^a*' 


Hence  it  follows 


Of 


Oa  — 


2a 

n?, 


where 


('  + 7S7 tl)  ( 1 + «ii  fc)  “ «>7  «7 5" 

('  +,St5i)(' +'«7t-}T7a’rCii7a7t“ 

+i  +i  ' 

c,  = l + J y^y.  j ^ 1 — ,ns  <4  (y  — il)  dndy, 

?2-  1 + -Jr  j jVl  G3(y~n)dndy. 

- . — I 

+1  +t 

t;,=  f v"l  -y»  f V"i  -n2  Gs(y-^)dndy. 
n i -i. 

■ • +1  ■ • +i  • '■ ..  '. 

£'(=  JL  J / l™r/2  J 1^1—  ri»  G.i  (y  — rj)  rftjdy. 


-i  ' 


(X.15) 


(X.16) 


(X. 17 ) 

( X . 1 8 ) 

(X. 19 ) 
(X. 20  ) 
(X.21) 


Using  formulas  (X.l3)«  (X.l4),  (X.19)  an<i  (X.21),  the 


[41 8 
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coefficients  Cyj  and  Cxij  will  be  determined  from  the  ex- 


pressions 


where 


a • 

; 1+^ 

' -i  ’ 

Cj,  = + . 

«-5l. 

<!>,  ... 


(X. 22  ) 


(x. 23 ) 


(X.24) 


The  determination  of  functions  Cl  1 C2«  £l2  and  b21 

by  formulas  (X. 1 9 ) . (X.20)  and  (X.21)  involves  very  cum- 
bersome calculations  and,  in  addition,  it  is  impossible  to 
obtain  their  values  in  a closed  form.  Interesting  results 
are  obtained  when  determining  them  in  the  form  of  a series 

in  powers  of  the  x — V4a*-{-  1 —2  a parameter.  The  expansion 

of  nuclei  (^(y  - Y})  will  be  as  follows  1 

i_i  . . 

_ V<  „ *Y!  (n  -i -*)...(*  + 1 )(n  -1-2  k)  v 
CiO/- ri)“-V^  2j  (n-l-2*)l  X' 

x(_i)T-*+,G_^r!->x,(-|)  1-1.3,... 

-?._i 

_ -/  VI  . Vl  (a-l-rft). ..(*+!)(«-  1-2/c)  w . 

Gi(y  — Tl)  = > T?  > 1 oJ.Yi*  x 


(n  — 1 — 2A)1 


x(— i)2  0/-n)  4 (.-j — 1 — 2/v)i  ..  x 


/jVJ 

fi— . A 0,2... 


where 


.X  (-  l)5“*+,(5  - (-£).  1 - 2.  4 . . : ( X . 25 ) 

T>y  4lf+T-  2/1,;  t3  = yiFAiTT  - 24’/7a; 
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f 


Tal  = Vpjhi  — ht)*+  1 -kfc-  If. 

Tjj  » + A,)*  + 1 - k (A,  + S,); 

• t«  - ^(ST^.T+T  - (A,  - A,); 
t4l  = V(Ai+^)»+l  - (Aj  + AJ. 

After  performing  a large  volume  of  computations  we 
obtain : 

6 + i °« (D x' + [°‘i  (D  - 1 °-,a- . ( ) ] ■ *i  - + 

+ [■  (I)  - ( ? ■)  + im«v.  (-“)]«;+ 

+ 120M  7,50,^  + 9,3750^,  — 3,828090,^1 4 + 


+ [2,5G|0.i  — 150,0.3  -1-  32,81250,0.2  — 30.621720 ,o.i  + 

+ 1 0.33537c ,0  0J  t‘°  -1-  [3G1J>6-2G.25G12  < + 87,5 0,2 
— 137,81 124G, 2, 2 + 1 03,35870,2  j — 29,7773360 ,a0)  xj2. 

• ■ = 1 + -£  (|)  'S  + [c... ID  - °’7?c<.«(f-)  ] '*  < 


(X.26) 


+ [ 1 ,50, 2 - 3 06  2 + 1 ,5625O0i0]  t«  + [ 2 0M  - 7,5  0,.2  + 

+ 9,375O,.l-3182809G8tOlT»  + [2,5GIM-  1501M  + 32,81 25G,0J- 
- 30,62472G1Oil  + 10.33587<Jl0i0lt'®  + [3012i5- 26.250, M + 

+ 87,5012i, — 1 37,8 1 1 24G|2 2 ■£'  103,3587G,2i1'-29177733Gi201t"+...i  (X.27  ) 


?(2  = 0,5t*2  + 0,254  + 0,0G25t®,  + 0,004694  + 0,0I88t>|  + 

+ 0,50,,  (-£)  f„  + [O,,  (•£•)  - 0,750.,  (-“-)]  X.  + 

■+  1 1 .50m  - 3O0  , -1-  1 ,5G25OG  0l  4 + [20, 3v-  7,58.2  + 

+ 9,3750, , - 3,828090, 01  t*2  + [3012  8 - 2G,25CIM  + 87,5 01W  — 

— 29,77733012  0)  x™,  (X.28) 

CJ,  = 0,54  + 0,254  -1-  0,0G25t®  + 0,04694,  + 0,01884*  + . 

-1-  °'r^,o  (vj  T«  + .°4'2(^)“°,75G4  0(^)]T^  + 

+ [1.50C2  - 30, , + 1 .56250,,  2]  4 + [20, 3 - 7,50, 2 -|-  9,3750, , - 

— 3.828090, 0] t*2  + [2,5C|04  . .lt««  + [301W-. . .Jt»  (X.  29  ) 
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When  y -*  °.  GnmCr)  1 » while  for  ^ -*>  oo,  0^  -»  -1 . 
In  these  instances  the  formulas  will  be  as  follows  s 


t,  = 1 ± (0.5x*  + 0,25x«  + 0,0625x®  + 0,0469x*  + 

+ 010237t'10  + 0,0188tJj  + ...)  (X-30) 

C,  = 1 ± (0.5tj  + 0,25xJ  + 0,0625x3  + 0,0469xJ  + 

+ 0,0237t»>  + 0,0 188x'»  + ...),  (X-31) 

tu  “ 0.5  (tj,  ± Tfa)  + 0.25  (x«,  ± t^)  + 0,0625  (t*  ± t£)  + 

+ 0,0469  (t*  ± ty  + 0,0237  (x»  ± xg)  + 0,0188  (x«  ± x«>.  (X . 32  ) 

C»  = 0-5  (T*  ± xy  + 0.25  (xj,  ± xy  + 0.0625  (x«  ± ty  + 

+ 0.0469  (x»  ± x<2)  + 0,0237 (xj®  ± TJJ)  + 0,0188  (xj,f  ± x$.  (X.  33  ) 
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The  + sign  corresponds  to  6)  -»  O,  while  the  - sign  to 
£■)  -►  <so.  The  values  of  the  function  £i j for  a number  of  b, 

if,  h values  are  given  in  Tables  12-21.  _ Figures  45-50  show 
curves  which  illustrate  the  effect  of  h,  Fr,  b and  4 on 
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Table  12 
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*-l.  <5=  1,2 


h 

b 

— Va 

lues 

of  {,21  ?or  w 

0,02 

1 w 

1 1 10 

| 2.0 

L3-°_ 

| 4.0 

| 7,0 

0,04 

0,01 

3,55-16 

3,7896 

5,1595 

5,9191 

6,4782 

5,4175 

3,8904 

1,0744 

0,04 

3,3344 

3,6096 

4,8989 

5,6133 

5,9987 

4,9556 

3,4879 

0,9612 

0,3 

2,5217 

2,6929 

3,5609 

3,9336 

3,8831 

3,0707 

2,1347 

0,6538 

0,1 

0,01 

3,1221 

3,2938 

4,1529 

4,4820 

4,2127 

3,2236 

2,2737 

1,1252 

0,04 

2,9758 

3,1409 

3,9488 

4,2360 

3,9126 

2,9528 

2,0677 

1,0428 

0,3 

2,2321 

2,3605 

2,8965 

3,0003 

2,5828 

1,8990 

1,3472 

0,7724 

0.3 

' 0,01 

2,4747 

2,5491 

2,6971 

2,5581 

2,0679 

1,7852 

1,6778 

1,7035 

0,04 

2,3591 

2,4317 

2,5671 

2,4244 

1,9467 

1,6810 

1,5831 

— 

0.3 

1,7804 

1,8403 

1,9068 

1,7597 

1,3833 

1,2066 

1,1469 

• — 

0,5 

0,01 

2,2605 

2,3012 

2,2689 

2,1234 

1,9036 

1,8509 

1,8423 

0,04 

2,1532 

2,1930 

2,1575 

2,0137 

1,8018 

1,7526 

1,7419 



0,3 

1.G216 

1,6557 

1,6027 

1,4762 

1,3152 

1,2828 

1,2789 

— 

1.0 

0,01 

2,1131 

2,1266 

2,0477 

2,0025 

1 ,9826 

1,9839 



0,04 

2,0098 

2,0231 

1,9446 

1,9001 

1,8812 

1 ,8829 

— 

0,3 

1,5046 

1,5163 

1,4411 

1,4039 

1,3894 

1,3975 

— 

— 

ft  = l 

, © = 1 

•'  Table  13 

&. 

% 

Values 

of  £i  2 for  0) 

ft 

0,02  ' 

1 o,i  | 

0,6  | 

1.0  | 

2,0 

| 3.0  | 

4,0 

| 7.0 

0,04 

0,01 

2,9172 

3,1377 

4.2359 

4,8529 

.6,2127 

4,3126 

3.0912 

0,9019 

0,04 

2,7258 

2,8944 

3,8144 

4,2674 

4,3274 

3,1501 

2,4010 

C,8  ’.33 

0,3 

1,7418 

1,8152 

2,0192 

1,9504 

1,5339 

1,1971 

1,0172 

1,1006 

0,1 

, 0,01 

2,5997 

2,7393 

3,4277 

3,6790 

3,1231 

2,6126 

1,8507 

0.9643 

0,04 

2,4306 

2,5556 

3,1305 

3,2907 

2,9262 

2,1893 

1,5817 

0,9591 

0,3 

1,6471 

1,7061 

1,8155 

1,7063 

1,3383 

1,1204 

1,0298 

1 ,o6i  3 

0.3 

0,01 

' 2,0767 

2,1378 

2,25-14 

2,1305 

1,7312 

1,5077 

1,42.35 

0,04 

.1,9760 

2,0325 

2,1212 

1,9959 

1,6282 

1,4315 

1 ,3.-35 

-- 

0,3 

1,4793 

1,5116 

1,4812 

1,3663 

1.1 9S0 

1,1503 

U-JO'j 

— - • 

0,5 

0,01 

1,9026 

1,9361 

1,9075 

1,7871 

1,6081 

1.50W 

1.5.59' 

0,04 

1,8200 

1,8516 

1.8I5G 

1,6996 

1,53.86 

1.5541 

l.-i!'J3 

-- 

0,3 

1,4091 

1,4291 

1,3618 

1,2881 

1,222-1 

1,2163 

1.2229 

1,0 

0,01 

1,7819 

1,7931 

1,7275 

1.65:11 

1 6,M7 

1,6554 

1.9241 

0.04 

1 ,7087 

1,719-1 

1 ,05  10 

l.r-197 

■ ’ 

1,6000 

— 

-- 

0,3 

1,3482 

1,3654 

1,2989 

1,2783 

1,272/ 

— 

— 

— 

Table  14 


ft=i.  ® = i 


■ 

Values  of 

kl.. 

for  CO 

h 

b 

0,02 

1 o.‘  1 

0,6  | 

1,0  | 

2,0 

1 3.0  1 

4.0  | 

7,0 

0,04 

0,01 

3,2451 

3,4590 

4,7535 

5,4265 

5,9115 

4,9753 

3,5575 

0,9891 

0,04 

3,1033 

3,3090 

4,4893 

5,1466 

5,5120 

4,5054 

3,2220 

0,8948 

0,3 

2,3844 

2,5451 

3,3744 

3,7468 

3,7491 

2,9946 

2,0944 

0,6386 

0,1 

0,01 

2,8512 

3,0075 

3,7899 

4,0903 

3,8470 

2,9472 

2,0819 

1,0335 

0,04 

2,7293 

2,8801 

3,6198 

3,8852 

3,5969 

2,7213 

1,9118 

0,9648 

0,3 

2,1096 

2,2297 

2,7429 

2,8555 

2,4888 

1,8433 

1,3098 

0,7395 

0,3 

0,01 

2,2617 

2,3296 

2,4644 

2,3381 

1,8922 

1,6348 

1,5369 

1,56085 

0,04 

2,1655 

2,2317 

2,3561 

2,2268 

1,7912 

1,5-180 

1.4580 

— 

0,3 

1,6833 

1,7389 

1,8059 

1,6728 

1,3217 

1,1526 

1,0945 

— 

0,5 

0,01 

2,0669 

2,1039 

2,0747 

1,9424 

1,7423 

1,6943 

1,6865 



0,04 

1,9775 

2,0)38 

1,9818 

1,8510 

1,6575 

1,6124 

1,6053 

— 

0,3 

1,5345 

1,5660 

1,5195 

1,4030 

1,2519 

1 ,2209 

1,2170 

— 

1.0 

0,01 

1,9328 

1,9450 

1,8733 

1,8322 

1,8141 







0,04 

1,8467- 

1,8588 

1,7874 

1,7471 

1,7297 

— 

— 

— 

0,3 

1,4257 

1,4365 

1,3678 

1,3334 

1,3198 

Table  15 

Biplane 

ft-i,  <i> 

-I 

Values  of 

Xiz. 

for  CO 

h 

0,02 

| 0,1 

| 0,6 

| 1,0 

| 2,0 

| 3,0 

| 4,0 

| 7,0 

0,04 

0,01 

3,2052 

3,4133 

4,6134 

5,2885 

5,6818 

4,7,361 

5,3687 

0,9758 

0,04 

2,9601 

3,1449 

4,1556 

4,6563 

4,7.330 

3,7753 

2,0256 

0,8888 

0,3 

1,8563 

1,9384 

2,1747 

2,1060 

1,6457 

1,2005 

1,0508 

1 

0,1 

0,01 

2,8254 

2,9779 

3,7302 

4,0055 

3,7278 

2,8429 

2,0166 

1,0402 

0,04 

2,6360 

2,7729 

3,4047 

3,5831 

3,1892 

2,3820 

1,7133 

1,0241 

0,3 

1,7492 

1,8150 

1,9435 

1,8270 

1,4166 

1,1667 

1,0610 

0,7395 

0,3 

0,01 

2,2541 

2,3208 

2,4483 

2,3191 

1,8896 

1,6331 

1,5410 

1,6170 

0,04 

2,1374 

2,1992 

2,2971 

2,1607 

1,7528 

1,5454 

1,4748 

1,6753 

0,3 

1,5602 

1,5961 

1,5654 

1,4392 

1,2493 

1 ,20 1 3 

1,1953 

11,4261 

0,5 

0,01 

2,0639 

2,1006 

2,0694 
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10.3. 


Motion  of  a Tandem  Hydrofoil  System  Under  the  Free 
Surface  of  a Fluid  of  Infinite  Depth 


[426 


The  tandem  system  with  arbitrary  distances  -between 
the  hydrofoils  can  be  analyzed  with  the  aid  of  the  general 
system  of  equations  [X.5]«  However,  with  the  separation 
of  approximately  four  chords  between  the  hydrofoils,  the 
effect  of  the  stern  hydrofoil  on  the  bow  hydrofoil  becomes 
small.  The  effect  of  the  bow  hydrofoil  on  the  stern  hydro- 
foil can  be  described  by  asymptotic  values  when  x -»oo. 

Most  of  the  units  have  considerably  larger  separations  be- 
tween the  foils.  Because  of  this,  it  is  necessary  to  per- 
form a more  comprehensive  analysis  of  the  case  with  a con- 
siderable separation  between  the  foils.  In  this  problem 
the  characteristics  of  the  bow  hydrofoil  will  be  determined 
as  characteristics  of  an  isolated  hydrofoil  and  the  motion 
of  this  system  will  be  described  not  by  a system  of  equa- 
tions, but  simply  by  two  equations.  At  large  distances  be- 
hind the  hydrofoil  the  expression  for  will  be 


- 1 fp  (J  Ky  — 1l)1~  (Z~  S>*  I f.  .W-Wrnr.f  1U1 

9„  - - -2ir j <n>  + J 


-I 


— 2 


i)j/  i- 


cos  (x  — a)  Y Kxd\  *1.  (X.34)  [427 


and  then  the  integro-differential  equation  for  the  stern 
hydrofoil  will  be  as  follows: 


r 2{u)-v0a(U)ahi  «,(!/)-' ^ 


r-. 


.4 


ijhj) 

u — 4 


‘t<  1 + 


2J  lv’>  [«’M*W<r-,)A- 

\ 0 

f^'^cosMi/-,!)  |/  1 " \ 

J / , -i  ) 


(X. 3 5) 


where  L is  the  separation  between  the  hydrofoils  of  the 
system. 
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Analyzing  the  approximate  solution  for  the  hydrofoil 
with  the  elliptical  distribution  of  circulation  in  an  in- 
finite fluid  for  the  function  ^1L  in  formula  (X.24)  we 

have  the  following: 


t,,  - | | >< 


—fr^cprt+u (\-f  I)?  cos  ti)]/~(X+ 1 )A.(j/ — t])(cos(1)LKX  -p  i — 1) 


Je  ***>' 


’-dK  (X.  36  ) [429 


where  £^  = 2^,  and  £2 1 is  defined  by  formula  (X.29). 

Performing  the  integration  in  formula  (X.36)  with  re- 
spect to  y and  T\  we  obtain 

= - if-  r>  r*  (4)  jV^+l’  x 

-(-(cosuLVT+l  - I)rfX.  (X.37) 


With  Cy2  = const,  the  extreme  distance  between  the  hydro- 
foils will  be  determined  by  the  condition 


5*L  = 0, 

dL  * 

which  leads  us  to  the  functional  equation 

+1  hi  °° 

< !?«■  J~  r _ — ^ 


j VT—  ~tf-  dy  j V 1 — tf  j" 

00 

X l — -^i— cosco]/(A, -|-  f)X(r/ — T])  sincoL  ]/ X + 1 

J V ^ 


d\  = 0. 


Integrating,  we  obtain 


CO 

f — 4-^7, 

J* 


<^ep(M-n  + 1)  yS(  + l)X)sin  (mLJ/ ?v  -f  l)rf\=0. 


(X.38) 
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(X.39) 


(X.40) 


The  equation  (X.40)  has  one  trivial  solution:  L-  0. 

We  can  look  for  the  approximate  solution  of  equation  (X. 40 ) 
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if  we  express  it  in  the  form  of  an  algebraic  equation  of 
infinite  order 


^ (- \)k+pr$+2k)x!t+2*u^ 

/j  / j“'r(3  + *)r*(2  + A)*l(2 p^-' 


4+2H-2* 


P — 0 £«*  0 


(x.41) 


(X.42) 
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CHAPTER  XI.  THE  THEORY  OF  THE  SUBMERGED  HYDROFOIL 
IN  A THREE-DIMENSIONAL  UNSTEADY  STATE 


[433 


11.1.  General  Considerations.  Boundary  Conditions 

The  theory  of  lifting  surfaces  in  an  unsteady  infinite 
fluid  flow  has  been  developed  rather  well. 

The  lifting  line  theory  in  an  unsteady  flow  has  been 
developed  in  [102,  116-118]  and  others.  In  the  studies 
by  S.  M.  Belotserkovskiy  [Z,  3]  the  solutions  are  given 
which  take  into  account  the  distribution  of  vortices  along 
the  chord.  The  theory  for  short-span  hydrofoils  in  an  un- 
steady fluid  flow  has  been  developed  in  studies  by  Lawrence 
and  Herbert  [76].  For  the  solution  of  the  latter  problem 
Kdssner  [l86,  235]  bas  adopted  the  acceleration  potential 
method.  However,  the  results  dealing  with  the  unsteady 
motion  of  submerged  hydrofoils  in  the  three-dimensional 
fluid  flow  have  not  yet  been  published  in  literature. 

This  chapter  develops  the  theory  for  the  submerged 
hydrofoil  in  an  unsteady  infinite  flow.  The  problems  of 
the  unsteady  hydrofoil  motion  in  fluids  of  different  den- 
sities will  be  analyzed  in  the  next  chapter. 

It  has  already  been  established  in  Chapter  VIII  that 
the  boundary  conditions  on  the  free  surface  for  the  velo- 
city and  acceleration  potentials  are  similar.  For  the  case 
of  an  ideal  incompressible  fluid  the  acceleration-potential 
boundary  conditions  on  the  free  surface  have  the  form  (in 
a fixed  coordinate  system) 

eu  + s0z  = 0.  (XI. 1 ) 

z = 0. 

Let  us  study  only  such  unsteady  motions  which  are 
characterized  by  the  finite  values  of  the  average  forward 
velocity  vQ  and  small  unsteady  velocity  increments.  For 
this  type  of  motion  the  acceleration  potential  can  be 
found  in  the  form: 


G (a'( [/, z, t)  (a*, y,z)  '1  (a  (XI.  2) 

where  0^(x,  y,  z)  is  the  acceleration  potential  for  the 
steady  forward  motion;  02(x,  y,  z,  t)  is  the  acceleration 
potential  for  the  unsteady  motion. 

Motions  which  are  characterized  by  the  potential  9^ 
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have  been  studied  rather  fully  in  Chapters  VIII-X.  In 
this  chapter  we  will  study  the  motion  which  is  described 
by  the  potential  02-  Without  limiting  the  scope  of  the 

general  considerations,  one  may  study  only  the  unsteady 
motions  which  periodically  change  with  time.  Let  us  as- 
sume that  for  the  case  of  the  periodic  motion  we  have 

@2  (■>■•,  y,  2,  t)  — Q ( x , y,  z)  e'". 

Then,  the  velocity  potential  will  be  defined  by  the  for- 
mula (VII. 5) 

Jpx  ' i . 

9 = “ V f 0 (*•  ***>  P-S- 

Vo  J • U0  » 


Now  we  can  state  the  boundary  conditions  for  the  po- 
tentials 0 and  9 as  follows i 


To 


0,  — 2it0(1  - *P)  — vx  ( J — 2*p)  0 + ~ 6„  = 0. 

2=0 


(xi. 3) 


P = -9--;  T0  = -^-;'  Vi  = -— -,  ; . Iim0  = 0.  (XI.  4) 

2co  g • • e.:  : 

<V,=v,or\  s,'  ; (XI.  5 ) 


VT  - finite  at  the  trailing  edge  of  the  surface; 

V9~'$a  “ on  the  leading  edge  of  the  surface  s (a  < l). 

When  crossing  the  surface  s the  acceleration  potential 
will  experience  a jump 

0_  — 0+  = — Y (Q)  v0- 

The  acceleration  potential  for  the  horizontal  hydro- 
foil will  be  determined  from  formula  (VII.33)J 

0 (*.  ff.  *)  = -Ifc  J J Y (Q)  ^ G(x\  ij , 2,  g/i,,  l)ds:  ( X 1 . 6 ) 

S 

The  basic  integral  equation  is  defined  by  the  expres- 
sion (XI. 5)  as  followsi 


d_ 

di 


X » 

e+/pl  J‘  0(t,  y,  z)r!pxdx 


(XI. 7) 
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11.2. 


Velocity  and  Acceleration  Potentials  for  a Submerged  [435 
Hydrofoil  in  a Fluid  of  Infinite  Depth 

The  function  G(x,  y,  z,  J,  T),  £)  represents  the  velo- 

city potential  of  a pulsating  source  under  the  free  surface 
and  moving  with  the  velocity  v0.  The  solution  of  the  pro- 
blem of  motion  of  a pulsating  source  was  obtained  by  L.  N. 
Sretenskiy  and  also  by  M.  D.  Khaskind  [l62].  Let  us  exam- 
ine the  solution  by  M.  D.  Khaskind.  Let  us  find  the  func- 
tion G in  the  following  form: 

G(x,y,z,l,i\,Q  = ~--L  + Gl(x,(/,z,  S,iU),  (XI.  8) 

r ri 

where  G1  is  the  function  which  is  harmonic  throughout  the 
entire  lower  half-space. 

From  the  condition  (XI. 2)  for  determining  function 
G^  we  obtain  an  equation  which  holds  true  for  the  entire 

lower  half-space: 

vG„-2:r0v,(I-iP)Gu-vJ(!  -2iP)G,+tJGlJW  = 2v,  (-1 \ . (XI. 9) 


To  solve  this  equation  the  following  integral  expression 
is  used: 

7^  = -gjrJ 

-nO' 

(*  + S<0). 


The  function  Gj_  is  obtained  in  the  form 

-f_n  OO 

: 0 — 2t0V!(1  — ipJXcose— v,x  f v|(l  _ 2/pj* 


G1=3_  Vf  _ Xe>(^!y.f)d\ 

n .)  J T-jX2cos2Q  — 2T„v,(f—  tmcosfl— v.5u‘-v*n  —•Xfti-  (XI.  10) 


—n  0 


The  integrand  expression  is  determined  in  terms  of 
the  roots  of  the  following  equation: 

t^cos50-^[2t0(1-(P)coso+1]v^-H ‘v*(1  - - 2ijl)  •- - 0.  (XI. 11) 

Solving  this  equation,  we  find: 


4l6 


X|  - V, 


1 f 2t0(1  — ip)cos9 +V'l  -Ml,  cos  C— -iT^f.cas  8— 4*  j,,2ces- 0 


2x\  cos2  6 


(XI. I 2 


J 4 2r0(l—/PX'OsO—'l/r]'p4rcco<;f> <cusV-~4T^1co>1'ft  ' . . 

Xj=sVi  2r*cos*6  • V 

When  p = 0 the  roots  are  in  a simple  form: 


V*  “ 


1 + 2t0cos6  ± )T  1 + 4t0cos8 


2tjcos0 


(XI. 13) 


Let  us  consider  the  angle  0q  in  the  (0,  interval 


0 with  |to|<-j, 
arccos^— j with  |t0|  > -j. 


(XI. 14) 


Then  the  roots  X]_  and  are  rea-l  an(^  positive  for 
the  following  values  of  0 : 

1 8 1 < n — 0O,  if  to>0, 
n>|8|>0o.  if  t0<0. 

For  the  remaining  values  of  0 in  the  (-tt,  +rr ) inter- 
val these  roots  are  complex. 

For  small  values  of  |i 

x;  _ i,  _ , +6(|i>). 

2o0  cos  0 Y * + 4r0  cos  0 

K = Vl^°co^  + o (na). . 

2v0  cos  0 jT 1 4t0  cos  0 


(XT. 15) 


from  where 

Sign  Im XJ  = — Sign  cos  8;  % Sign  Im  k'2  — — Sign  t0; 

For  To  > 0»  lot  us  write  the  function  G^_  in  the  fol- 
lowing form: 

0 F,  (a:',  y,  z)  -1  • F2  (x,  y,  2)  -|  F3  (at,  y,  z). 


where 


I rt-8o  «» 


r 1 „>•<* ! 1 1 '■">) 

F (X  ' V z)  = — — l-  (in  1— - v- ; XT  (Ik,  (XI.  16  ) 

/ 1 (-  AT.  ) - J J Co,* 0$  ....  ?.  ,)(\  - x,) 
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— .t  I o.  o 


•n  i am.  . iw  . 


4i? 


(XI. 17) 


+*-«. 


v.-  ' P"  f Xe**+c+'"> 


— n+l.  0 

+e. 


Fl  ^ ,J'  Z)  ~ SIXq"  irf9  J 


f 

i — X2XX  — Xj) 
n>U+C+«®> 


-=r  d\, 


cos5(X  — Xi)(l  — X2) 


-e,  0 

Xi,j(6)  =»  Xi.j(ix  + O). 


(XI. 18) 


In  the  limit,  when  4 -*  0,  the  integration  path  in  the  [43? 
formulas  for  Fi  and  F2  must  be  curvilinear,  bypassing  in 

a certain  way  the  specific  points  X^  and  X2  located  on  the 
real  axis  : 


2 CO 


. _ L c r 

1 * J .)  (X-X,)k 


x(*-i  :+/<■>> 

■=-,=.—r-dOdk  — 


_ n e(L). 
2 

T 2 00 


H-4t0  cos  0 


1 p'  P 

I ^ d^rfX.  . (xi.  19) 

n J J (X  — Xa)|/ 1 — 4t0cos9 


2 

-fn-l,  w 


,„1  f f 

1 « J .) 


Xe 


,m*-kh<o> 


(X  —Xj)  J/  l+4r0cosfi 


dOrfX. 


F«  = 


Xc 


Me ) C— i(o) 


-n+8.  0(Li) 

+ 8.  » 

nT°  J J C05*  0 (X  — Xi)  (X  — Xj) 

-8.0 


rfOdX. 


(XI. 20) 
(XI. 21 ) 


The  contour  bypasses  the  specific  point  from  above, 

while  the  contour  from  below.  The  integral  prime  sign 

denotes  integration  within  specified  limits  with  the  ex- 
ception of  the  (-Go.  + 6o ) interval. 

}"7(0)f/0=  {7(0)40+  J V(0)de. 

—a  —a  +tl. 

The  functions  Fj  with  T0  < 0 are  determined  in  a simi- 
lar manner.  We  will  consider  the  case  of  ?q  > 0 only. 

The  formulas  (XI. 12 )- (XI. 21 ) were  derived  by  M.  D.  Khaskind. 
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For  further  discussion  it  is  convenient  to  transform  the 
expressions  (XI. 19)  and  (XI. 20). 


Selecting  the  remainders,  we  can  write  the  formula  for 
G(x,  y,  z ) as  follows i 


+* 


1 1 I r .„f  Xe* 


G (x, y,  2. 1 n.  0 “ 7- - 7j-  ~ J J 

-41  0 


. i r,B  r .. 

**  « J J (X  — Xi)  K 1+ 'ho  cos  0 

*-n  0 

+Y  +T  _ „ 

J KI  + 4t0cos9  J 1/1-4! 


--  dX  + 
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4t0cosO 


d 0 — 


+V  > >■<*«+'«)  , , 

i [ ~?L-  do. 


J 1/14-4t0cos8 

— n+l. 

The  velocity  potential  9 can  be  written  as  follows 

d 


(XI. 22) 


<p; 


Y(Q)e  <<s  '*  J-^-C(T.yl*,g,,T|,0«  wx  e)dxds.  (XI.  23) 


Performing  calculations,  we  can  write 


s 

+n  . oo 

— JI  0 
00  Jr- 

--  f do  f J£ 

;t  J .)  (X  cos 


f JLi 

J d£  r 


+ J.:, 

+ d£  2« 


-(-.I  oo 


g>.[;  I t+«»-n)sfn8^!(*-h(^cose-p) 

, Xcosfj — p 


+ 


d\  -j- 
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(XI. 24) 


In  order  to  obtain  the  final  result  it  remains  neces- 
sary to  transform  the  term  which  describes  the  lifting 
surface  motion  in  an  infinite  fluid  and  to  separate  the 

remainders  at  the  point  cos0q  = Determining  the  first 

integral  by  using  the  Kdssner  method  [92]  and  separating 

the  remainders  at  the  point  Go  = we  obtain: 

(*-0 


to  - + & - 0* 


* I 


e-ipuVto- ni'+u-o*  , 
-5- du  + 

(a*  + 1) 2 


vii-Tii'+u-o1 
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ds,  (XI.  2 5) 
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Here  v 


v'  = e~ 

~zr  y*  • 

To  *9 

In  the  limiting  case  of  steady  motion  . 

t0  = 0,  Xx  = v see8  8,  Xa  = 0,  p « 0. 

Then,  for  the  potential  we  obtain  the  formula 
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f x 


(jf-ll)*  + (* 


dX  ' a / jf  r*  d0  ? cos8  8 + v)  ' 
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4-  2 Re 
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, OO 
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„M*vC  Hdr-Wl 


-dX 


ds.  (XI.  26) 


which  can  be  easily  written  in  the  form  of  (VIII. 12). 

We  will  obtain  the  integral  equation  of  the  problem 
by  the  usual  method  using  the  condition  (XI.5)i  determin- 
ing q>z  as  follows: 
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+ f,  ^3er.l»-l  t+'^-’WslnD^Jf-ytJ.rosl+p) 

+ i (K  cos  0 + p) /l— irVcdsB 


+*-•»  13 .X.[»+;+((i/-n)slnlJ  /<x-yo.,cos«+ff> 

_ f Jx ===== — dO  - 

J (*J  cos  0 — p)  V. 1 + 4t0  cos  6 
— *+»•  

+ vH;|  - 


ds.  (XI.  27) 


11.3.  Inte^ro-Differential  Equation  for  the  Submerged 
Hydrofoil  Moving  at  High  Velocities 

Before  deriving  the  integro-differential  equation  let 
us  examine  a case  of  motion  when  Fr^  -*  0,  i.e.,  when  the 

problem  can  be  solved  by  another  method  that  generalizes 
the  method  used  in  aerodynamics.  For  this  case  the  bound- 
ary conditions  on  the  free  surface  will  be  as  follows: 


ex  - 0 , 


(XI. 28) 


and  then  the  acceleration  potential  will  be  defined  by  the 
formula 


y(iD -£-[•>—  -]*■ 


(XI. 29) 


where  r— V (*— n)*+(*— £)*;  ri=  V(*— 6)*+  (•/  — n r Vh  K)'- 

Substituting  x + we  may  write  the  ex- 
pression for  the  potential  <9  as  follows: 


1 Cf 

t-^33 


Y (£>  B)  c x)du  I 


(*-0 
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=1 v I * 


' f(v-’i)M-h-t)' 


g-friiV'w-YiiM 


f .x 

(I/  — n)a-i-U  — £)’  ) 


* (4*  -j- 'iy/i  l'u 


. »rt - 


(XI. 30) 


Then  the  equation  (XI. 7)  will  be  in  the  formt 


i ewl“?  X 
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x' 


*-{ 


& I (y — n)*  + (* 


e-//wV'(V-n)*f(»-5* 

‘ (iM-Ty>7r_ 


du  4- 


V(l-n)’+(*4-t>* 
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oo 

0/ - n)1  j ■ («»+  Ip“du 



vV-n)M  (*+t)’ 

(Z  = ; = -/,) 


-/pii/(K-T))'f(7+Cv 


(XI. 31 ) 


Let  us  introduce  into  the  equation  (XI. 31)  the  approx- 
imations used  in  the  lifting  line  theory.  Let  us  assume 
that  the  lower  limit  of  the  integral  with  respect  to  u is 
equal  to  zero.  For  the  second  term  this  assumption. gives . 
a better  approximation,  since  the  denominator  of  this  limit 
is  always  greater  than  both  the  denominator  of  the  limit, 
of  the  first  integral  and  zero,  so  that  the  lower  limit  is 
finite  at  all  points. 


Assuming 
we  obtain 


r (n)  = f%  a. 


v*  (*.  tj.z)~vl.{x,  y,i)  4-  -L- 

4 3XC/q 


s'rx 


r(n)dn^rX 


x 


(y 


Z—T  '■  \ n 

^)-jT(z~or. x J J+ x 


x n n d£  [ 7^17^)*-+- x j n&JTT)37r~  du 


(XI. 32) 


where  vZQ(x,  y,  £)  is  the  induced  velocity  with  1 = <&• 


. p c~'"u 

Lot  us  introduce  the  function  F_, (hj)  =-=  1 

0 

This  function  can  be  written  as  F_,(r i)  - ^iijZ-^iy).  where 


du. 
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Z_1 ( iy ) is  a linear  combination  of  the  Bessel  functions. 

Then  the  equation  (XI. 32)  can  be  transformed  into  the  fol- 
lowing forms 

6 


vAx.y— ft.  0 =■»«.(*.  if  — h*Q+  4^ 


Jp* 


r 

j (v-d1 


XF-i{p(y—r^)di\+e 


+»  ( 

■,p,j  r (t])  f 


(y — ti)» — (2/i)» 
((^-n)»  + (2/i)»iJ 

(2/t)* 


x f_i  K(i/  n)J  + (2/1) J)  . j ^ _ n'j2  _j_  (2/t)*  j*  x 

-\ 


x Fo(p/0/~n)M-  (2A)*Jdn 
where  F0  (//)  = P//2Z0  (it/). 

Let  us  assume  that  v(x,  y — h,t)  — — B [y)e'pIv0  and  define 
vZQ(x,  y - h,  t)  by  the  formula 

«,.(*. y- ft) --iLt) IM-  (XI‘33) 

where  a(y)  - a half-chord;  pa(0) 

f1(k)  - some  function  of  the  Strouhal  number  k = 

which  can  be  determined  from  the  data  given 
in  Ch.  VII. 

For  an  isolated  hydrofoil  the  value  of  the  function 
f1(k)  is  given  by  Kdssner.  Introducing  these  values  into 

the  equation  we  obtain: 


f (t/)  = 2 v0a  (y)  fi  (/;) 


-ir-Kw'*1'1  t-v-em  H-  <XI-34) 


i(i/—n) 

Calculations  produce  the  following 
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(XI. 35) 


F-i  to)  - -9-  to  iN-t  da)  - //-,  (to)  1. 


to)  - — 2~  y'  1^0  (to)  — ^0  (to)  1. 

where  No(iy)i  N_^(iy)  - the  Neumann  function; 

Ho(iy).  H_i(iy)  - the  Struve  function. 

By  determining  the  real  and  imaginary  parts  we  obtain 
Ref-, ((/)  = (//Ci  to).  Imfito)  = — yi/f/ito)  + ito)). 

Rc  fo  ({/)  = i/2/C0  to)'  Iin  ^0  to)  = — 2~  ljt  (/o^)  + L° (i/) )’ 

where  K^y),  In(y)  - the  MacDonald  functions; 

L^y)  ~ the  Struve  function. 

The  equation  (XI. 34)  can  be  expressed  in  a different 
way  by  performing  integration  by  parts : 

r to)  ^ 2v0na  (y)  fi  (k)  Jw  (y)  J ^^-^>1  + 

\ — 6 

-|-6  ’ , 

+ j -fn  ( +T25F  <c  +W1  - 
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- ^zrJ?+(2K)T-  Wo  to  K to~^2 + W ) j dn  ■ . ( x i . 3 6 ) 


(xi. 36) 


where 


al,  - *±ag  f fvJ- l 

r\npn  a J {v*  *f-  (2hpy  J* 


X f-i  (Kv*  -f-  (ihpY)  dv, 


« - f -(2/l^  /•'  n/v( 

0 . 2/ip  J [vH-(2M2Ja'/o 


+ (2hp)*)d\.  (XI.  37) 


The  function  N_j_(o)  represents  the  general  form  of 

the  Kdssner  function.  It  is  not  difficult  to  show  that 
with  2hp  0,  N(o)  = s(a) 


N—l  (or)  — CJ  2 /•*„!  (v)  c/v. 


(XI. 38) 


[92] 


The  Mssner  function  is  represented  by  the  formula 


«o>— 


ii« 

d\. 

+ 1 


To  prove  it,  it  is  enough  to  show  that 
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Substituting  the  variables  x = Xv,  we  obtain 

-/Av  * U 

dx, 


j-=  f ~ — -a-  r_£L* 
J /x«+i  Jk*+* 


^ (xi. 39) 

dt  J (|/x*  + v*)»  v J + 1)3 

0 0 

Let  us  analyze  the  boundary  value  of  jV_,  ( VV  1- (2/ip)*) 
with  a -*  0 (p  = 0 ) : 
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do 
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In  this  case  the  equation  (XI. 36)  will  be  transformed 
into  the  equation  that  corresponds  to  the  steady-state  mo- 
tion of  the  hydrofoil.  The  equation  (XI. 36)  is  not  quite 
suitable  for  obtaining  the  solution,  because  functions  Nn(a) 

are  not  expressed  through  the  known  special  functions.  Due 
to  this  fact,  we  can  perform  partial  integration  of  only 
the  first  integral  containing  the  divergent  nucleus,  while 
the  second  integral,  which  contains  a regular  nucleus,  will 
be  kept  unchanged.  Using  this  method  the  equation  will 
acquire  the  following  forms 
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(2 h? 


( (y  ~ t,)»  + (2/i)lJ 


^.(P^-itf’  + W) 


dr] 


(XI. 40)  [_446 


However,  we  can  completely  avoid  the  derivation  of 
the  functions  Nn(o)  if  we  write  the  equation  in  the  follow- 
ing form  i 


r (y)  = 2v„a  (y)  nft  (k)  B(y)  — 
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(XI. 41  ) 


Now  the  nucleus  of  the  second  integral  is  regular  and 
the  integral  will  exist. 

It  was  already  mentioned  in  Ch.  VIII  that  the  integro- 
d i fferential  equation  for  the  airplane  wing  in  an  unsteady 
flow  can  be  easily  obtained  from  formulas  (VIII. 22 )- (VIII. 
24).  The  functions  f(z,  £)  for  this  case  will  be  as  fol- 
lows i 

oo  - 

f (*.  n)  - (’  e-'»y^+r‘  d“—  ' 

.)  |/u2+l 

o 

It  is  not  difficult  to  demonstrate  that,  in  this  case, 
the  function  satisfies  the  equation 


(XI. 42) 


Computing,  we  obtain 

/ (z.  £)  ==  Y l//0  (ip  ( y — 11) ) — N0  {ip  {y  — 1|) ) J, 

% - ' 2/;  [//-.  (<P  (y  - 11) ) - AU  (f>  (y  - 11) ) );  (XI.  43  ) 

Rc 4;  ** to “ *i) ):  '2  PlA  (p  (y --  n) ) + !-i  (p (y—  »i))l  ( XI.  44 ) 

Then,  by  using  the  designations  given  in  [.923 » wo  obtain:  [.447 
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RllA=  _JM + JL 

^ 2na  (y)  /i  (k)  v0  4 w0 


rdr  o 

j dT> 

-* 

- f iw/(0.i)*i 


rfr  r,  (p  (</ — t)) 
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F,  (pa)  = ok,  (a)  - a[  /,  (a)  + L_,  (a)  ],  ( X 1 . 45  ) 

Re/(0, ri)  = *0(p(i/— n));  im/(0,n)  = — •£-[«/<>  0/  — T i)j  + 

4-  4o  (p  (y  — Ti) ) ) • 

Using  the  formula  (VIII. 24)  we  can  write  the  equation 
(XI. 45)  in  the  form  of  Kdssner's  equation  and  obtain  a new 
expression  for  the  Kdssner  function.  However,  there  is  no 
need  for  this,  because  the  second  integrating  operator 
does  not  require  regularization. 

Let  us  present  the  approximate  solution  of  equation 
(XI. 4l)  for  an  elliptical  load  distribution  in  an  infinite 
fluid  considered  earlier  in  Chapters  VIII-X  and  let  us  try 
to  find  the  solution  in  the  following  form: 

Y{y)  = G>VT-tf., 


Let  us  use  the  dimensionless  form  and  assume  that 


B (y)  = B\ 


(XI. 41  ) [sic] 


Then,  from  the  equation  (XI. 4l  ) we  will  obtain  the  follow- 
ing: 

2 ft(k)B 


CD  = 


1 + M W 


(XI. 46) 


where  (k)  = 2it/, (k)\  kh  — pb  is  the  Strouhal  number;  and  func- 
tion f(k^)  is  defined  by  the  formula 

w-i-JrjKT^ikn: 
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(XI. 47) 
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11.4. 


The  Integro-Differential  Equation  for  the  Submerged  [448 
Hydrofoil  Moving  with  Arbitrary  Velocities 


In  the  assumptions  of  the  Prandtl  lifting  line  theory 
the  corresponding  values  of  9 and  <pz,  obtained  for  x = 

will  be  found  from  (XI. 2)  as  follows: 
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tial 


as « 
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Now  it  is  easy  to  obtain  the  basic  integro-differen- 
equation i 
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■;.(xi.  50) 


In  the  dimensionless  form  this  equation  can  bo  written 
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where  the  nucleus  G^(y  -7))  is  as  follows  i 

n a 
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<fX.  (XI.  52) 


With  k\  = 0 and  To  = °>  the  nucleus  is  in  the  form  of 

o.to-n)-RoJX€«-«+MIift- 
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4m3  Rc  j e','5CC,c[_4’r'1  '^-T'lsln!,,  see6  OrfO.  ( XI . 53  ) 


The  equation  with  this  nucleus  corresponds  to  the  equa- 
tion (VIII.  17). 

Lot  us  transform  the  nucleus  GjJy  - >1)  into  the  fol- 
lowing form: 

Jt  CO 

Tj)s  111  0 J 


. F-itMy-i'i)]-!  In. 

m-h- - jr? 


-lRe  > 

n 

v y 


0 0 
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• -W  . "V-  ' 


X3  [A.3  cos3  8 ■ i-  tat  ( 1 — 2 r0  cos  8)  4-  co^t3] 

X (X  cos  8 — kf)  (X* cos3  8 — Xco  (1  + 2t0cos  8)  + co^t3]  ^ 


oo 

— Rel^coC- 


— 2Re)/’co 


+ 2Rej/  co 


*,[-«+/(£-ijj  y i-  ~]x 

J (». j7f - k)  />+^/|  7 “ 

^f.j  -is  uG-^y  i-  -“]x3 

3 (**  7f  + *0  />  - *•  /1 7 ;rl 

0 I 

7v-77 


r — du — 

3/2 


du+ 


du— 


1_  itu3* 


— 2Rc)/o> 


X.[-iS  W(J-n>  ]/ 1-  “-] 


du — 


- Rc 


M-cS+'Cr-'tliy  t--£  r / ?r*.  1 

,J  /*  l-  • [/*  - *»  (» + *•-£-■) + wVs] 


d\.  (XI.  54) 


co  at  t0  < -4- , 
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1 6s3oj  at  Tq  > — , 


*i  = 2'  I 1 + 2xo 


V --  2 ( i -f-  2r0 


(XI. 55) 


The  parameter  Tg  is  related  to  k^_  and  3j  by  the  expres- 
k\ 

;ion  o - — . 

Let  us  examine  now  the  limiting  values  of  the  nucleus 

F~l  Vh.  (y  — n)  J — i 


G'n  i'J  — ’l)  Gk  ( tj  — T])  ■ 


(y  — t)2 
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J 


For  60  -»  0 and  a finite  k^ 


(XI. 56) 


This  nucleus  corresponds  to  the  boundary  condition  ex  = 0 
on  the  free  surface. 


For  W oo  and  a finite  k\ 

n co 

G^iy  ~r\)  «=•!■  Rc  J dfl  f + 


(XI. 57) 


This  nucleus  corresponds  to  the  boundary  condition  6y  = 0 

on  the  free  surface.  Formulas  (XI. 56)  and  (XI. 57)  yield 
the  following  result  known  from  Chapters  VIII-Xj 
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G„,  (y  — n)  = — Gh33  ( y — T)). 

The  following  interesting  result  is  obtained  when  the 
Strouhal  number  approaches  infinity: 

Gh  {y  — i])  = 0, 

from  where  an  important  conclusion  follows,  namely,  that 
for  large  values  of  Strouhal' s numbers  (k\ co)  the  free 

surface  d es  not  affect  the  induced  inclination  angles  of 
the  flow  due  to  the  submerged  hydrofoil. 

It  is  interesting  to  note  that  in  the  steady-state 
case  the  single  integrals  with  respect  to  u (XI. 5*0  deter- 
mine the  effect  of  the  Fr  number,  while  the  last  integral 
determines  the  effect  of  the  solid  wall.  During  the  pro- 
cess of  examination  of  the  limiting  values  with  <»-*',  the 
integrals  which  take  into  account  the  number  k^  approach 

zero,  while  with  W they  approach  the  double  value  of 


433 


the  last  integral  with  an  opposite  sign.  However,  for  the 
limiting  value  of  k^  the  first  four  single  integrals  ap- 
proach zero  in  both  limiting  instances,  while  the  limiting 
values  are  produced  only  by  the  last  integral.  However, 
if  k^  approaches  zero  in  the  limit  then  the  steady-state 

case  is  re-established. 

Let  us  examine  the  question  of  identity  of  the  ap- 
proximations considered  above.  Let  us  examine  the  integral 


V ■-£ 


W-i 


: ds, 


(XI. 58) 


where  z < 0. 


Substituting  the  variables  s = ch  t,  one  may  write 
the  integral  as  follows : 


J = j e,pYt'+l W-W  Ch  + dt, 


. 2 y 

where  sinq>~  cos  9=  -7==- 

y yV  + y*  + 


Let  us  introduce  a new  variable : 

sh  11  “ j^T?sh'-F/+?ch'' 

V&  + 2* 


V + z* 


J**  'l 
bV  |j*  Yu'+i') 

j 


-(*9*-^ 1 ’J !1/.' 
/l  + J** 


Since  c/ji  = ch  (/  — t«p) dt,  ch  (/  — (<p)  — rb  1 -\-  |i*, 

.....  ycht  , iz  sh  t 
ch  {t  — trp)  = — + - - ---  — . 

H22  + (/a  Kj®  + 2*  

For  y > 0 Rc  ch(/ — iq)  > 0 and  c!i  ( t — iq)  — -\-Y  1 + Fa. 
for  y < 0 Rc  ch  (t  — iq)  < 0 and  ch  (t  — iq)  — — Y I + p2. 


Let  us  examine  the  positive  values  of  y: 


caly—ll) 


f cipy*+?*  (‘w  ± yjf  i + 11*  <4* 

J Vy*  + z*  VV+v> ' 


—12 

Vy'+F'  ' 


W+  Z* 


± 


y jpv*+a ‘n eo“r-u’  , 

ipVz'+y*  i. 


v?+»* 


'’(►V+V*  /»*+*•) 


/r_ 

Yy'+P 


elpV/+z‘H  H<4*_ 

v\ + »»* 


Performing  integration  by  parts  we  obtain 

ep*  iz 

itJC<* 


^ y2  + 2s  + y*  + 2r 


W + 


* + z* 




2 f elpn  /*>+■*» 


i/2  + za  j*  (i  + p*)3/2  rff1, 

—(i . •„ 

V^+i*  • . 

Let  us  write  the  real  part  of  the  integral 

<x[U~it) 

c'w 

P‘)W 


Rc/  — 


^ + 2*  RC 


V u> 

J O'-H** 


+*< 

Vi' 


__  -/*  _ 
/i*+ir 


Let  us  change  the  integration  path.  We  have  the  fol- 
lowings 

chvYy'  M> 
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jqrHo  f 


~tz_ 

Vy’W 


(i  +j^s-4‘ 


7+F  Rc 


J W i r 5 ■ 


rfl1- 


Since  the  first  integral  will  be  purely  imaginary, 
then  it  follows 
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pz 

y*  + z* 


Re 


e-tpuVl'+l' 

lu*  + l)wdu\ 


(XI. 59) 


These  integrals  determine  the  real  parts  of  the  poten- 
tial given  in  formula  (XI.  48)  for  Fr  ->  oo,  i.e.p  parts 

obtained  through  the  use  of  the  approximations  considered. 
Thus,  the  identity  of  the  approximations  has  been  proven. 

The  formula  (XI. 59)  makes  it  possible  to  draw  a gen- 
eral conclusion  about  the  behavior  of  the  nucleus  of  the 

equation.  If  we  define  the  function  F_i[6A(y  — rj)]  by  means 

of  the  formula  (XI. 59).  then  it  will  follow  that  with 

h - oo,  F-y[kk  /(T^+IT-*  o,  and  hence 

l-^o 


Gh(tJ  — tl)->  — 


1 

(y-n)1  ’ 


therefore,  we  can  draw  the  conclusion  that  for  large  values 
of  k^,  the  submerged  hydrofoil  in  an  unsteady  flow  will 

behave  as  a foil  with  a large  relative  span  and  with 

->oo,  the  hydromechanical  properties  of  a vibrating  sub- 
merged foil  of  a finite  span  will  be  determined  by  the 
properties  of  the  foil  in  a plane  flow. 

The  solution  of  equation  (XI. 5)  for  the  foil  with 
the  elliptical  distribution  of  circulation  will  also  be 
given  by  formulas  (XI.  47).  in  which  function  t,(k^,  Fr ) is 

determined  by  the  formula 

o +1  -y 

U'v  Fr)  - 1 - VT-  y-  j l 'T-'-n’AG/  -n)di]dy, 

— I —I 

- Gl;(y  - 'h  ) is  defined  by  formula  (XI.53)* 

The  integral  equation  for  the  lifting  line  of  the 
tyne  (VII. 25)  is  derived  from  the  general  expression  of 
(XI. 5). 

Let  us  consider  that  v..  — /?„ {y)  c'P'  and  (*  — l)  — — a (!/)• 

then  from  the  expressions  (XI. 5)  and  (XI. 27)  we  obtain 
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1456 


jut 

—b 


r (n) 


dj iz-Z) 

fc{  (y-vb-Hz—t) 


CO 

1 


-ipx/(»-n)*+u-u*  x 


a((/) __ 


x 


dX 


+ 


(X-+  l)3'2  1 2 it 


cU*+C+'(v-n)  sin  l]\2  [X*cos!0  4- 
+ Xv(l  — 2tocos0)  + v^2]  x 


—71  0 


X (t~~ ■£)* 

(X  cos  0 — p)  [X2cos20  — Xv  x ^ + 
X (1  — 2tocos0)  4*  v2t2J 


J\J3eMi+5+/<V-'1)sln  I)  g-UHy)  (X,  cos  l-p) 


+ J (XiCOS©—  p)V  1 + 


4t0  COS  0 


d04* 


+ 


n 

+T 

f 


i V->F+J+«i,-'D  sin  »]  gH<%)  <*■> cos  *+p) 

1 — dd — 


(XiCOs©  4-  P)  V 1 — 4tocos0 


• l-n—  8. 


"J 


) HS+/(»-n)sIn  IJg— /a(»)  (X,  cos  I-P) 

2 — — — - d0  4- 


— Ji 


(X  cos  0 — p)  V 1 + 4tocos0 


Xe 


V'-it 


(p’  i- -i-  v>r3 


f Re 


]/  J - £ [ pS - : ^ ( ' 1 + ~v“) + VT°. 


— dX 


-Z3(i/). 


(XI. 60) 


z + l~-2 h 


11,5,  'i'  e Integral  Equation  for  the  Submerged  Hydrofoil  0*5? 

in  a FI anc-Paral  lei  Flow 

The  theory  of  the  submerged  hydrofoil  in  a plane-, 
parallel  unsteady  flow  was  given  in  Oh.  V.  The  potential 
and  the  integral  equation  for  the  j Lane  problem^  are  derived 
below  by  applying  limits  to  the  c:  neral  expressions. 

Let  us  assume  that  the  span  of  a hydrofoil  approaches 
infinity  and  the  circulation  is  constant  along  the  span. 
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It  is  then  clear  that  the  potentials  0 and  cp  and  the  pro- 
perties at  each  cross  section,  perpendicular  to  the  lon- 
gitudinal axis  of  the  hydrofoil,  will  be  identical.  They 
will  be  defined  by  the  following  formulas: 

-H>  +°°  . 

0(X,  Z)  = -g-  j y(l)dl  j ~ G(x.  y,  2.  I n.  Odt|.  (XI.  6l  ) 

—a  — oo 

+o  _ 

q>  = _ y(B«*6  j J ac  G(T’  y'  *'  T1,  ^e~'PTdTdT'-  (xi. 62) 

—a  00  '-oo 

The  integral  equation  for  determining  density  \(p  is 
also  found  from  the  expression  (XI. 5)*  If  vz  = _vz(x)» 

then  the  equation  will  be  as  follows: 

-Hi  -foo  x 

«"*Jy(B«  j*  dn-|- j -|-G(t.  y.  2,  1,  n,  t)e-“”dx=4nvt(x).  (XI.  63) 

—a  —00  4-00 


For  a foil  in  an  infinite  fluid 


d T d \ . 2 {(*-?)« -(*-£)*) 

~dz  ) dl  r dn  “ \(x  - If  + (2-  OT  ‘ 


Then,  for  a foil  in  an  infinite  fluid  the  equation 
(XI. 63)  will  be  in  the  following  form: 


+a  x 

e">*  j Y (B  dl  j dr  - 2nv<  (x).  ( X 1 . 64 ) 


— a 00 


f dx  1 

For  the  steady-state  motion  \ jyy 

co 

wc  obtain  the  singular  equation  derived  earlier 


= — X-liTg  and  then 


? /:'s 


Performing  the  integration  by  parts  in  the  expression 
(XI. 64),  we  obtain  a different  expression  for  the  equation: 


j*  x-f  d*  + ipa'PX  j y ® j * (t  fa)'  ~ 2n«*  W-  ( X I • 6 ' 
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1 


This  equation  reduces  to  the  Birnbaum's  equation  [92]. 


By  substituting  u = T = 4,  the  equation  (XI. 65)  can 
be  written  as  follows : 


-fa 


j 'x  —X  + ip  J Y © j <r‘P^du-  = - 2nv,(x). 


Substituting  the  variable  u by  the  variable  x',  (u  = 
= x - x’)t  we  obtain  the  equation 


-fa 


' j (x—\)  d*  ~ ip  j Y © c~lpi  J ~x—"x'  dxd*  ~ — 2nVl ( x 1 • 66 


This  equation  can  be  written  in  the  form 

+a  r 4-a  -H» 


J j v©r« 


+ j Y (£)  c_,pi 


AT  — X 


-r  dxdl 


— — 2nvt{x). 


If  we  apply  Dirichlet’s  formula  to  the  last  double 
integral,  we  will  obtain  Birnbaum's  equation 


+« 


fa 


fa 


-fa 


) clpx'dx' 


— 2noi  (a:). 


(XI. 67) 


Thus,  the  acceleration  potential  methods  produce  the 
same  results  as  the  theory  which  is  based  on  the  physical 
picture  of  the  Kdssner-Birnbaum  vortex  formation. 


+« 

* d 1 


(•  (1  1 

Let  us  show  how  to  scLve  the  integral  1 -y  y 
errnined  with  the  aid  of  t 

sion  (VII. 35) t 


. dr\ 


1 

when  — r is  determined  with  the  aid  of  the  integral  <•.  rres- 


-J*?- 
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'"■•’=51*  g . 


L459 


J 


1 


-fj|  Co  oo 


B j ltd  j J eM*+C+<»>  d\dr\ 

—n  0 —oo 

2n  J J tsinS 


— n o 

The  integrand  expression  contains  specific  points. 
Computing  the  remainders  at  these  points,  we  obtain 

/ = + 2Re 

Thus,  for  the  potential  $ and  the  induced  velocity  along 
the  Oz  axis  we  have 


(z-J) 

+ (*-0*P 


<P  = — -j1—  J Y (£)  e'p*  j*  e'pt  | 

— a oo 


oo 

■ Vl  J t^  + 2Vi  (1  i /p)  X - Xv7+  vf(T-  2.P)  a 


(/rdg,  (XI.  68) 


— u oo 

oo 

Rc  j — 

0 

- Vl  J T^-  2t0vt  (l  -^)  X - v,>.  , V • ( i - 2fp) 

0 

7 I , ~ 

“V‘  j T^2-_2Vl(l  .-^X-v^-T-  v*(l-2tp)  j 


For  the  steady-state  motion 
+a 


“ Jn  J 'Y  ® { 1(T  — iy-  | {2  — /i);J2  + 


(xi. 69) 


[46o 


44o 


iW  'vi  . 


J 


+ Re  — v f — dX  + 

J J X + qx-v  ^ 

0 •-  (Hi,) 

7 eM*  K-/(x-bj  ' , 

+ v J T-fr-v  dX)dxdl  (XI. 70) 

00.,) 

For  z = ( = -h  we  obtain  the  following  equations 
+a 


j T® [t— j 


+ Ref 


‘ (X  + v)eM-»»-<(x-l)I 


X — v 


— 2;tv cos v (*  — £) e~*'*  1 = — 2nf'  (x).  (XI.  71  ) 


The  equation  (XI. 71)  is  easily  transformed  into  the 
equation  given  in  Ch.  I.  The  specific  points  of  the  in- 
tegrand expressions  in  formulas  (XI. 68)  and  (XI. 69)  will 
be  derived  as  the  roots  of  the  equations 

TJX1  - 2tov  (1  - ;p)  X - v,X  + vj  (1  - 2i'(3)—  0, 

tJX1  + 2r„v,  0 ~ <P)  X - v,X  + v*  (1  - 2*P)  = 0. 

The  roots  of  these  equations  have  already  been  studied 
in  Ch.  V and  they  are  as  follows: 

1 — 2t0(1  — f-p)  ± v 

V12  vx  2tJ  ’ 

1 -!-  2t0(1  — ,‘P)  ± VT+  'k“F 3/(Jt0-4tgp 

V34  - V1  2Tq 

Selecting  the  remainders,  the  expressions  (XI. 68)  [46l 

and  (XI. 69)  can  be  transformed  to  the  followings 


1 

2k 


—a  co 

00 

,f- 


-6 

-|-(2-C)J 


Re  W «-'(T-bdX 


XexfJ-i- t-Hu-bl 

• ->  . d\  -|- 

(X  — v8)  V \ -|-  4r0 


Xe^^+;+i(T-i)  r 1 i-Hx-m 

- — — r dX  — l —7  - r oX  + 

X-vt)/l  -|-4t0  J (X  — Vj)  ]/ 1 — 4t0 
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I 


1 


+ 


CO 

I 


jLe*r«+c-'(T-t>j 


(X-vJKI-^T, 


-d\  + 


+ 


in  (vsev»[*+C+  — v1ev<C*+»+/(^-t)]) 


Vl  + ix0 

in  (y,ev.[*K-«T-t>]  q.  v,ev*l*-K-/<T-t)J) 

/fHto 

-Hi  x 

ffi2  = — -Jr—  f v (E)  die1”*  f e~!'n  f— ~(z  ~ 0* 

2nJ  J [ ((*  — 5)*  — (z— OT 


-jdt, 


(XI. 72) 


- Re  f dX ? l f ^'K+<(T~t)]X 

J Vr+Tr0  {)  (X-v.)  dl 

0 0 

‘ J *J + W=*T ( J r-v~  “l  - 

0 0 

"p  Xc,-t*+c— t)i  \ 

— — dX  4-  —-"JL — _ 

•J  x-v,  yn  ki  + 4t0^3 


v’ev*CJ-K!^-4)I ) — ( v ^v,I  x-j-  C— /ir— ] .p  V;'cv,  [*+'-/<  r - £)  J) 

V * — 'lf0 


Wt  (XI.  ?3) 


where 


v v l-2t0iKl-4t0 
Vl3_Vl 2tr- 


vs4  = vt 


1 + 2t„±  1/1  -1-  4t0 


2*2 


(XI. 74) 
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. I’/,  om  the  expression  (XI.  73)  we  will  obtain  the  desired 

integral  equation 


f.T® 


-1-  elpx  \ eipx 


eip 

K 


Rc  f XeM— 2A—/(x— %; j . 1 ( f 

J 1 vr+i^U  (^-v3) 


1 p /.-/pt 


1 


X — v4 


dX 


1 


]/  1 — 1 r0  \ J X — Vj" 
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-dX  — 


-w— 5i»».  ■ -w  -K-. 


J 


f d}  \ (n 

J ■ x-v,  •)  yr+4i0 


~ (vVv.t-ZA+dt-t)]  _ 


— vV-t-a+l(,-*»1)  4 l3t (v!ev,(-!*-<(i-l)]  4. 

4 Vl—4x0  1 


+ v2ev*t-2',-,<T-b)) 


dx  = — 2nVi  (x). 


(XI. 75) 


This  equation  can  also  be  transformed  to  the  form  of  (V.29). 

With  Tq  > the  roots  2 will  be  complex  and  the 

corresponding  remainders  will  be  equal  to  zero.  Then,  for 

To  > jj;.  one  should,  in  the  expression  (XI.75)>  make  v^,  2 

equal  to  zero  in  those  terms  which  were  obtained  in  the 
evaluation  of  the  remainders. 


The  equation  (XI. 75)  can  be  given  a new  form  which 
will  be  of  interest  to  us  in  future  studies  and  in  solving 
this  equation: 

-fa  r * 00 

f v«>  -~r ;f-i  dx-Ji‘ J-7TT— 1 *+ 

—a  0 0 

4'  2 j p - X V r+lf0  (j  ip  — X) (X - V,)' 
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p,  e-X2^e/x(x-'j  n ^ 1 ( p e-X2  ‘Xe-'M*-b  n 

” J (p~X)(X  - V*)  • j / 1-  4 T0  y (P  + >•)  (X  -vO  d 


- d\ 


(p+X)(X  — V2)  I j/j  + 4T0  \ P—  v3 


1—  eV,(-2ft+<(Jt-aj  . 


1 ev.C-2/i-!-iU~s)]  — J1- I p — C' 

p — Vi  y j — 4t0  \ P r vi 


-| * CVi[— 2/l— !(.«—$)] 

1 P+v, 


= — 2-4V^  (.y). 


(xi. 76) 
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11.6.  Determination  of  the  Velocity  Potential  by  Using 
the  General  Integral  Formula 

The  function  G(x,  y,  z,  7),  t)  can  be  found  with 
the  aid  of  the  integral  expression  (VII. 34).  Lert  us  look 
for  G]_  in  the  following  form 


-foo 


0i=  ~ j J A(k, 

—CO  —CO 

From  the  differential  equation  (XI. 8)  we  find 
A(k,  X)  = -f V 

v— 


Vk1  + x«  Vk}  + x* 


2t°v  + 

* ]/F+X* 


Then 


or 


G(x, 


j iyt  CO 

y 2)  - j i -v_  r — — r 

' r'  * J Vk'  + v J 


■•+&<*  ft)  X 


— oo 

el[x-l)\el(u-r\)k 


I _ k-  _ _ 2 ruv* ( _ • _v* ( 1 -i'fi  1 

[ vf+x*  Ff+x*  Fft*1  J 

foo 

f g/ip+At 


dx  (XI.  77) 


r,  i _ lT  dk 

(ni/.  r 2n  J + 


x - 


2r0vX  v2 

Vk1  +T*  y&*T  x2  + v + V F [X* 


<r  -'o,,v  V*  — *r/  v | — _2/M_ 


^ 2t0vfe(j  — $) 

j/f  in? ~ y^F +i? ~ v M r f + x* 

In  accordance  with  formula  (VII. 45) 


(XI. 78) 


N(k,  X)= 


/ t2/i2  2t  vX  v2  \ 

c(z  — _5  0 -4-v+- 

\ | If  j If  Vk'  + K*  KF+W 


2j//i2'-j-X* 

(1-<P)  _ 

F+t2 

(2F-|  X’)—  2tvft»—  v2X2 


P(A.  . ^ 2VX(1-W_  vQ-ap) 

u ' ; FF+x*  KF  ! x-  1 KFTF 


Q'  (*.  X)  - - 


(X*  — if) y2 

Let  us  examine  the  equation  Q(k,  \)  = 0: 


[464 


Ti)X2  — 2t0vX  (1  — ip)  — v ( Vlf  -I  ■ '/  — v ( 1 — 2i'P)  = 0. 
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r 


2t„v  (1  - if))  Jb  V 4t2v2  (1  - i'P)2 - 8r0v2  [Kx2  + ft2-v(l-2<P)J 


X = - 


2^ 


— ",  (XI. 79) 


from  which  we  obtain  two  equations  for  determining  and 
X2  s 2r0v (1  - <P)  + V 4tfv2(l  - .p)2  + 4t2v2"[/xf+l5-v(l-2iP)] 


X,  «= 


2*5 


(XI. 80) 


. 2r0  ( 1 - /p)  - / 4t*v*  (l-CP)2  + 4t2v2 [ KXf  + P-v(  1 -2#)] 

2X1  ‘ 2 
With  an  accuracy  involving  terms  of  the  order  of  3^ 


K = 


2f0v  4 V 4t2v2  ]/  & + X2  — 2t„v('P 


2t0v  — V 4v2v2  V A2  H-  X2  — 2t0vi'P 
2t2 


X2  — 


It  follows  that  Sign  Iin  X[  = Sign  ImXj  = — 1 and  we  can  use  the 
formula  (VII. 45)* 


[465 


e-lpx  1 £■(  4. 

I x r 1 


+oo 


Jo  P* 2t"vP  , 

\Vk*-\P2  V&Tp1 


-I-  V -t- 


—JL,) 

V h-  i - p®  J 


2 KF+? ( 


*y 2t„vp 

]/  a1 + p*  yiP+p* 


-rfA  4 


v 4 


•-I-P2/ 


eV  k2+tf(z  t)  gHe-we'^ p)(A2  +X*)f~.  T"V-  — 

+«  VKA2-1-X2 

_ *V?£  , v V2 

"rA2  ! X/  '>  A'  x;  ; 

¥(*;  - p)  (t’X*  (2A2  4-  X|)  - 2t0vA2  ■ v2X2)  ~ “ + 


i i)cl(l/-n)e-lx(K^-p)  r/,2  j.  X2)  ( - 4. 

' 1 Ka-  i X/ 
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" 


+ JMl=+,+ 

1 1 / 1.0  I * 9 1 1 


+ Vk2  + x] 


tJ] 

! + M/ 


dk  + 


-foo  -fa 

+ -ldM 


2 (X,  +P)  l*£*  (2&J  + Xp  - 2t0vfc2  - vXjl 

2t0vX  v:~" 

(*  - P)  + y%r^$  ~ y&Tti  ~~  v + 7/{JT  XJ. 


2r0vX 


X — 


v y 4 v j _ — 

Vk'-  r XJ  ]/X‘M  X’  l-V+X*  ... 


t4. 


(XI. 81  ) 


The  roots  Xj  are  the  roots  of  the  equation 

t2X2  + 2t0vX  - v - v)  = 0; 

- 2v  i /X*7+T2  Kv 
Xli2  = _ . 


(XI. 82) 


11.7.  The  Submerged  Hydrofoil  in  an  Unsteady  Flow  of 
Finite  Depth 


For  a fluid  of  finite  depth  ho  1 we  will  look  for  the 
function  G(x,  y,  z)  in  the  form  of 

G = ± + lr  + Glt  (XI.  83) 

who  tg  ~ 

r’^y  (X  _ a»  4 (y  - n)*  + (*  + $ H-ay* 


G^  is  the  harmonic  function  in  the  range  of  0 ^ z ^ 


$*  ~ho- 


We  have  two  conditions  for  evaluating  the  function  G 

Tn 

- ° • 01XX  - 2ir0(l  - ip)  Glx  -I-  Gu  - v (1  - 2/p)  Gi  = F, 

I ; (2  = 0)  ’ (XI.  84) 
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Gu  = 0.  (z  = — h0). 


(XI. 85) 


With  the  aid  of  the  integral  expression  (VII. 35), 
function  F can  be  represented  as  follows i 


4-n  ou 


F = ~ ^ dQ  j*  ch  X (£  + ho)  X 

—n  0 

x[--X2cos*6  — 2tcosOX  + X + v dX.  (XI.  86) 

lv*  ' 

Satisfying  the  condition  in  the  relation  (XI.85)»  we 
can  represent  the  function  as  follows : 

-f  n co 

Gi  = — C dfj  ( A(X,  0)  cli  X (z  h0)  X 


ch_X  (C^oLf  _t*_  ? >!cos.Q  _ 2tcos  BX  + v + X 1 dX. 
vx 


From  equation  (XI. 84) 


/1(X.  9)  =• 


— — cos 2GX  + 2t  (1  — i|J)  X + X th  XAq  — V ( 1 — 2if>) 


Then 


-f  .1  oo 


e-Vi„ctkv  (-J,  \ (2  /;0)Ch  X (£  -|-  h0)  X 


X — ~X!cos20 — 2rcosX-|-  X -fv] 
lVl rfX.  (XI.  8?) 


Gl~  ~ dQ d 

ch  Xh0  [—  -T -coss0X+  2t(  1 — <P)cos  0X+ 

• • v 


4-  X th  X/z0  — v (1  — 2tp)] 

For  T=  0 and  tl  = -L,  from  formula  (XI. 87)  it  is  easy 

V!  v 

to  obtain  the  formula  (IX. 4). 

With  <1‘  = 0 and  - - - 0 , from  formula  (XI. 87)  we  obtain 

the  M.  D.  Khaskind  formula  for  the  pulsating  source 

1 c dQ  r £ ’ ■ 1 — • ' x 1 • 88 ) 

n J J chi./;  (A,  th  Xh0 — v(l — 2 ;p)J 

In  0 

Lot  us  analyze  the  roots  of  the  equation 


r-jm  r ■W  . W 
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T*  cos=0X*  - Xv,  [ 2r0  ( 1 - ip)  cos  0 + th  X V + v*  ( 1 - 2/p)  = 0,  ( X 1 . 8 9 ) 


r 


[th  XV|-  2r0  (1  — i'P)  cos  8]  ± 

± V thaXAa~+~4V0cos 8lh  >.h0  — 4T0iftcos6  th 
2is  cos^ 


(XI. 90) 


and  let  us  obtain  two  transcendental  equations  for  deter- 
mining the  roots  X]_  and  X2 

K = -s~bi 5“  (th  XjAo-f  2to cos 0 + Vtti%hQ + ( X 1 . 9 1 ) 

41q  COS  V 


Xa  = -2t  ^5j0~ lUl  2r0 cos 0 - Ktli»Xs/io  +Vtoc«0  til  XjV.  ( X 1 . 92  ) 

With  cose  > 0 the  roots  Xj_  and  X2  are  always  real  and  [468 

with  cose  <0,  X^  and  X2  will  be  real  only  when 

thX/A0>  4t0|cos©|.  (XI.  93) 

The  condition  th  X>0  = 4t<> ! cos  0 J leads  us  to  the  equation 


“ -4^530- ,h^  (XI'9<,) 

from  which  we  obtain  another  equation  for  determining  the 
real  roots  in  the  equations  (XI. 91)  and  (XI. 92)  as  follows: 


— - > t. 

4cos20 


(XI. 95) 


It  follows,  then,  that  the  roots  Xq  and  X2  will  be 

real  only  for  those  values  of  0 which  satisfy  the  inequal- 
ities (XI. 93)  and  (XT. 95)-  The  signs  of  the  imaginary 
terms  Xj  are  determined  in  the  same  manner  as  in  (XI. 80). 

Now  the  function  G(x,  y,  z)  can  be  written  as  follows: 


e "■  c ’ diX(c  1-  VchXCS  | V 
ch  XAo  cos*0  (Xt  — >.,) 


x 


XacosJ0  — 2rocos0X  -|-  X -|-  v 


X 


rfX  — 
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+r 

y,_  C d9C  e-***1*”  ch  X (z  + /ip)  ch  X (£  -f  ftp)  x 

nTo  J J ch  X/i„  cos2©  (Xx  — XJ  (X  — XJ 

n 0 

“ f (L.) 

X X'cos59  + 2t0cos9X  + X + vj  dX  — 

e-ui ief>^)Ch  X (j  + /i0)  ch  X (£  + /i0)  x 

/ 

X 1 X=  cos1©  — 2t  cos  9X  -f  X -f  v 

chT/u(X“X  J(X^~X  J Tos^O 

V,  r f ch  X (z  + hi)  ch  X_(g  + /:<,)_  x [469 

^ nto  J J ch  X/i0  cos:0  (X  — X2)  (X4  — Xa) 

A 0 
2 

X ^ J°_  x,1  cos;0  + 2t0  cos  0X  + X + v j dX,  ( X 1 . 9 6 ) 

v/here  6o  is  the  larger  angle,  which  is  determined  by  the 
equalities 

0O  = arccos  J^/"  , 

,h^e7  = 4,"“s9-  <XI'97) 

Computing  the  remainders  at  the  points  Xp,  we  may 
write  the  formula  for  G as  follows: 


co 

g-m^xoch  x (z  -|-  /iu)  ch  X (5  1-  ftp) 

" T2 

ch  X/t„  — X2  cos50  — 2r0  cos  0X  — 

Lvi 

— XdiX/iu4-Vil 
X f--  X2cos"0  — 2racos0oX  -|-  X -]  • v j dX  -p 


I 


+ ~Jr 


+ n_  ch  ^ (2  _p  h0)  ch  Xx  (£  + ha)  X 

X f -°-  X2  cos20  — 2t0  cos  0X  -(-  X,  + V \ 
ch  Xx/i  „ cos2©  (Xx  — Xj) 


+ n ch  X4  (z  + h 0)  ch  X,  (£  -1-  /;<,)  X 

P X ( - °-  X;  cos50  — 2r  cos  0X.  J-  X,  4 v . ) 

___V|_  l \Vi  ~ . ...  J.  .J V.  tie  — 


cb  Xj/iuCos2©  (Xj  — X4) 


_ vi 


+ » e-U‘e~A,”‘  ch  Xx  (z  + Ao)  ch  X,  (5  + h,)  X 

X • X2  cos;6  -f  2tocos0X,  1-  X,  + v2j  dQ 


chXxAcCos2©  (Xx  — Xj) 
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1 2 


e-^e  ch  X2  (z  -f-  ft0)ch  X2(s  4-  hD) 


ch  X[ftocos20  (Xx  — X2) 


- X 


x X|cossQ  4-  2tocos0X2  + X2  4-  v,  j (XI.  98) 

Now  it  is  not  difficult  to  obtain  the  expression  for 
the  velocity  potential  9: 

r * 

I /-*  a 1 

C-Wx-%) dx  -1- 


I p C f*  d 1 

<p « - -fa  V (Q)  «"*-*»  -gp  7 

c/  »y  c/ 


3 

+« 


1 p*  p cM0  K-l-2A,W(i/-n)  si«  o]c:(x~l)  (X.c«  0-p) 

4rJ  ‘wj (XC0S9-7) — -<tt+ 

— n 0 


/ r f*c  W «.)  * f o;Cv— :)  (>.  C s Q % (z  1 /i  .)cll  \ h ) 

' a J c,‘  j (Xcos0  — p)ch X/i0 

— n 6 

^.71  Xscos20  — 2tocos0X  -|  X -f  vi  j 


^ Xs  cos:0  — 2tocos0X  — X Ih  X/i0  vxj 


-dX  4 
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+T 

v,  f yu-t i <”*  9~p)  ch  Xi  (z  \-ha)  ch  Xi  (C-|-/1q)  y 

+ “tf  J 0 — x;)"ch \\h  ”(X7cos  0 — p)  cos?y  (X,  — x2) 


x xfcos2©  — 2tocos0X,  + X,  + v,j  d©— 


+-r 


■iJ 


gX^iMv-n)  sin  oyu-y  (X,  cos  e-p)  ch  x2(z4-/i0)  ch  X.  (J  + fc0) 


(1  + X')  ch  \.Ji0  cos2©  (X,  — X2)  (X2  cos  © — p) 
X X2cos29  — 2t0  cos  ©Xj  + X2  + v,  j d©-f 


V,  r g-^yx.tp-n)  sln  “i6^  ch  Xx{z±h o)_ch  Ul+ho)  x 

+ To  J ch  Xlh0cos2Q  (X,  — X2)  (X,  cos©  + p)  (1  — XJ)  * 


x(^M cos2©  -f  2t0 cos ©X,  + X,  + v, jd©  + 


+ 9* 


+ 


vf  r e-^Wh(^ sln  V'(r~y  (*•  “*  *©»  ch  X:(z + /;„)  ch  X,  (C+ h0) 


if 


ch  X2(i0  cos2©  (X,  — X2)  (X2  cos  0 + p)  ( 1 — X') 
X X2  cos2©  + 2t0  cos  ©X2  X2  + v,  j i 


-x 


d© 


Ids. 


(XI. 99) 
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Let  us  write  this  expression  in  a different  form  by- 
separating  the  remainders  at  the  point  cosOo  = ^ and  writ- 
ing them  as  double  integrals : 


- Re 


rfX 


+ 


+n 


n[-<«+t+»>.J-«*-n>  V *~T?] 

M'1  f* 

e sin  8 ch  X (z  + ft0)  eh  X (£  + ^o)  X 

x x1  — 2t0  cos0x  + x + v"J 


ch  X/Ji  X*  cos2©  + 2t0  cos  ©A.  — 

v. 


_ i(y 

£XhP£ 


— XthXft0  + vxj  (X  cos  © p) 
X <*• cos  °-p)d\  + 


-f  2 Re  \ " ft* 

ch  Xfc0X  —■  p 2 — 2to p — X th  Xh0  + *1 


ch  X(z+ft0)ch  X(n-/i0)[v°P2-2TcP+X+ v, 

n e-X1/.,g(Xl(1,-n)sln  0g'U-W  (»..  cos  0-p)  ch  Xx  (Z  + ^o)  X 
• o’ 

X ch  Xx  ft  + h0)[^X2  cos2©  _2t0cosex,+xi+v 
chX;hoco‘s20  (X^^X^Q—PHT  - X,') 


-1 


■rfX-j- 


dQ— 


n g—Kihcg‘>.i( i— tl)sin  0g'{*— U (>.i  cos  0— p)  ch  X2  (Z  + /lo)  X 
"t*  o” 


, (£+/i0)l^L  X2 cos20  — 2tocos0X2+X2+v, 


X ch  X 


v.  V 2 ..  . 

~tT  \ ch\2hQ cos20  (X, — X2)(X2 cos 0 - p) ( l — X') 


dd+ 


[4?  2 


2-c  g-M,  «I(jr-fl)sln  eg-/(x-|)  (X,  ~s  O+ri  ch  X,  (z  + ll0)  X 

XchX,ft  A-  /i^l^-X’cos2©  — 2tocos0X,  I M'vlj 
th  X/x0 cos20(X,  — X2)  (X,  cos©  -|-  P)  0 * '>  i) 


ri0+ 


-Xcft.glX.ttf-nlsIn  ^<cos8+P)ch'Xi(z-j-/l0)  chX^ft-h/ln)  x 

chXjftgCTO* 0 (X,  — X2j  cos 0 -1  p)  ( 1 — K) 

1 


X X2  cos2©  -l-  2t0 cos 0X2  + x2  Ar  v,) 


rfO 


(fs. 
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(XI. too) 
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11.8.  The  Integral  Equations  for  the  Submerged  Hydrofoil 
in  a Fluid  of  Finite  Depth 

The  general  integral  equation  for  the  problem  is  ob- 
tained in  the  ordinary  way  by  using  the  condition  (31 ) as 
follows : 


g -ip\V 


. *-j r __ 

(y-r\)'+(z-W  J 1 

(«•+!) 

Yin— D* 


du 


-f  n co 


gX[-U  K+2ft  sin  0Jg«*-DC*  cos  6-p)\t 


— n 0 


— Re1 


(X  cos  0 — p) 

i 

i 


dk- 


dk  + 


r* 


+ £ I " 


. /'-& 

g— XAagrtty— T])  sin  Og«z-a(*.  cos  s[,  >,(2  + ha)  X 

X shX(^-J-  /t0)J^  cos2  0 — 2 rQcos  0A  -f  A 4-  v4  j 


ch  A/i0 


dk  -f- 


- A2  cos2  0 — 2rncos  0A  — k th  kh0  4- 


+ Vi 


(A,  cos  0 — p) 


”)  k sli  k(z  + /t»)  sh  k ({  4-  /ip) 


-r  2 Rc 


Vl 


-p2  — 2toP  -j-  k -! 


f v, 


ch  kh„ 


U 

p 


— - p2  — 2rop  — A,  tliA/(0  + v 


■]/ «-£ 


~ ..r.  . —d’k  -j- 


+ f g-MvA.to-to.ine€ft«-i»(Xl«o.e-rtJl^h  x1(24.fta)shXl(C+/ia)x 


+ -5 

0 


X 


r T2 

— A i cos2  0 — 2t0  cos  0Ai  4-  At  4-  v, 

vi 


ch  kihacos2Q  (At  — A2)  (Ajcos0  — p)(l  — k\) 


d6  — 


tJ 


[4?  4 


+ v ^(*_j  /,0)shA2(M- /;0) X 


X 


• y.\  cos2  0 — 2r0  cos  0A, 


^ 4-  v2 


cli  A2/i0  cos2  0 (At  — A2)  (A4  cos  0 — p)  ( 1 — A2) 
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• </0  4- 


WUbtiMMHkMlMtlMMHh 


+ f Pix'sh  x2(z  J ■ ft  0)shXi(£ + ft  „)  x 


T* 

l0:T2 


k]  cos2  8 — 2t0  cos  8A.X+  Xx  + vj 


chXiftocos20(Xj  — XJ^cosO  + p)(l  — Xi) 


v,  p'  g-x,^/A,(p-n)sineg-/(x-t)fi1coS  e+p)x|shX,(z+A0)sh  X,(g+A0)  x 
ch  X2ft0  cos*  0 (Xi  — X2)  (X2 cos 0 + p)  (1  — X2) 


-J0- 


x(-°Xf  cos20  — 2r0 cos  0X2  + X,  -f-  v2 j dd 


ds=—v » 

2 = 5 = -ft 


(XI. 101  ) 


Using  the  theory  of  the  lifting  line  the  vertical  velocity 

a>„,  will  be  determined  by  the  formula 
^X 


e,px+C 

yw 


— b 


2-5 


M (y-n)*+(*-C)\) 

0 (as+l) 


CO 

‘J 


-(plVU-nl'-f  U-b* 


du  — 


-fn  oo 


e>.[-(j+:+2/:a)+/(y-»i)  sin  0]^^ 


(Xcos9-p) 

— n 0 

e>-[-(»  K+JAd-Wto-mj/'  1 - £ 


-Re 
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XdX 


-{-n  co 


•ri  0 


“ />-& 

sm  eX2  sh  X(7  h sh  x /,o)  x 

X X*  cos2  0 — 2t0 cos 0X  + X + vi  j dX 
ch  Xft0  — X2  cos2  0 — 2t0  cos  0X  — 

K 


+ 


- X th  Xh  — Vi 


(X  cos0 — p) 


J 

e~^ea/'~  l rh  X {z  + ft0)  sh  X (5+  ft  o' 


ft  o)  X 


1-  2 Rc 


/t  2 'l 

X - p*  — 2T.P  + X + v, 

\ Vj  / 

|dX 

r t2 

ch  Xft0 1 p2  — 2r„p  — X tli  Xft0  -1-  v. 

/ ,+& 

F-  + 
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1 


+ f e-Kh'eK{y  -n)  5ln  X sh  X2  (z  + h0)  sh  \x  (£  + A0)  X 
X ^X?cos*0  — 2tocos0X1  + X2  + v2j 


+ ■3  - 


ch  kxfi „ cos*  0(X2  — - XJ  (X!  cos  0 — p)  (1  — X|) 


,-  d8  - - 


+ f e-uyw»-0 ■'»  «X*  sh  X,  (z  + h0)  sh  X2  (£  + h0)  x 


(* 


X I — X2  cos*  0 — 2t0  cos  ex,  + X,  -f  v2 


ch  XiAocos*0(X1  — Xj)  (X2cos0  — p)(l  — X2) 


d9  + 


e-Xl(..e/X1(»-n)  »mex*  sh  Xt  (z  + /r„)  s!i  Xt  (£  + A0) 
X [—  x! cos2 9 — 2t0  cos 0Xj  h X2  -f-  v. 


ch Xjftg cos4 0 (\»  — Xj) (Xa cos 0 p)(l  — X|) 


— d9  — 


smex*  sh  X2  (z  4-  /i0)  sh  X g + /i0)  X 


[4?6 


X 

f T2  _ 

— X;  COS2  0 — 2l0  COS  0X2  -f  X2  + Vj 

V! 



cli  \ Ji a cos2  0 (X4  — Xs)  (X,  cos  0 + p)  ( I — X2) 


d0 


drj.  (XI. 102) 


Through  the  usual  approach  we  arrive  at  the  equation 
(XI. 50)  with  the  nucleus 


0k  {y  — t)  — 1 + 


~ - -)  zJly— n)  sin  0 

4tt.— /»)1  £ 


**-«*•-*»—  . ,(X  1- 

V 


(X  cos  0 — kt 


0 0 

7 — /0  4 /ftf— ri)  |/ **  j 

C 

I 


l(c 


dk  ■ 


1 — 


/,2 

'<X 


X2 
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'"■•awi-  :»-w  irW. 


J 


A*sh*  2A  (/i0  — h)  [Xs  cos5  6 4- 
. i i . 0+ Xw(l  — 2rocos0)  + 

Kc  ' dU  » e ch2A/to(Acos0  — A^cos2©-' 

— Ao(th  2Mo-)-2T(;COs0)+  (o2t2] 

11)  r 1 x*  X.  sh*  2A  (ft0  — ft)  X 


-2XA.  «•<* 
£ £ 


— 2Rc 


X 

|”  4-  Xto  | 

y-i-  )+-i 

| dk 

ch  2A/i0|/r  1 - 

— Ao)  ^ th  2AA0  4-  2t, 

*) 

|4-“h:2 

+ j-  s'n  0Xjsh2  2X1(/i0  — A)  [X?  cos20  + 

( 2t0  cos0)-f  (oHg] d6  + 

] ch2XlS0cos*©(Xl  — A2)  (A^os© — — Xj) 


+ V e~^h‘eiy^-^ s,n  ex2  sh!2\;(/i0  — AJ[>.2  cos’  0 4- 

f 4-  Ayo(l  — 2t0  cos  0)  + fa)Hgl  

' ] ch  2A2/i#  cos2  0 (A,  — X2)  (A2  cos  0 — A'x)  ( 1 — A') 
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+ y e-K\h'en,<v-w  sin  ox2  sh*2A(ft0  — A)(A?  cos’  0 4- 
f 4-  Aco  ( 1 4-  2t0  cos  0)  4-  a)2t2] 


ch  2Ax/i0  cos2  0 (Aj  — A2)(Aa  cos  0 4-  &*)[!  — Ai) 


=r-  d0  4* 


h v e-n,h,eiu(j;-,\)sm\l  sh22A2  (h0  — A)  [A*  cos’0  + 


4-  Aw(l  4^  2rocos0)  4-  o)2Tq] 


ch  2Aa/t0  cos  0 (Ax  — A2)(A2  cos  0 4-  k>.)(  1 — A2) 


— dQ. 


- For  the  steady-state  motion 


(XI. 103) 


00  co 

Co(y-h)  = RcJ  AcI-"ff.-'Ol'<i/-'i)]4-2Rcj’e 


2Wi^(X<;  ■/;.  h22A(ff0 — h)j. 


sh  2A/(0 
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„ C e^'W^ sln  8X,  (X,  cos°9  -1-  o)  sh*  2Xt  (ft,  - *,)  ,YT.inM 

— 2.  I ■ ' . t f 1 h/  1 ^ A ' 


ch  2X6  „ cos3  0(1  — Xj) 


Here  X,  = — thX,6fl  and  the  integration  extends  to  6,  which 
cos20 

is  determined  from  the  inequality  -^-^>1.  We  can  show 
that  with  U)  the  single  integrals  with  respect  to  6 ap- 
proach zero  and  the  limiting  values  will  be  determined  by 
double  integrals  only. 


For  W -»  0 


Gk{y  - n) 


F-;1A'x(</  :-3J-_1  l_  UtU  C ..  . - - dX 

(u-n)*  « .)  J iACOb  b-kK) 

0 0 

fx[-4(S‘.-7o+/(P-'n)V^  (— jr  ] 

----- — r-. dX  — 

/'-s 


/ _ {*  e-2Vioe/X(v-iS  sin  e^J  shs  2X  (/i0  — AO  ,, 

~ n RC  J d0  J dT 2X7i0 (X  cos  0 — £\) dX ' 

0 0 

eo  f 2 

f r********  *“x*'x  sh*2X(S,  —T 

_2Rc  — / k,  — 

1 cli  2X/i0  ]/  1 - 


— 2Rc 


cli  2X/i0  / 1 


For  m ->oo 


Gk{y  — 1l)  — 


F_i  Ifejc  (y -tQI-1 
(tf-ti)1 


(!.cos0-/.i) 

6 o 

/T  r i/"  *n 

T i7'  I 


. . — dx  + 
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m V sh*  2>.(/i0  — A,) 


sh  2XA0 (A.  cos©  — Ax) 


/ r f*  e 
— Re  d0  — 

t/  »/ 


+ 2Re 

J sh  2XA0j/l--^ 


-dX-p 


— 4dX.  (XI. 106) 


From  formulas  (XI. 105)  and  (XI.106)  with  k\ 0 we 

obtain  the  limiting  results  given  in  Ch.  VIII,  which  may 
also  be  obtained  from  the  expression  (XI.104). 

In  the  same  way  as  in  a fluid  with  finite  depth,  the 


nucleus  Gk(y  - T))  with  k^  0 approaches 


(y— n)*' 


The  solu- 


tion of  the  problem  for  the  foil  with  the  elliptical  dis- 
tribution of  circulation  in  an  infinite  fluid  will  also  be 
given  by  formula  (XI. 59).  in  which  the  nucleus  should  be 
determined  by  formula  (XI.103). 

11.9*  The  Submerged  Hydrofoil  in  a Two-Dimens i onal  Fluid 
Flow  of  Finite  Depth 

The  velocity  potential  9 of  the  foil  in  a plane  flow 
will  be  determined  by  formula  (XI. 62).  Let  us  utilize  the 
formula  (XI. 87)  as  follows: 


(z  — S)  n„  O-e+t+aw)  v 


“ ch  X (2  3-  A0)  sh  X (£  + A«)  X 

X [t’x2  I Xv,(l  - 2r„)  !■  vfjdX 

I chX//0  [t'X2  — Xv^th XA0  + 2r„(l  — $)]  + 
+ v2(l  -2-P)) 


- ch  X[z  + ,lo]  sh  Aa] (TqV  + 

I-  >-v,  (1  1 2t0):I;  V)|  

ch  X/?0  (toX*  — Xv[th  XA0  — 2t0(l  — £§)]  -{- 
-1-  v? (I  --2(7)} 


dX  drd£,  (XI.  107) 


The  formula  for  the  induced  vertical  velocity  hae 
the  form 
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— £)*  — (2  — 0* 

-BM-U-CW 


+ 


+ Re  j eM-u+t  f + 

0 

, f (^yM^  sh  M*  + h0]  sh  M5+  ftJt&M-  Xv,(l--2tn'> -t-Vtl  ^ 

J chMr.{T&* -A.vx[thXft<,+ 2tV(I  -ip)]‘+  vf(l  -2#)J 
0 


e-^.e~iM  t-B  sh  ^ (z  + /g  sh  x [t  + /i0)[To).5  + 
+ Xvi(1  + 2r„)  + vll 


ch  kh0  (t&2  — Xvjth  Xft,  — 2t9(1  — ip)]  + 
0-  +v’(l~2tf)) 


~dk  \dxdl 


(XI. 108) 


For  determining  the  roots  of  the  equations 

_ xVl (th  Xft0  + 2t0 (I  - tp)I  + v? (1  - 2/|J)  = 0. 
t2X2  - Xvjth  Xft<> — 2t0(l — $)]  + v?  (I  - 2((5)  = 0 
we  have  the  equations 

x;  4 — y-  j-  [ th  Xh0  4-  2r0  i V th2  X/i0  4 4t0  th  X/:0  — 

\ ‘ j/ th*Xft0 


2'3_  2r2 


tli  Xfc#  - 2r0  ± |/tl r Xft0  — 4t0thXA#4- 


-I-  Wl 

V /th2X/;0  — *1r0tha  t / 
Sign  Im  X2  — Sign  Im  X 3 =-  Sign  Im  X*  = — 1 
Sign  Im  Xj  = 4-  1 
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(XI. 109) 


(XI. 110) 


and  therefore,  during  the  integration,  the  specific  points 
Xg , X3 , X4  should  be  bypassed  from  above  along  the  path  Lp , 

while  the  point  Xp  should  be  bypassed  from  below  along  the 

path  Lg.  The  roots  13,4  are  real  for  all  values  of  ~q, 

while  the  roots  Xpt 2 will  be  real  only  for  the  Tq  values 

which  are  determined  from  the  relationships  th  X,ft0  > 'It0  and 

4T/>1.  It  follows  from  these  relationships  that  Xpf  2 will 
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be  real  only  for  the  values  of  To  smaller  than  those  de- 
termined by  the  equation  thv/ti0  = 4T0  under  the  condition 
that  £>1.  " (XI. Ill) 

By  determining  the  remainders  at  the  X i points,  the 
formulas  can  be  transformed  into  the  following  form* 

<P  = J Y(S)  dle‘PI  S r<Pt  [w~l)'+(z-fr  ~ 

— fl  o» 

— Re  J _ • ' 

0 

_ ?g~XVMT~l)chX[e  + /in]  sh  X£+  A0)  { X,v,(  1 ^tQ)_f  v?|  ^ _ 

J ch  X/iglToX*  — XVilth  XA0-t-  2t0]  + v?J 

0 

pe-».g-a(T-t)ch  X(z+ft0) sh  X(C+/t0)[T&J  + Xvt(l  +2r0)  + vfrdX  , 


ch  X/i0  [toX2  — Xvj  (th  X/ig  — 2t0]  + v,] 


,-WyMHi  ch  Xj  {z  + ho)  sh  Xg  (;  + /,o)  x 

in  j X It2X2  4-  XjV,  (1  — 2t0)  + V*1 

iT*(X3-X4)\  ch  X3/i0(I  — Xsa) 

_ ch  X4(z  /to)  sh  X,(g  + /io)[t2X?  + Xtv1(l-2t0)+ v?]^  _ 

ch^/ioil  “7X4^)  . I 

r ch  Xi  (2  +ho)  s hx^-hj  x 

in I X Irgx2  -f  (1  ■]-  2t0)  -f  v2) 

X?(X4  — XjL  chX1A*(l  — Xu)  + 

c-xI^e-a1(r-4,ch  (2  + Aq)  sh  X (5  + A„)  X T 

. X [t2X2  -f-  X2vt  (1  2t0)  + v2] 

+ chXaA«(l-X2X)  JJaT> 

* = _ l+f  V © ^ f c-'-  £zJ£zl(*  “ £ -U 

<P*  2jtJ  C [(x  - £)*+  (2  - C)2]2  h 

—a  co 

00 

+/?ej/t-(2+t+2',*,+«t-y1XdX- 

a 

_ f sh  \{z-\-h0)  sh  Xg  +/z0)[t^2+  Xvt(l  -2t0)+  v?lrfJL  _ 

J ch  X/< 0 r*^o^  — Xvi  (th  “Kho  -j-  2t0)  -f*  vj) 


; 


I 

c 

>- 

t*  ’ , 


*£•* 


L 


OO 

-f 


w+hJshm+hdxW  -1-  Xv,()  + 2t,)  +V|)^  + 
ch  X/t0  [ToX*  — Xvj  (th  XA0  — 2t0)  + v2] 


+T*J. 

To  L 


XJf+h,)  sh  X^+h,)  (ifr»  + 
+ X,v,(l  — 2r0>  -f  v*l  X, 


ch  Xah«(l  — Xjj.) 


,-4Vh  sh  X4  (z  + />«)  sh  X*  fi  + A,llt2xJ  + -l 


+ X,v,(l  — 2r»)-|- vjjX* 


ch  X4A0  (1  ~ X4J 0 


•J- 


i 

in 

Li  ■“  W L 


e-*Ae-<W*-0  x,  (z  4-  h0)  sh  Xt  (t  4*  ho)l"$M  + 


To  (^1  • ^a) 


+ XjVj  (1  -f*  2t0)  vt]^i 


ch  Xjh0(l  — Xjx) 

I n 


X^-^-a.tt-0  sh  xa  (2  4.  *0)  sh  x,  (C  4-  AoXtjxs  + 

4-  XjV,  (1  + 2t0)  4-  V|) 

ch  Xj/io  (1  — X2x) 


dr.  (XI. 112) 


The  integral  equation  for  the  two-dimensional  problem 
will  be 

a [ . CO  * ^ • ( ’ 

s r * v'.'V- 

£fPx  ^ £— 4*.  v v . 

. ■-  00  L ° .. 

f e~>jl,e‘>‘t't~t>  sir X ~ 2r°>  + v'i  dx  4- 

• +J  chXftol^X2  — Xv1(thU0  + 2t0)  + v?) 

0 

c-x/',e-/>.(t-u  j. x (fi0  — h){T2X2  4-  Xvi  (1  4-  2t0)  4-  v2] 

ch  X/i0  [tqX2  — Xvi  (th  Xft0  — 2t0)  4-  vj)  y(  r/f 

in  ^-^■(t-t>?h»x3  (ftp  - ft)[T&34-'&v'i(l-  2t0)-h  v.l  V 

Cll  X.3/Z0  (1 

hQ- Ii){rp3±} 

chXA(i  — x4*l 


4- 


CO 

I 


“L_( 

To  (Xa  — Xa)  \ 


T2  (Xa — x4)  V d7x>0(i-U) 


e-K\'KU-l)  sh2  X,  (ft,  _ /t)  [T0X4  4-  X-iVi  (1  — 2-f0)  4-  V|)  j + 


in  l~»sh2  X ,(^o  - /Q[,t^-l+ ~2to) ~h  V|  1 + 

^ t^  (Xi — xs)  l . . . ... ' \ r ••.  «h  Mo  ( 1 — *-*)  •;  ( :■  • ; v ■•" 
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e~*“H‘e  a*tT~*)  sh*  X j(A0  — 


= — 2 nvt  (x). 


- (XI. 114) 


Here  X,x  - ^jr-. 


As  in  the  case  of  equation  (XI. 75),  we  can  write  the 
equation  (XI.114)  in  a different  form.  The  derivative 
given  above  is  also  designated  as  X{. 


V I i , r i ? 2«k.— *»  — /xcjT-tK 

— 4 co  0 

2 J p-l 

? _ A)[t&1  + Xvi(l  - 2t„)  + V|1 

• I (p-X)ch  XAJtSX*  - Xvi  (th  X/i0  + 2t0)  + v?] 


p sh*  X (hn  - ft)  [tqV  + Xvi(l  + 2t0)  + vf)  dX  + 

+ J (p  +X)  Ch  XA0 [TqX*  - Xvx  (th  \h0  - 2t„)  + v?) 

n sh»  x3  (ft0  — ft)  [T0X3  + X,v1(l-2t0)+vfl  * 

. t?(Xj  — X4)  (P — X8)(l  — XjjJchX^o 

e-K\‘KW  sh*  x4  (ft0  _ A)  ftjxj  + X4v,  (1  - 2t0)  +v*\)  ] 
(p-X4)(l-Xu)chXA  J 

n f e~x,h‘e~IXdx~l)  sh5  X,  (An  - A)  (t!x?+X1v1(1  + 2rnH_-v?J 

* To  (Xi  — X,)l  ' (p  + x‘i)(  1 — Xu)chXi/t, 

.,  e-^e~^^-b  Sh«  X,'(ft0  - ft)  [rill  4-  X2v,  (1  +.2t„)  + vil  1 1 ,, 

' (p  "H  ^2)  0 — X2\)chXA  .J)  • 

* • . • • O .'—••l'  *•  • t " • . | i*  * # *'**.•■ 

'•••»•  ' • ' = •—  2jxo,(a:).  . ' 


(XI. 115) 


For  the  steady-state  motion 
p ” 0,  T = 0,  X3  “ X4  = Xg  = v th  X0ft0l  X4  =»  Xj  — 0,  X„x  — *. 


Cl!2  Xg/l0 


and  the  equation  (XI.115)  will  acquire  the  form 


J 
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' I y (E) [r=T| “ - 

Vfc'i'^k?  v . : ■•’•  .*“*  • *•  ; j . 

•' 4 - • * • .1  .•  # 

: >.  ?g-^e^-t)sh»X(Aa-^)(V+  V)  ' ; * 

* J chVr0(X-vthWO 

- ^ * WXM- v^M,  - 1)  U . _ 2n/.  w (XI-U6) 


CHAPTER  XII.  MOTION  OF  LIFTING  SYSTEMS  NEAR  THE  [484 

INTERFACE  OF  FLUIDS  WITH  DIFFERENT  DENSITIES 

In  Ch.  VI  two-dimensional  problems  for  the  hydrofoil 
motion  near  the  interface  of  fluids  with  different  densi- 
ties were  examined.  This  chapter  is  devoted  to  the  study 
of  the  three-dimensional  motion  of  lifting  systems  near 
the  interface  of  fluids  with  different  densities.  The  so- 
lutions are  also  formed  by  employing  the  method  of  the 
velocity  potential. 

For  simplicity,  let  us  examine  only  those  fluid  flows 
which  have  equal  velocities  at  infinity.  For  the  general 
case  of  flows  with  different  velocities  at  infinity,  the 
solutions  differ  only  slightly  from  those  given  below;  they 
will  be  only  somewhat  more  complex  due  to  the  more  general 
boundary  conditions  at  the  interface. 

For  the  problems  dealing  with  the  steady-state  motion, 
the  boundary  conditions  for  the  acceleration  potentials  at 
the  interface  are  obtained  from  the  conditions  (VII. 8). 

Q (8|„  — nQu  + VQ.)  — (82x*  — H02x  + v0„)  =0,  ( X 1 1 . 1 ) 

&lx  ='9*x  2 = 0 (XII.  2) 

The  other  boundary  conditions  for  the  problem  are  those 
given  in  (VII. 9 )- (VII. 11 ). 

Here,  as  in  Ch.  VI,  the  index  "1"  will  designate  the 
upper  and  the  index  "2"  the  lower  half-space  (half-plane). 

If  one  of  the  fluids  has  a finite  width  (depth),  then  the 
acceleration  potential  will  satisfy  the  additional  condi- 
tion on  the  limiting  surface 

0/,  = 0.  z = /t,.  (XII.  3) 

In  studying  the  unsteady-state  flows  we  will,  as  in 
Ch.  XI,  analyze  such  unsteady  motions  which  are  character- 
ized by  a finite  steady-state  forward  velocity  and  infi- 
nitely small  unsteady-state  velocity  increments,  periodi- 
cally varying  with  time. 

If  0/(x, i/.z.O  =*  0/o(*.'/.z)  + 0/i(*.y. z)e“*  is  the  total  acceleration  [485 
potential,  then  the  potentials  0Jq(x,  be  deter- 

mined by  the  boundary  conditions  (XII.l),  (XII. 2).  For  de- 
determining the  potentials  0j(x,  y,  z),  the  conditions  at 
the  interface  will  be  in  the  following  form; 
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"ii  ' i i • ■ -f* 


q ^0U  — 2ix0  (1  — »P)  8u  — vj  (1  — 2ip)  t™  6ixxj  — 
— J^e*,  — 2irt  (1  — ip)  8„  — Vi  (1  — 20)  8,  + ~ ®^1  = °> 


8.,=  6m 


(XII. 4)  • 


The  methods  developed  in  Ch.  VII-XI  produce  effective 
solutions  for  a wide  variety  of  problems  dealing  with  the 
motion  of  lifting  surfaces  near  the  interface.  In  this 
chapter,  the  prime  attention  will  be  directed  at  the  deri- 
vation of  the  general  expressions  for  the  Green  function, 
the  velocity  potentials,  and  general  integral  equations. 

For  establishing  the  general  patterns  and  obtaining 
simple  formulas,  an  approximate  solution  of  the  lifting 
line  equation  for  the  hydrofoil  with  the  elliptical  distri- 
bution of  circulation  in  an  infinite  flow  is  derived.  This 
solution  is  used  in  all  chapters  discussing  the  hydrody- 
namics of  the  finite-span  submerged  hydrofoil.  This  solu- 
tion is,  to  some  extent,  a universal  solution  making  it 
possible,  also  in  this  chapter,  to  use  the  expansion  in 
parameter  T,  formulas  and  tables  for  the  GSp(X)  functions, 

and  to  avoid  time-consuming  calculations. 

The  integral  equations  corresponding  to  Weissinger 
theory  approximations  can  easily  be  obtained  from  the  gen- 
eral integral  equations  for  the  arbitrary  lifting  surface, 
if  we  draw  together  the  chord  to  a point  and  assume  that 
x - i = -a(y)  (a  is  the  half-chord  of  the  foil).  Therefore, 
we  will  not  consider  them  separately?  we  will  analyze  only 
the  integro-differential  equations  for  Prandtl's  lifting 
line. 

12.1.  Motion  of  the  Lifting  Surface  Above  the  Interface 
of  Fluids  with  Different  Densities 

Let  us  examine  the  problem  of  steady-state  motion  of 
a lifting  surface  above  the  interface  of  fluids  with  dif- 
ferent densities. 

Using  the  Fourier  method  the  following  equation  was  ob- 
tained for  the  potentials  of  a three-dimensional  source  lo-  |_486 
cated  at  the  point  £ in  the  upper  half-space: 


[ 


c 

h*: 


+ * 

_ 1 pT  S5?»t-(*+0+/«l 

+ Re/v(l  — a)  \ e sec*8d0  + 

H 

~T 


(xil. 5) 


e 


+ JL  . 
__  + l y 


<?1==__2Re Ifvp_  r e~*« 
1 + <?  J 

Re 


SiK'-O+^J 


sec*fld8  + 


_K 

* 


+ 


-1=  f d&  f/tU-04-O.l 

1 + p J J cos*  ex  — v 
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r = V(x  - »*+  Of  - )n*+(2  - 0*  <o  = t(j/  — rj)  sin  fl  + l(x — C) cos 9.  (XII.  6) 

From  the  general  formulas  (VIII. 3 )- (VIII. 33 ) we  obtain 
the  expressions  for  the  potentials  6i  and  9^1 
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•+  vrriT',#  W-  <XII-10> 
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From  formula  (XII. 9)  i't  is  easy  to  obtain  the  following! 

1 ff  Td  (* S)  /(*  ^ 1^  + 
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+ Rev 
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— Re  j*  eH 


~M<v\  «y-mdx  I dSi 


(XII. 11  ) 


the  general  integral  equation  will  then  be 


I r (•  1 

4n  ] J Y ^ (r/—T\y 
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Goo  (y  — q)  =“  — sin  X (y  — tj)  d\. 

o 

It  is  clear  that  functions  Gq(y  - T))  and  Gj(y  - ii) 

have  the  same  sign  and  differ  only  by  a factor  "a",  which 
for  air  and  water  is  close  to  unity.  It  follows  then  that 
the  characteristics  of  the  hydrofoil  of  finite  span  will 
be  close  to  those  of  the  hydrofoil  near  a solid  wall. 

The  equation  (XII. 13)  can  be  solved  by  the  methods 
used  in  Ch.  VIII  by  developing  the  expansion  of  the  func- 
tion G(y  - f])  in  powers  of  parameter  T.  This  expansion 
can  also  be  written  in_the  form  given  in  (VIII. 33 )»  by  us- 
ing the  function  G4,p(^)  instead  of  Gs>p(^).  The  functions 
Gs, p(^)  are  expressed  by  the  formula 


» (=)•-  r.-? 

*,p\T/  p!(s  — p— i)!(p'+ 1)1  J 


(M-l)*  V P 2d\  (xil. 16) 


and  are  related  to  the  function  GSf  p(i)  by  the  following 
formula* 


(t) = (1  - a)K  (t)  + *]  - *•  (xin.  l? ) 


For  a hydrofoil  with  the  elliptical  distribution  of 
circulation  in  an  infinite  fluid,  the  solution  of  equation 
(XII. 13)  can  be  obtained  by  the  methods  which  were  discussed 
in  the  preceding  chapters.  If  the  coefficients  of  the  lift- 
ing force  and  drag  in  an  ideal  liquid  are  determined  by 
formulas  (VIII. 39),  then  the  function  £ can  be  determined 
from  the  formula  similar  to  that  given  in  (VIII. 40 ) 

With  to  -*  co,  the  formula  (XII. 18),  which  corresponds  to  [490 
the  case  of  a hydrofoil  moving  near  a solid  wall,  is  in  the 
form 

S,.  = 1 — (0,5t*  + 0,25t4  + 0,0625t®  + 0,(MG9t»  + 

+ 0,0237t»°  + 0,0188tu  + ...).  (XIII.  18  ) 

With  0,  jo  is  determined  by  the  formula 

5of»  1 — a — at  . (XII. 19) 


12.2.  Motion  of  the  Lifting  Surface  Below  the  Interface 
Between  Fluids  with  Different  Densities 

The  solution  of  this  problem  is  developed  in  the  same 
manner  as  was  done  for  the  problem  in  Section  1 .' 


Again,  the  expression  for  the  potential  of  the  three- 
dimensional  source,  located  at  point  £ in  the  lower  half- 
space , is 


(x,  y,  2,  £2*  *li>  Cj) 


Re  2t  v 
n(l  + 


+ T" 


w 


geos' • 


f- (*— Ci)+fo>i) 


sec*0d0  4- 


+ 


^-Ufdef 

* 1 + «J,  ) 


f e*t-c*-{.)+/«>,}  ^cos*^  dk  ( 


Xcos*0  — v 
1 


Ot(x,  y,  2,  |2>  TJa»  Ci)  — “ 4"  '1 .. 

+ Tn  - 

+ Re  »v  ( 1 4-  a)  j*  ^ C(z+t,,+'“’1  sec*0d0  — 


-fno 


"T* 


~ a f reM(»-K.)+te.)  +.1  dm . 

2«  J J . . Xcos*0  — v . 

—nO,  ‘ ‘ ‘ 


(XII. 20) 


(XII. 21 ) 


form « 


The  expressions  for  the  potentials  have  the  following 


+ T»  -- 

* v 


see  40dQ  + 


J, 

* “t” 


■T  r. 


+ Re  iV  (1  4-  a)  J eco,r* [(t  K,+tol  scc46d0  — 


+n  00 


X coss0 


(XII. 22) 
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;M(.+t)+i»]  dijds,  ( X II . 23 ) 
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, C— <*— 0+A»J 


1 eX[-(r-U+ia]  -- Xc0se_^  d\)  ds  . 


sec30d0  — 


Re 

*0+0 


•fn  oo 


X cos*9  — v / 


+ 


+ T" 


+ Rev(l  + 


gcos’l 


f*+C+toJ 


sec  *6(10  + 


(XII. 24) 


+ 


+«  « 
Re  at  V jM  7 

2n  Jncos  8 j)< 


eXtd+O+toj 


Xcos*9  4 v 
X cos*0  — v 


— Re  j iWWImii dX  j ds. 


(XII. 25) 


With  a = 1 , 42  transformed  into  the  expression 

(VIII. 8)  for  the  potential  of  the  hydrofoil  submerged  under 
the  free  surface. 

The  induced  vertical  velocity  in  the  lower  half-space 
is  given  by  the  formula 


c JJt  <»>  {£■ (M  - ') 
•_  +*. 

+ Rev2(l+a)  j*  (jc°s,*^+i+tol sec60d0  +°  r 
_*Tn 

4.  agol  r —L.  r ^[c«-K)+to]  ^(A-cos29.-±jj  dk — 

2n  J cosO  J X cos20  — v 

— It  0 

co  ' 

— Re  J gM*-K+«v-mxdX  j ds . 


+ 


(XII. 26) 
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The  integral  equation  of  the  lifting  surface  arbitrary 
in  shape  will  be  found  from  the  expression  (XII. 16 ) as 
follows : 

j (*('  f 1 / (x  — e)  j \ , . 

Tjx  J j (</— ■n)1  \ V(x  — e)*  + (y—i\Y  J 


•2  - 

+ Re  v*  (1  + a)  j"  sec59d8  + 


. aL  r de 

2ji  J cos0  J Xcoss8  — v 

— n 0 

°°  T 

— Re  j*  <A[-2/>+/<*-n>]  XrfX  1 rfs  = t)0a  • 


(XII. 27) 


From  the  lifting  line  theory,  the  regular  part  of  the 
nucleus  of  the  integro-differential  equation  of  the  form 
given  in  (VIII. 15)  will  in  this  case  have  the  following 
form:  «.  , r~x~ 


I — , . , (*  \ -|-  1 — <o/(\  |-l)((;7— ii)  l/" rr-p  — .j 

G{ij  — n)  — Rc  0)(I  -|-  a)  i l e ' d\— 


y — A — 4 ih 


G(y-  n)=(l  +a)  e-^~-sin 


(XIII. 28) 


>■(5-1 )]/  1 - x - 


■ -P 


r<?-'sinX(//  — ti)  dX.  • 


(XII. 29) 


The  expansion  of  the  nuclei  (XII. 28)  and  (XII. 29)  in 
powers  of  the  parameter  can  also  be  written  in  the  form  of 

(VIII. 33)  by  using  the  functions  g',  ( “-j  instead  of  i 


(XII. 30) 


x 


J-  + JL  _1 
* + 


-e-W 


dX  — 1 . 


c;.,(^)=o  + a)|C’*(v)“I]+1' 


Be  determining  the  characteristics  of  the  hydrofoil 
with  the  elliptical  distribution  of  circulation  in  an  in- 
finite fluid  we  will  arrive  at  the  formula  (VIII. 40 ) for 

in  which  we  should  use  the  functions  ] instead 

of  G',j  With  w ->oo,  the  function  ^ will  be  determined 

from  the  formula  (VIII.  4l),  while  with  w 0 

= 1 + a (0,5i»  + 0.25T4  + 0,0625x*  + 0,04G9t»  + 

+ o,o237tw  4-0,01  ss*1*).  (xii.31) 

For  a = 1,  all  the  results  of  this  problem  will  corre- 
spond to  those  of  the  problem  of  a hydrofoil  submerged  under 
the  surface  of  a heavy  fluid. 

12.3.  Motion  of  a Hydrofoil  System  Near  the  Interface  [494 

Between  Fluids  of  Different  Densities 


The  problem  of  interaction  of  hydrofoils  moving  through 
different  fluids  is  of  great  theoretical  and  practical  in- 
terest. The  solution  of  this  problem  for  a two-dimensional 
parallel  flow  is  given  in  Ch.  VII. 

Now  we  will  examine  a three-dimensional  problem  of  mo- 
tion of  two  foils  in  fluids  of  different  densities. 

We  will  look  for  the  acceleration  potentials  in  the 
following  form: 


0j  = 0 i j + 0 2 j - (XII. 32) 

where  0-j_  : - the  harmonic  function  everywhere  in  space,  with 
the  exception  of  the  surface  sj; 

02 j - the  harmonic  function  in  the  j-th  half-space. 

When  crossing  the  Sj  surface,  the  potentials  0^j  ex- 
perience a jump: 


473 


®i  /—  ®i/+ “ °oYj(®)- 

Using  the  knovm  jump  Yi(®)»  one  may  determine  the 
function  0jj  from  the  following  expression: 

e/“l~  JJ yjWG^x,  y,  z,  I n.  t)ds,  (XII.  33 ) 

*/ 

where  0,/  (x,  t/.  z,  £.  n.  0 is  the  harmonic  function  in  the  i-th 

half-space,  with  the  exception  of  points  8y (i. C)  on  the  sj 
surface. 

Let  us  find  functions  02j  in  the  following  form: 

y> *•  V-  v Qds-  (xii. 34) 

*7 

For  the  steady-state  motion  0j  are  related  to  the 

value  --  by  an  expression  in  the  form 

dx 

d<P, 

0,  = — . 

We  obtain  the  expressions  for  the  velocity  potentials 
by  introducing  the  integrals  given  in  the  expressions 
(XII. 33)  and  (XII. 34),  which  satisfy  the  condition  ahead, 
at  infinity: 


r v,  (0)  (/,</. 

/ ^ 

$ 

CO 

X 

Y/  (0)  j*  °2i  (4  </•  z-  &/>  rfWs  ’ 

(XII. 35) 
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V 

CO 

/ = 1 ,2 

The  functions  G^j 

(x,  y,  z,  £,  7?,  0 are 

related  to 

Gj (x,  y,  z,  £j«  Vy  £j)  by  the  expressions 

d 

d 


Gj j(xf  tjt  Zt  £y»  T|y>  Sy)  Gy  (AT,  //»  2,  £y»  T)y,  £y)  9 

(j’2l  (*•  £/•  T)y'  Cy)  ~ (•*>  i/ 1 £y">  "H/  •£/)  ' 


(XII. 36) 


We  obtain  the  system  of  integral  equations  for  this 
problem  from  the  condition  (31 ) * 
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M 

~ £ j j Vflj  j Gu  «•  »•  *■  */•  V P dtds  + 


M 

4^  Qi  j*  j*  'V/  (®)  j G2 1 V’  y<  z*  £/•  V £/) rf4&l 

CO 

/-!.* 


'-tr-v»ar 


-I 


(XII. 37) 


The  system  of  integral  equations  (XII. 37)  together 
with  the  relations  (XII. 5),  (XII. 6),  (XII. 20),  (XII. 26) 
and  (XII. 36)  solves  the  problem  of  motion  of  a system  of 
arbitrarily-shaped  foils  near  the  interface. 


As  was  already  mentioned,  it  is  very  unlikely  that  one 
can  obtain  the  analytical  solution  of  the  system  (XII. 37) 
for  an  arbitrarily  shaped  hydrofoils  however,  with  the  aid 
of  high-speed  computers  the  solution  can  be  obtained  using 
the  numerical  methods.  For  the  special  shapes  of  hydrofoils 
the  system  can  be  simplified  by  making  additional  assump- 
tions which  would  make  it  possible  to  achieve  the  solution 
to  the  problem  in  a simpler  way.  For  foils  with  larger 
spans  we  can  introduce  the  assumptions  which  are  valid  in 
the  lifting  line  theory. 


Let  us  write  the  system  (XII. 37)  as  follows: 


-Li. 

4n  dz 


jj  Y>)  J Gu(t,  y,  z,  l/t  fydtds  + 

^ 4n  dz  y>  L V/>  tj)  <4^ 

"4jT  <)F  Y/  (®)  j!  Gii  U<  z>  £/•  *!/>  ?/)  dlds 


+ 


7 

Tn  £jjy' (0)  J Gv~(/> ,J’ z'  lr  ’V*  Wdtds  |i=t/  =~  W,  • ( X 1 1 . 38 ) 


(/  ==1.2) 


It  follows  from  Ch.  VII  that  when  y(0)  = y(£)  and  the 
span  tends  to  infinity  the  first  two  terms  in  the  equation 
(XII. 38)  describe  the  two-dimensional  parallel  flow,  while 
the  remaining  terms  will,  according  to  the  lifting  line 
theory,  define  the  flow  downwash  at  the  point  x = £. 


475 


— ~ - - 


| A 


[496 
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l> 

c 


Determining  the  first  terms  by  using  the  hypothesis  of 
plane  sections,  we  obtain 


r,  (£/)  = Vcflj(i,)ahl^at(y)  + 

+ dz  fj  Gw^‘  y'  z*  V V V 


V°4 

+*>7 


;,)  <ttdtl  + 


+ 


+kj  V. 

4«v7  j*  rJ  ^§F  )W' y’ *’  V Wd( dT|J 

— b-.  » 


. a=».2)  (xii. 39) 

‘“t/ 


/ 

ah j is  determined  from  the  formulas  in  Ch.  VI. 


Performing  computations  on  the  system  (XII.39)»  we  ob- 
tain the  following  system  of  integro-differential  equations  » 

Re  +r  dr,  r i i 

r,  (i/)  - m (y)  \ (a»  w - J ~ -----  + 


-r\  y — q — 2Uii 


+ 5(1  -a), J^±-! ft]*,-  ' 

_-Rc_  f rff*  (XII. 40) 

4:u.'0  J dr\  i + q J X j 

-b,  o 

r,M=  {».«— 
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y — t]~-2ih 

+». 


Re_ 

4nv0 


j- + ;<!  + 0)1  -“•L]  ,1,  - 

— b\  0 


or  in  the  dimensionless  form 

+J 


h ® - ts  | f ' w f r-s  - j— i - i«: + 

+ 5l(1  + a)l  f JS  _ 
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(xii.41 
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tj  y— n— Amjt 


+ 5,  (l  + a)  i J K 3r  ““**]  rfxjdn- 

_ * | r;(n)  ^4  J ^ /•'*+'>[*-*  § 
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p /,.\ l (.V)  p /.a £_(//)  ii  A t>  h 
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From  the  system  (XII.41)  the  integro-differential  equa-  [498 
tions  for  foils  above  and  below  the  interface  are  easily 
obtained  j 


r«  - -srsd"©-^  jrr»  [^+;<1 

x -H * _ .1 4 . 

y — x\  — AiH  J 7 


(XII. 42) 


For  the  hydrofoil  above  the  interface  we  have  to  use 
the  minus  sign  in  the  equation  (XII. 42),  while  for  that  be- 
low the  interface  the  plus  sign. 

For  the  upper  foil  when  a = 1 we  obtain,  from  equation 
(XII. 42),  the  equation  for  a hydrofoil  near  a solid  wall, 
while  for  the  lower  hydrofoil,  we  obtain  the  basic  integro- 
differential  equation  for  a hydrofoil  submerged  under  the 
free  surface. 

We  can  show  that  with  a = 0,  the  system  (XII. 4l ) trans- 
forms into  a system  of  equations  which  describe  the  motion 
of  a biplane  in  an  infinite  fluid.  This  result  follows 
easily  from  the  system  (XII.41)  written  in  a different  way: 
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co 

+ (1  + a)  j er^~^-iin\Q-^)  j/"  1 -^d\Jdn- 

lh 

-I  », 

* X — 'mt  S'n  ^ ^ ~ ^ v i — ^-dXdnj. 


The  system  of  equations  (XII. 4l)  can  be  solved  by  the 
methods  presented  in  Ch.  X. 

Let  us  introduce  the  following  definitions! 

Gy  (u)  - Re["<Oj(l  _a)/f^1e-^w+,)(tfK5r-''<«*)dv !_| 

L 0J  X y-‘\iHA 
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CM  -Refc<l 
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C,  (y)  = Re  -^=  t f e“^'<X+I)[‘r/5r  -*“‘S.-Pf.)]  A 

1 + C j)  * 

0/)  = Re  f ^=_1  <fs:,(x+,,p'^i5r  -*^+»-><£x 

1 + CjJ  A 

The  expansion  of  the  function  G^(y)  in  powers  of  the 
parameter  t=>^4x*+Y—  2x  can  be  written  as  follows « 


. (XII. 44) 
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n = 1.2 
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(s— 1 — 2p)l 


oo  2 . _ L jii  t __ 

(XII.45) 
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/z =3,4  - ■ 


G"  f — I = -i 


pi  (s  — 1 — p) . . . (p+T). 


r X 


co 


s 3 
-P“-  5 


x y T«  (X  4- 1)2 +,A?  5 d\ 

o 

2 
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1 + e’  1 + Qr 

T,  = //jS  (di  Vdj)2-h  1—  k (/7,  + da) 

T«  = / (77a  + T?*)2  1 1 — (7?1  + 7?j) 


(XII. 46) 
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For  the  hydrofoil  with  the  elliptical  distribution  of 
circulation  in  an  infinite  flow  we  will  obtain  a simple 
approximate  solution  of  the  system  (XII.  4l).  This  solution 
makes  it  possible  to  examine  the  type  of  interaction  of  the 
system,  and  this  will  be  sufficient  for  the  majo'rity  of 
practical  problems. 

As  in  Ch.  X we  will  look  for  the  solution  of  the  sys- 
tem (XII.  4l)  in  the  form  of  r,  = O/Vl  — 

1 4 ,/- — 

Let  us  take  the  function  " 1 — 0®  and  integrate 


the  equations  with  respect  to  y from  -1  to  +1.  Then,  from 
the  system  of  (XII. 4l)  we  obtain  a system  of  algebraic 
equations  as  follows i 


where 
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Ci=  1-|-  JV  Gi(y-n)tfn 

+»  +.i 

C.  = 1 — |r  j ^1-?  iy  j* ^-=U_? G*6-n) <*n 

—1  —I 

+i  __  +i 

r«  = ~ I*  J a'^j 

+i  +• 

tii  -rjV  1—  y*  dy  J ^^^,:rGA(jy—x\)dr\ 


(XII. ^9) 


The  coefficients  of  the  lifting  force  and  drag  for  [502 

the  hydrofoil  system  are  defined  by  the  formulas 


Cyi  — Xy  (y)  dy , 

*"•  ‘ * i 

+i+l 

c».  - ^ | J r.to)  (*  <D  [7^ + + 

+ rj  <n  )C8(ff—  il)j  dydi\ . 

+1  +1  „ 
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+ ri(n)0*(»— ijjrfprti.  . 


(XII. 50) 


(XII. 51) 


write 


(XII. 52) 

Then,  by  using  the  results  (XII. 47 )- (XII. 49 ) we  can 


C*'  = a “*• 

«■  i + n\r" 


C*li  = nX  V* 


(XII. 53) 


(XII. 54) 


where 


tu  — ti  + 
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CD 

C31  = t2  + OS',; 
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The  functions  £1  and  \z  determine  the  effect  of  the 

interface  on  the  hydromechanical  coefficients  of  hydro- 
foils, while  the  functions  determine  the  interaction 

of  hydrofoils  in  the  system. 

As  in  Ch.  VI,  it  is  easy  to  evaluate  the  order  of  the 
interaction  functions « 


with 


then 

and 


P j ~ Pt  /v  — O, , 0 ~ ti- ; 

G 0 

+ S2I“C2  + <K*5)- 
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(XII. 56) 


It  follows  then,  that  for  the  three-dimensional  case 
of  fluid  flow  we  obtain  the  same  result  as  for  the  two- 
dimensional  case. 

For  the  motion  of  the  system  near  the  air/water  inter- 
face the  effect  of  the  lower  foil  will  be  negligibly  small, 
while  the  effect  of  the  upper  foil  on  the  characteristics 
of  the  lower  foil  is  considerable. 

We  obtain  the  final  formulas  for  the  function  ?,  by  us- 
ing the  expansion  (XII. 45)  as  follows! 

C,  - 1 + 4 - 0>75G<.o>  **  + .50'.*  - 3C',  + 

+ 1 ,5625G't0)  t*  + (2  G',,  - 7,5G'tJ  + 9.375G',  - 3.82809 G'J  t»  + 

+ (2,50,^— 15G{0  j+32,8  1 25G{0iJ— 30,62472G{0 , + 1 0,33587G,,oo)  tJH- 
+ (3C*M-  26,25G{2i4  + 87,5G'23-  137,81  124G'Ji2  + 

% + 103,3587G{2t,  — 29,77733G'2i0)T1V  (XII. 57) 

' s;7  = 0,5G'+jt*+2+  (GHj*  - 0.75G/+2)  t<+2  + (1 ,5G'+2  - 3G'+l  + 

+ 1 .5G25G/+2)  t«+2  + (2G/+’  - 7.5G/+’  + 9.375C/+*  - ^ 

- 3.82809GJ  t*+j  + (2,50(8  - 150{g  + 32.81 25G{£f  - 
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■ - 30,62472G{J*  + 1 0,33587 O'”)  2+ (3Gftj  - 26,25 G£*+ 

+87,5G'+*-  137.81 1G'£*  + 103, 3580'+*+  29,77730^“,.  (XII.  58) 

In  conclusion  let  us  examine  the  limiting  cases  of 
motion.  With 


With 


f-o  ci,=-«.  Gi,=-p=, 

1 + Q l + Q 


I* 

c 


- - -*  oo  Gi,,~  — 1. 

*« 


Let  us  introduce  the  function  Nn  by  writing  the  ex- 
pression 

Nn  =0,5v*  +0,25tJ  + 0.0625^+0,0469^  + 0,0237t10+0,0188t‘j+. . . (XII.  59  ) 

For  L, -*■ 0 Nn-*0'  f or  T» “*• 1 N* *• 

. (0 

Then  the  formulas  for  the  functions  £ in  the  form  of  — -►oo 
may  be  written  as 


(XII. 60) 


The  formulas  (XII. 60)  give  the  characteristics  for  the 
hydrofoils  near  a solid  wall.  The  most  interesting  is  the 


case  when  ^ -+■  0 


C,-l  -aNu  Ca«l+aWa 


t“  s:'” 


+ q 

Ci,— '1  -aN1  + 


-2Lat4 

H-e 


(xn.  6i ) 


(XII. 62) 


Jq_S i 

1+8  Q 
2 

£ai  — 1 -h  + ■■  ■ - Nm 
1+C 

= L 

w Pa 


For  Q = 1 and  a =0  the  formulas  (XII. 62)  will  deter- 
mine the  characteristics  of  a biplane  in  an  infinite  flow 
as  follows « 
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r>  A 


[ 


c»=i  + ^k  ^=1  + ^4®.  (xii. 63) 

0 

Of  great  importance  is  the  significant  increase  in 
drag  on  the  lower  hydrofoil  for  low  values  of  U). 

In  determining  the  function  £12  for  a system  moving 

near  the  interface  between  the  air  and  water,  we  can  neglect 
the  term  which  takes  into  account  the  interaction,  while 
for  the  function  £21  we  will  have  the  formula 

Cm  = 1 + A',  -f  2("IW«.  (XII . 64 ) 


It  follows  from  formula  (XII. 64)  that  for  N2  N4  and 
5^1  the  function  £21  and,  consequently,  the  drag  increases 
significantly.  As  an  example,  let  us  examine  the  case  in 
which  N2  = N4.  We  have  £21  = 1 + 1 + 2(i)N2,  while  for  the 
hydrofoil  near  the  free  surface  the  function  £2  will  be  de- 
termined from  the  formula  £2  = 1 + N2* 

The  values  of  the  £2l  function  for  a number  of  para- 
meter values  are  presented  in  Tables  22-26  and  their  graphs 
are  given  in  Figures  51 -5^*  In  Tables  22-26,  b = p^.. 

The  results  obtained  in  Ch.  VI  and  XII  concerning  the 
interaction  between  the  systems  of  hydrofoils  near  the  in- 
terface of  fluids  with  different  densities  allow  us  to  draw 
some  general  conclusions. 


1.  For  a low  relative  density  of  the  upper  fluid,  the 
hydrodynamic  characteristics  of  the  hydrofoil  above  the  in- 
terface differ  only  slightly  from  those  of  the  hydrofoil 
near  a solid  wall  in  all  modes  of  motion. 


2.  With  a small  relative  density  of  the  upper  fluid 
the  effect  of  the  lower  hydrofoil  on  the  upper  is  negligible, 
while  the  effect  of  the  upper  hydrofoil  on  the  lower  is 
considerable . 

3.  The  upper  foil  lov/ers  considerably  the  magnitude 
of  the  lifting  force  of  the  lower  foil  and  affects  the  sta- 
bilization effect  which  was  used  as  a basis  for  the  shal- 
lowly submerged  hydrofoil  configuration  and  which  is  con- 
siderable for  the  deep  submergence  of  the  lower  hydrofoil 
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SB 


Fig.  51 


(jJ=0,3 


Fig.  52 

as  well.  The  necessary  longitudinal  stability  of  the  hy- 
drofoil can  be  achieved,  in  this  case,  with  deep  submergence 

4.  As  a result  of  the  interaction  between  the  hydro- 
foils in  the  three-dimensional  flow  the  drag  of  the  lower 
foil  increases  considerably. 

12.4.  Motion  of  the  Lifting  Surface  Above  the  Interface 
Between  Fluids  with  Different  Densities  and  with 
the  Lower  Fluid  Having  a Finite  Depth 

Let  us  examine  in  greater  detail  the  problem  of  motion 
of  a three-dimensional  source  above  the  interface. 

Let  the  three-dimensional  source  be  located  at  the 
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Fig.  54 

point  p(Of  0,  4)  in  the  upper  half-space. 

We  will  look  for  the  velocity  potentials  of  the  pro- 
duced motion  in  the  form  of 

Gj_  = g|l  + F(x , y,  z), 

where  G®  - the  harmonic  function  in  the  upper  half-space j 

F(x,  y,  z)  - the  harmonic  function  in  the  upper  half-space 
with  the  exception  of  the  point  p(0,  0,  4); 
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G2  - the  harmonic  function  in  the  region  bounded  by 
the  surfaces  z = 0 and  z = -ho* 

Let  us  determine  the  function  F(x,  y,  z)  from  the  con- 
dition , 

Fz  = 0,  z = 0.  (XII. 65) 

This  condition  is  satisfied  by  the  function 


where 


t r+  r\' 


r = Vb-  if  + (y - r\f  + (z  -If. 


r\  ~V  (a:  - if  + 0/  - n)s  + (2  -i:  t + 2/iof  . 

From  the  conditions  (XII. 1 )- (XII. 3 ) for  determining 
functions  and  G2,  we  have  the  system  of  equations 
G (G?«  - + vG?,)  - (Gjxx  - liG2x  + vGu)  = AT  (*,  l)  ] 

z = 0. 

G|,  ■=  Gu  j,  . \ 

Git  = 0,  2 = — /i0  . ..... 

Nt=>-Q  (F„+vf,)* 


(XII. 66) 


Let  us  use  the  integral  expression  for  functions  p- 


and  q;1 


+n  co 


T “ 4f  j.  d9  f «W*“0+*,W*  2 - c < 0 . 

' —A  0 
*{-A  oo 

~ “ 2ir  f d0  J *+  t > o, 

—A  U 

then  we  obtain 

• * , 

«f-n  oo 

N = Q 1 j’  do  j*  e*f-C+'“W  cos20 d\.  ( X 1 1 . 67 ) 

— n 0 • v ■ i 

Let  us  look  for  and  G2  in  the  following  form: 

•f.A  <» 

G?  = 1 j dO  f A (X,  0)  e».t-<*+t)+toWX , 

*%  —A  0 
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M i.  .* 


J 


+n  • 

' C*  = 1 J dfl  J B (X.  8)  e^  ’-^  ch  X (2  4-  0 d\  , 


■L 

then  from  the  system  (XII. 66)  we  obtain 

qX  cos*fl  e,jl» 


(XII. 68) 


B(K  0)  =» 


(q  (X  coi'-0  4-  v)  -j-  (X  cos*0  + 1>  cos  0— v th  Xfc„)  cth  XA0]shXA«. 
A(\,  6)  ~ — 3 (X.  0)  sh  XV_xV 

Combining  these  results,  we  obtain 
Cj  (x,  y,  z,  £ n.  0 =>  y + ji 


_ +(»  «• 


iH, 

— H 0 


eM-(x+0+/»)  X cos*  0dX 


(X  cos’0  4-v)  -f  (X  cosl0— :>cos  0— vlh  >Ji0)  x • 
xethXAol 

C,(x.  y.  2. 1,  tj,  C)  = 

-r-j-r-  e,Xme~ki  ch  X (2  + h0)  X cos’8dX 
$n  Ah* 


(XII. 69) 


(XII. 70) 


With 

where 


[Q  (X  cos'0  -f  v)  + (X  cos*8  4-  /p  cos  0— v th  \h0)  cth  )Ji0] 

C=1  Cl=»Cl=|4-^, 

r M 

r,  - VT^l)’  I-  Uj  — ri)1  4-  (2  4-  C 4-  27iJ. 


Specific  points  of  the  integrand  expressions  (XII. 69) 
and  (XII. 70)  will  be  found  as  the  roots  of  the  equation 


— « f ^ th  X0ha  = x0 . 

cos20  \ 1 4-  q th  X/t0  / 


(XII. 71) 


The  roots  will  be  real  with 


jh 

COS20 


?J  'z~Q  ) 

z®  \ 1 -f-  o th  u) 


> 1 


(XII. 72) 


Separating  the  remainders  at  points  \q,  the  formulas 
(XII. 69)  and  (XII. 70)  will  be  expressed  as  follows: 
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1 


— +*  «• 


OAx,  y,  z.  I,  ti,  Q =*  -i  + — 

eC-fr+Q+^h.loCOs^rfX _ 

[Q  (X  cos*8  + v)  + (X  cos*8  — v th  X#  A)  clh  XA#] 


+ f 


+ Re2(.-  f*  M»Hacos«8  sh  XJi.ch  lji.  dH 

\ ch2A</::,  co.:i4-  (j/:u  (Xg  cos*0  -j-  v)  4- 

•'j,  cos'-0  ch:A0A  sh  X pA  — vA  0J 

'f 


(XII. 73) 


_ +n  oo 


0A  sh  XoA  — vA0J 
Cj(JTt  {/,  2,  2 , T],  C)  “ ! 

giiug-K  ch  X (2  + ftp)  X cos*8dX 


— n 0 


[q  (X  cos28  4 v)  + (X  cos28  — v thX0A<,)  cth \Jit] 


+ 4 


_ - p efx/.)e-x,t  ch  X0  (z  -f-  A0)  X0  cos28  sh  X0A0  ch  XqA0  ^ . 

[ch*X0Ap  cos2Q  + eA0  (Xp  cos!8  + v)  + 


SJ 

n_ 

~ 2 


+ ccos28  ch*X0ftpsh  XpA0  — vA0] 


The  integration  with  respect  to  0 in  single  integrals 
extends  only  to  0^  which  satisfy  the  conditions  (XII. 72). 

From  formulas  (VII. 31)  and  (VII. 34),  after  the  trans- 
formation, we  obtain  the  following: 


JUp 

4n 


ill 


Y(8) 


(*-9  (2+J  + 2A0) 


£ 

/■’» 


n 

+ 2 


— 2q  Re: 


„ +n  oo 

+ 4-' 


e 


t-fi+O+^h. 


X^cos2  0 sh  X0A0ch  XQ/io<i0 


(ch2  X0A0  cos2  0 + C^a  (X-o  cos2  6 + v)  + 

% 

+ q cos2  0 ch  X A„  sh  Xft0  — vA  „) 


•:+  »;• 


eM-(*+t)+M^2C0Sa9 


\ • 
V 


[q  (X  cos2  G-|-  v)  -|-  (Xcos20—  v th  X0A0)  cth  XA0] 


rfXrfs.  (XII.  74) 
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A 


1 


xl  — Re2tg 


+«  «• 


P«^V 

J 

" t 


‘x*diXo(£  + /i0)Xq  cos*  Q sh  Xp  ha ch  Xp/tp  _ 


-iLC  . «ry 

AJ  J lc(^cos*e4 


[ch*  Xgftg  cos*  6 -f  qHq  (X#cos*  6+ v)  + 
-f-  g cos*  OchXs/io  sh  Xft#  — vft0| 

f^chX(z  + /io)XoCos*WX  ■' 


[g(Xcos*0+v)+(Xcos*8— v th  Xg/i0)cth  Xg/i#] 

> 

* - - iJJ *■ - >)  - 

, ' ' fr  + O ((x-l)  \ 

(2  + 0*1  r,  l)x 


ds.  (XII. 75) 


+i 
* 0 


■ P J-U+O+to]*.' 

2QRe  — — ■ 

[ch*  X0/i0  cos*  i 
%)  — 


'X0  cos’  0 sh  X0A0ch  \oh0dB 


' _ +**  CO 


-jl  r do  f-= 

n J J te 


8 + g/i0(X0cos*  0 + v)  + 
+ g cos*  0 ch  \hg  sh  X/t„  — vAol 

/r-iH-O+M*  cosbdX 


— 71  0 


[g  (X  cos*  8-f  v)+(X  cos*  8 — v th  X0A0)  cth  Xft0] 


ds.  (XII.  76) 


r.  ...  r 

«Pa=-~  fJvC8)  -Re2g|‘ 


2d  \ ea,Me  X,tX0ch  X0(z-f  /io)cos*0  sh  X0ft0  chXp/t  x 
[ch*  X0/i  o cos*  9+q/!0(X0  cos*  0 + v) + 

+ g cos*  0 ch  X0/:0  sh  X0/:g  -*-vA„J 


n 

"*  2 

+71  CO 

xdQ Qi_  f dQ  f e,XMg-xcchX(z+/»o)X  cos  0cfX 

n ) j [g(Xcos*0-[-v)+(Xcos*0— vthXo/io)cthXVi0| 

— n 0 


ds.  (XII. 77) 


The  integral  equation  of  the  lifting  surface  of  an 
arbitrary  shape  will  be  in  the  form: 


-®rj>(0>  v 


(£/ — n) 


(2-_0 V(*-E)  ,\_ 

' + (2-0*1 r ) 


+ r 


+ 0 _ j] , 2'lRc  I 

(V -Tl)*  + (2  + 0‘[  *J+  CR  J 
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Xp  cos3  fish  Xp/ipCh  \0h0 x 

ch’  cos5  6-t-e/i0(X0  cos5  (/-f  v)+Ocos5OchXn/i0  sftXh0— v/i0 


_ +.1  oo 


— n 0 


^-'^''“VcosOdX 


0(X  cos*  6+ v)+(X  cos*  6— v th  X0 h)  cth  X/t0 


ds=vaa. 


(z  = l = h) 


In  the  approximations  of  the  Prandtl’s  lifting  line 
theory  the  nucleus  of  the  equation  (VIII. 15)  will  be  as 
follows  s 


(y-i n)*+16/t*  T 


+ 2(>Re  [ e+xl_w+f^-'i,sln,Jx*cos*  8 X 


• sh_2X0^o  ch2XoA0^8 S_ 

[ch52X0/i0cos50+Q2)i0(XoCos50  + to)  +’ 
-f  q cos*  0 ch  2X07i0  sh  2X07t0  — 2<o/i0] 


where  X0  is  the  root  of  the  equation 


A' 

- f LuLJ  th  2X0h0  = Xo. 

cos14 0 Vi  q-  q th 


If  we  introduce  a new  variable 


2v  ( 1 — q)  sh  X/.0  ch  XA0  sin  0 


cos-1 0 clr  X/i0  -|-  +q/i0X-|-’c  ch  X0/;0sh  X/i0—  ^q- 


then  the  expression  (XII. 79)  can  be  written  as  follows: 


C(!/-t i) 


(;/  — n) 


(y  — h)3  + i6/»* 


J 


+ 2p 


r ' '-4*1  th  2 \h0  sin  \{y  — tj)  1 - 0 


1 


(o  th  2 \h. 


( ■ — L~£-J)  1 1 + pth  2X^ 

\ 1 + C th  2X/i0  / J 


jL±C_th2X/i0  d ^ (XIIt8l  ) 


where  \q  is  the  root  of  the  equation  (XII. 8l)  with  cos  6 = 

= 1. 


With  h0 -»<*>,  the  formula  (XII.  8l)  transforms  into 
(XII. 14). 


With  d)  -vo o,  the  function  Gw  (y  - T))  tends  to 

_ (y— n) 

(y  — ■»!)*+  >6/lJ  ’ 


Thus,  with  small  velocities,  the  bottom  does  not  affect 
the  characteristics  of  the  upper  hydrofoil.  However,  the 
depth  of  the  fluid  alters  the  wave  formation  at  the  inter- 
face between  fluids  and  in  another  limiting  case  the  func- 
tion G(y  - Tj)  will  depend  on  h0.  For  (*)  ->  0 , however,  this 

function  is  of  the  order  of  0(q): 


G«(y  — n) 


(y  — rj) h 2d  C g~^th  21ft0 sln\(y—i])d\ 

Q -n)  + .1 6 Ji*  j)  1 + cth2U0 


(XII. 82) 


12.5.  Motion  of  the  Lifting  Surface  Under  the  Interface 
Between  Fluids  of  Different  Densities  and  with  the 
Lower  Fluid  Having  a Finite  Depth 


This  problem  is  solved,  in  general  terms,  in  the  same 
way  as  the  preceding  problem. 

The  potentials  of  the  three-dimensional  source  located 
at  the  point  P(0,  0,  £)  in  the  lower  half-space  will  be 

found  in  the  form  of  G-j_  and 

G2  = G2  + F2 (x , y . z),  (XII. 83) 

where  G^  and  G$  are  harmonic  in  the  region  limited  by  the 
planes  z = 0 and  z = -h0;  F2(x,  y,  z)  is  the  harmonic  func- 
tion in  the  upper  half-space. 

Let  us  choose  F2(x,  y,  z)  according  to  the  condition 
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^2z  = 0 with  z = - ho*  Then,  for  determining  functions 
and  G2  we  will  have  a system  of  equations 

G — llGj*  + v0 u)  — (Oiii  — (-  vdv),  — Af,  (x,  y). 

Gu^Gh  + Fu,  0,  z a —A*  (XII.  84) 


where 


M*.  y.*)  = v + -r-; 


r r, 


r 1 = /PimPn)’  + (2+  C+2/^I 

Ni^x.y.z)  ~FuX+  \FU.  * 

Using  the  already  known  integral  equations  we  obtain 

+n  00 

F.  (x.  y.  2)  = 4r  J d0  f e_W,ca“e~U‘ch  X (C  + A.)  dX. 

(XII. 85) 

+'»  « +'  -• 

Nt(x,  y,  z)  = - — J d8  J e-^e^e:1^  (X  cos2  8+v)  ch  X(C+/t0)dX. 


— n 0 


Let  us  look  for  the  solution  in  the  following  form: 

+ Jl  OO  • 

C4  = j dQ  j /1t  (X.  9)  e-^'e'^e-^ch  X (£  + /i0)dX,  (XII.  ( X 1 1 . 8 6 ) 


—/I  0 

+n  00 


C"  = 7T Jd0  f 6) (XII<8?) 


— n 0 


The  expression  (XII. 87)  satisfies  the  condition  G2Z  = 
= 0 z = - hQ,  while  functions  A^(X,  0)  and  B2(X,  0)  will 
be  found  from  the  first  two  conditions : 


/5(X,o)  = 

Z?(X,  0)« 


Xcos20  — v tli  X/i0— (X  cos2  0 -f  v)  th  X/i 

X cos2  0-fjjJi  cos  0 — v 111  X/i0+c(cos2  0-|-v)  th  X/i0  ’ 

; (Xcos20-i-v)(I — q)  , 


(XII. 83) 


X cos2  0-1-  i|i  cos  0 — v th  X/i0-f-  g(X  cos2  0-f  v)  thX/i„ 
and  thus  functions  G^  and  G2  will  be  as  follows : 


+n  00 

-LfdO  f c“x'Vx'Je-X'Ch  X {£-\-ha)  X 


Oi{x,y,z,l,r\.^) 


\ 


X cos*  0(1  4-  th  XA) 


-<fX, 


* X cos’  8+ i\i  cos  0 — V th  X/t#+ Q (X  cos*8 + v)  th  XA« 

-w..rtj»ch  X (C + /io)  X 


(XII. 89) 


‘ „ M 1,1  (1- 
C,(x,y,z,t,^.W  = 7-  +7 ~ — 


=L?l  j*  d0  Je-xV 


(X  cos*  0 + v)  ch  X (z + hp) <jx.  ( X 1 1 . 9 0 ) 

* ch  X/t#  (X  cos*  0 — v th  XA »+  q(X  cos*  0 + v)  th  X/i0| 

The  specific  points  of  the  integrand  expressions  (XII. 
89)  and  (XII. 90)  will  be  found  as  the  roots  of  the  trans- 
cendental equation  (XII. 71)- 


Determining  the  remainders  at  these  points  we  obtain 


+n  oo 
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—n  0 


+ v)  th  X/i0] 
— Rc2(t  — Q)i  X 


X 
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e-M.e<>-^cii  x0(M-;t0)(X0  cos*  04- y) ch  X„(7-l-ft0) ch  SoM1) 
[ch*  Xcft0  cos*  0 +q/ic(X  cos’  0 + v) 
q- 0 cos*0  ch  X0/i0  sii  X0h0  — v/i0) 


(XII. 92) 


In  the  case  of  fluids  moving  with  different  velocities, 
N.  Ye.  Kochin  [55]  has  obtained  the  following  formula  for 
the  potentials  of  the  three-dimensional  sources 
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“•“-M-WI  £(X,  8)ch  X02ch  X$  x 

— jkO 

+ T * 

+ Re  J [/<,(8)e^«Mlw,+*’,n,,'+^(6)e-ue-x^“1,+‘rtln,'']d8.  (XII.  93  ) 


^ _ "H* 

C»(*.iA*.  6.  ri,  C)  = -7  + 7-  + Re 
r • 1 


■ij  f *■<*.•)(/?-  Ox 

x ch  ^e-J‘e-M(x“acol,+(l'“,,)5ln'1'  dkdb  — 


+ - 
* o 


-Re  j ^o(0)(e?M-  l)e-^e-^xc05,+^,n,J'd8  (XII.  94) 


where 


/■j  ==  /(a:  — £)M-(# — n)J+(z  — £)* . 

, „ ox  (m,  — fftj)  Xcos’  0+v 
( " 6(M) 

8(X. 8)  = (/rt,  — w2)Xcos*0-j-v4-(Xcos*8-r-  v)eSWl; 


m.  = 


<8*«& 


* C.«Sl+WS/ 


V =» 


g (Q,  — g2) 
Oi^oi  + W02  ' 


The  formulas  (XII. 93)  and  (XII. 9*0  are  satisfied  by 
the  boundary  conditions  of  (XII. 1)  and  (XII. 2)  for  the  ar- 
bitrarily selected  function  Aq(0).  In  the  absence  of  dis- 
turbances, ahead  at  infinity,  the  functions  Ao(0)  will  be 
found  from  the  condition 

yip  -*  0 
X ->  + 00 

If  voi  = vo2  and  function  Ao(o)  is  properly  determined, 

formulas  (XII. 93)  and  (XII.  9*0  can  be  transformed  into 
(XU- 91)  and  (XII. 92). 

With  <5  = 0,  formula  (XII.  92)  transforms  into  the  for- 
mula for  the  potential  of  the  three-dimensional  source  under 
the  free  surface  of  a fluid  of  finite  depth,  obtained  by 
M.  D.  Khaskind  [15*0  (see  Ch.  IX). 
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lows  : 


Let  us  write  the  expressions  for  G j , 0j,  cfj  as  fol- 

(*f  A co 

ijd8  |VMVtoe"ushX(C+A,)X 


.—A  0 

X*cos*8(l4-thX/i0) 
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TT 
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[ch*  XoAo  cos*  8 +cA0  (X0  cos*  8 + v)  + 
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ds.  (XII. 95) 
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ch  XA0  [X  cos*  8 — v th  X A#  4- 

4q(X  cos*  84- v)  th  XA0; 

+ T c-M^^^X0  sh  X0  (C+fto) ch  X0(z+Ao)x 
X (X*  cos*  8 4- v)  ch  Xo/i0d8 


rt,r 

■ j [ch*Xo/iocos’0  — qA0(X0cos*84-v)  4- 
_A  4Qcos*8chX0A0shX0A0  — vfto* 


(XII. 96) 


+n  00 
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n I j Xcos* 8 — vthXA0  + C(^cosS®H-v)thXA, 


-Re  2 


+ Te-^,*ea‘“e-x*,shX0(C4-  ^)iocos’0(!4  thXoAo)  x 
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(XII. 97) 
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- \ r,  / « J cos  8 
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(XII. 98) 


With  q = 0,  formula  (XII. 98)  transforms  into  the  for- 
mula ( IX. 8 ) . The  integral  equation  of  the  problem  will  be 
as  follows  s 

lit  J j Y (Q)  j [ (fif  — ri)*  + C*  — 0*  [~T  ~ 0“  ; • 
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+#  « • •, 
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" 0 „ . • •(  . 
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_i  -\-  qcos2  8 ch  X0h0  sh  A0/to  — v/t0] 


CO 

-Rc2ji 


sh  A (tj-\-hn)  sh  A 0(z+ho)  d J 


sh  A/i 


u0a.  (XII.  99) 


J fmJw-Jl 


The  function  G(y  - f|)  of  this  problem  in  the  equation  [52? 
(VIII. 15)  is  as  follows: 


G{y  — r))^ 


_(//  — h) 

(y  — tij*5-IC(/i0— A)* 


2 f « 5h*  2A  (/in  - h)  Sin  A (y  - tfl  ^ + 
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. o 
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and  using  the  new  variables  (XII. 100), 
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(XII. 100) 


4+,h^(ir&)K  (XII-101) 


With  W-»oo,  formulas  (XII.  100)  and  (XII.  101) 
transform  into  the  formula  (IX.201)«  with  61  -»  0 the  func- 
tion G(y  - 7 ))  approaches  the  value  of 


GG—  t0  = — 


({/  — h) 
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.H 


2AA, 


sha2X(V 


(y -*!)*+.  1 6 (/«,-h)* 
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12.6.  Motion  of  a System  of  Hydrofoils  Near  the  Interface 
Between  Fluids  of  Different  Densities,  with  the 
Lower  Fluid  Having  a Finite  Depth 

The  problem  of  interaction  of  hydrofoils  can  be  ex- 
tended to  include  the  system  of  hydrofoils  moving  near  the 
interface  of  fluids,  with  the  lower  fluid  having  a finite 
depth. 

The  functions  Gjj(x,  y,  z,  £,  7),  £)  in  formulas  (XII. 
35)  and  (XII. 36)  will  be  determined  by  formulas  (XII. 72), 
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(XII. 7°  / • (XII. 91)  and  (XII. 92).  The  system  of  integral 
equations  of  the  problem  is  also  given  by  formulas  (XII. 
37). 


The  system  of  integro-differential  equations  was  ob- 
tained in  the  following  forms 
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X(l-H>th  2Xo/i0)  _ -• 

For  the  hydrofoil  with  the  elliptical  distribution  of 
circulation  in  an  infinite  fluid,  formulas  (XII. 47 )- (XII. 
55)  will  be  valid  if  functions  Gj  (y  - 7))  are  determined 

from  formulas  (XII. 103). 

Functions  a^  and  a^2  are  determined  from  the  solution 

of  the  two-dimensional  motion  problem  for  this  system.  We 
will  obtain  a system  of  integral  equations  for  the  two-di- 
mensional problem  from  (XII.  37)-.  Th®  potentials  will  be 
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The  computations  produce  the  following! 
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(XII. 106) 
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(XII. 10?) 


At  this  point  it  is  easy  to  obtain  a system  of  inte- 
gral equations 
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(XII. 108) 


where  Xq  is  the  real  and  positive  root  of  the  equation 


v f - — ~ --  ^ th  >d‘o  “ X*. 

\1+  QthXgft#/ 

Precisely  this  system  solves  the  problem  of  the  sys-  [532 
tern  of  hydrofoils  moving  near  the  interface  of  fluids  with 
different  densities. 

From  the  system  (XII. 108)  we  can  obtain  a series  of 
new  special  cases  studied  earlier. 

1.  The  hydrofoil  under  the  interface  of  fluids  of 
different  densities,  with  the  lower  layer  having  a finite 
depth i 


+<« 
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* (x-  $M- 4 (fto-fti)^ 


e-***  sli2  X (ft„  — fti)  X 
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(xii. 109) 


With  p = 0 we  obtain  from  this  equation  an  equation 
for  a hydrofoil  submerged  under  the  free  surface  of  a fluid 
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of  finite  depth  (XI.116). 

2.  The  hydrofoil  above  the  interface  of  fluids  of 
different  densities,  with  the  lower  layer  having:  a finite 
depth « » / * 

J Y ® (x^S  ~ + 
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(XII. 110) 


For  h0  -♦  00  the  equation  (XII. 110)  will  describe  a hy- 
drofoil moving  above  the  interface  of  fluids  with  the  lower 
layer  of  infinite  depths 
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(XII. Ill  ) 


3.  The  system  of  foils  near  the  interface  of  fluids  [533 
with  different  densities  (ho  -*  00 ) : 
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(XII. 113) 


With  this  we  will  conclude  our  study  of  the  steady- 
state  motion  of  lifting  systems  near  the  interface  of  flu- 
ids with  different  densities.  For  solving  the  systems  of 
integral  equations  derived  we  can  use  the  methods  discussed 
in  Ch.  I and  II. 

12.7-  The  Potentials  of  Moving  and  Pulsating  Three- 

Dimensional  Sources  Near  the  Interface  of  Fluids 
with  Different  Densities 


The  velocity  potentials  of  a moving  and  pulsating 
source,  located  at  point  p(0,  0,  £)  in  the  upper  half- 
space, may,  as  in  the  case  of  the  steady-state  motion,  be 
found  in  the  following  form: 

G-l(x,  y,  z)  = G°(x,  y,  z)  + F^x,  y,  z)  and  G2(x,  y,  z),  [53*+ 

where  G^(x,  y,  z)  and  G2(x,  y,  z)  are  the  harmonic  functions 
in  the  upper  half-space;  F^(x,  y,  z)  is  the  harmonic  func- 
tion in  the  upper  half-space,  with  the  exception  of  point 

P (0 , 0,  >). 


Selecting  F^(x,  y,  z)  from  the  expression  Fiz 
with  z = 0 we  obtain 


= 0 


Fi(x,  y, 


z ) = — + — 

' r r-^ 


From  the  condition  at  the  interface  we  have  the 

following : 


2/t0  (1  - «P)  (1  - 2if»)  G?  + A Go,,]  - 

- [<?„  - 2<t0  (1  - ip)  G,x  - v,  (1  - 2/p)  Ga  -1-  = 
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4 


where 


qNi(x,  y,  0), 
G?  =G 

U 2*» 


(XII. 114) 


% i 

Xl{x,  y,  0)  - - ~ J-|#X*cos*8+2rBXcose+X-vjrfX.- 

— Jl  o 


From  the  expression  (XII. 114) 

I.  

— . . t dd  f e*-(— <*— o+Mx 
i)J  ) 


__  n 

•Oi(*,y.».E.»1.0=*T+7-+  Q 


r rv  n(i. 


— n 0 


y X1  cos*  6 — 2t0  cos  8X  + Vi 


dX. 


— Xs cos* 8 — 2ti  (1— i{5)cos8-Xa+vl(l-2ip) 

•Vj 


(xil. 115) 


G3(X,y,Z,  fc.TJ.C)  = 

r-1 


— X 


n(l  + Q) 

!?. x? cos3  9 — 2t0 cos  6X  H-  X + vt  j dX 

--  X*  cos’  8 — 2tx  (1  — cos  OX  — Xa  + vt  (1  — 2$) 
v» 


. (XII. 116) 


— n o 

For  the  three-dimensional  source  below  the  interface 
of  fluids,  the  potentials  and  G2  were  obtained  as  fol- 
lows * j 

Gi{x,yt  z.S.ti.C)  — x 


n(l  + c) 

eH-(;-0+toj  s x*  cos3  8 — 2t0cos  OX  -f  v,  + X 


dX,  (XII. 117) 


° X3  cos3  0 - 2t0  (1  — 2t‘P)  cos  OX  - Xa  + vA(I +2<P) 


1*1  a 

Ga  (x,  p,  Z,  ?.ri,C)  = y I-  — X 


e>  [»  i J+"»J  X3  cos3  0 — 2t0  cos  OX  -f ' v,  -h  X 


-dX.  (XII. 118) 
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X3  cos3  0 — 2r0  (1  — «P)  cos  OX  — Xa  + v*(l  — 2tp).. 


The  specific  points  of  the  expressions  (Xll.114)  (XII. 
118),  located  on  the  positive  side  of  the  real  axis,  are 
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determined  as  the  roots  of  the  equation 

— X* cos* 0 — 2t0 (1  — if) cos 8X  — Xa  + v,  (1  2/p) '=  0.  (XII. 119) 

vi  <.  ; 

These  roots  are  in  the  form 

a+2tcos8  (1  — i'P)± 

. j/a*  + 4x0  cos  6 a — 4t;Bi  cos’  ia  — 4tuiP  cosla 

A|»  =V 

2t’cos*0 

or  more  accurately 

^ viP<  Va*  + 4t0cos  6a  j:  q 

x cos  6 Y a*  + 4t0cos  6a  ’ • 

Kt  = 2V2T0S*  0 v’a  + 2t  cos  0 =*=  ^ +" c<*  *“)•  ( x 1 1 . 1 20 ) 

from  which 

Sign  IinXi  =*  — Sign  cosO,  Sign  >.'t  » — . I, 

With  cos  6 > 0,  the  roots  Xif 2 will  be  real  for  all  [536 

values  of  Tq,  while  with  cos  0 < 0 the  roots  X^,  2 will  be 
real  only  forT0<j|. 

With  cos  0 < 0,  it  is  necessary  to  bypass  the  specific 

point  X from  above  along  the  path  , while  with  cos  0 < 0 

from  below  along  the  path  L2.  The  specific  point  X2  is  by- 

passed  from  above  along  the  path  with  both  positive  and 

negative  values  of  cos  0 . By  separating  the  remainders  we 
can  transform  the  formulas  (XII. 115  )- (XII. 118  ) into  another 
form. 

With  k = 0,  formulas  (XII. 117),  (XII. 118),  (XII. 91) 
and  (XII. 92)  are  congruent.  In  determining  the  velocity 
potentials  for  the  moving  and  pulsating  source  near  the  in- 
terface of  two  fluids  with  different  densities  and  with  the 
lower  layer  having  a finite  depth,  it  is  necessary  to  use 
the  boundary  condition  at  the  bottom.  The  potentials  Gj_ 

and  G2  for  the  source  above  the  interface  of  fluids  can 

also  be  found  in  the  form  of  (XII. 113 )»  where  functions 

G^(x,  y,  z ) and  G2(x,  y,  z)  will  be  harmonic  in  the  region 

bounded  by  the  planes  z = 0 and  z = h. 
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The  function  F^x,  y,  z)  can  be  selected  from  the  ex- 
pression Flz  =0,  z = 0 or  Flz  = 0,  z = -ho-  bet  us  take 
the  function  Fiz  from  the  condition  Fiz  = 0,  z -ho-  If 
one  uses  the  integral  expression  for  the  function  above 

and  takes  - in  the  form  of  -J-,  then  the  F1  function  will 
r rl 

be  as  follows i 

* +«  «*>  » 

Fl  (x,  IJ,  2)  = j*  db  j*  e~u  e-^ch  X (z  4-  h0)  e*'"  dX. 

— ji  0 

The  function  N(x,  y,  e ) in  the  relationship  (XII. 114) 
will  be  determined  by  the  formula 

+JI  oo 


= dQ  j e~K^+,,‘l  eXtoch  X [z  4-  /to)  X 


— n 0 

X X*  cos2  8 — 2t0X  cos. 8 4-  th  XftoX  + vtj  dX. 

Let  us  look  for  the  solution  in  the  following  form; 

+n  » 

G\  = j*  d0  j*  A (1, 8)  eX[-  "+b+'ul  dXd 8, 

— « 6 
4-n  co 

G°  = ~ j dO  J fl  (M)  e“X(,l,'K)  ex,'“chX  {z+  hjd\. 

— il  0 

and  in  the  regular  way  we  obtain  for  the  functions  A(X,  0) 
and  B( X,  0)  the  following: 

c~Ul»  sh  X/:0  ( — X*  cos2  0 — 2tX  cos  0 4-  vt  — X th  X/i0)  (1  — q) 

4(X,0)»-_--^-_ j — 

I ^ v°  X2  cos5  8 - 2 r0  ( 1 — ip)  X cos  0 4 V,(  1 -2$)  j X 

x (1—  cthXAo)  — Ml  — 0)t hlAo 

e I — Xs  cos2  8 — 2t0X  cos  0 4-  V[)(l  4-th  X/i0) 

B (X,  0)  = -7^V‘ 


T2  • 1 • 

-?X2  cos2  0 — 2t0  (1  — /p)  X cos  0 4-  vt(l  — 2/p)  j x 
X (1  4-“e  til  xh0)  — X (1  — q)  t/i  Xh0 


[537 


K, 
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p*:  vi 


Then,  the  potentials  and  G2  will  be  in  the  form 


*fn  00 


where 


Gt  (X,  y,  z,  l TJ,  C)  = y + -J-  + i f d0  ^ eM-c*+0+i»l  X 

— n 0 

/ X2 

sh  kh^  ( — k*  cos1 0 — 2t0\  cos  0 + v1  — k th  kh0)  (1  — q) 
VVi 

[y  1*  cos*  8 — 2t0  (1  — ip)lcos0  + Vl(l  - ap)l  x 
& X (1  + c th  XAto)  — X (1  — Q)  th 

- CO 

G»  (* . y,  z.  E.  *1.  t)  = ~ f d0  f c-x<'1*+0  e>-'“  ch  X {z  + Aj  x 

— n o 

J~°X*cos*0  — 2^0050  +v,](l  + thlfc0) 

X7+T  1 • 

X* cos*  8 — 2t0  (1  — ip)  X cos 8 + vt(l  - 2/p>jx 

X(1  +Qih  \h0)  - 1 (1  - q)  th  !/»,' 

rt  - K (* — £?TV— njr+^Vc+271ai* . 


, (XII. 121) 


(XII. 122) 


The  potentials  of  the  moving  and  pulsating  source  under  [538 
the  interface  with  a finite  layer  are  obtained  in  the  forms 

+Jt  » 

G,  (x.  y,  2, 5.  TJ,  C)  = y J d0  J <rW<°  e-»  ch  1 (£  + h0)  x 

—AO  % 

f — l2  cos2  0 — 2t0  cos  01  + (1  + th  l/i0) 

X— 1-‘ „ t dl,  (XII.  123) 

(l  + o th  l/i0)  I2  cos2  0 — 2r0  (1  - Ip)  cos  01  + 

Lvi 


+ v4  (1  — 2ip)  — 1 th  lft0  • 


(lyg) 

(1  -1-  q th  1 li0) 


G2  {x,  y,  z,  l,  il.  0 - y + ^ - -y5  X 
X j M j* e-w»ev<tfch  1 (£  + A0) x 


4 


| ~ X*  cos*  0 — (2t0cos  0 — 1)  X + Vj  J 
(1  + 0 th  XA0)  — X*  cos*  0 — 2t0  (1  — i'P)  cos  0X  + 


>] 


■</X: 


(XII. 124) 


+ v»  (1  — 2ip)  — X — th  XA, 

V n (1  + q th  X/i0) 


Let  us  examine  the  roots  of  the  equations 

■8->.v[2,.(l-W  + (hU,„(-n^tjr)]  + 


T *X*  COS®  1 


+ v*  (I  — 2t*P)  = 0, 


(XII. 125) 


[lh^(TrffMr)+2l(|-ip,C05,'± 

x [ TTfih  vi.]  - ^ c“ 1 - 4,2  CM”]  • 

From  bora  wo  obtain  “two  aquations  for  datarroining  and 

X 2 ' X = -V‘  - — f th  X.  hi ^ + 2t0 cos  0 + 

1 2t®cos®0  [ \ 1 + gthXj/io/ 


»• " -BJ5W  ["’  (TTfsbr)  + 2t>c<a,~ 
-]f  th'X^- 


(XII. 126) 


J — Q 

1 -f-  q th  X2/1 


- V + 4tocos0  ( T-^-VirV  (XII‘ 127  > 
ij  \\  + Q th  X Jto  ) 


With  cos  9 > 0,  the  roots  of  the  equations  will  be 
real  and  positive  for  all  values  of  To;  when  cos  0 < 0 the 

roots  will  be  real  only  for  those  values  of  T0  whose  upper 

limit  is  given  by  the  equation 


th  Xfc 


I 4tcos8 I 


0 — ~ 


(i  — c)(i  — e|4tcos0|)  ’ 


(XII. 128) 


and  then  from  equations  (XII. 126)  and  (XII. 127)  follows  the 
second  condition  for  the  existence  of  the  real  roots: 


__  vfc0_ 

4 cos  8 


(1  — C)~  C^l  4t0cos  6 | ~j 
(1  — g)  + Cl4tcos8l  J 


— C)(l  — <?|4t0cos8|)  > 1. 


(XII. 129) 


Using  the  same  technique  as  in  equation 
obtain 


Sign  Im  Xi  = — Sign  cos  8.  Sign  X2  = — 1, 


(Xft.119),  we 


and  then  the  direction  for  bypassing  the  specific  points 
will  be  determined  in  the  same  way  as  in  the  case  of  the 
fluid  of  infinite  depth. 

The  general  problem  of  the  unsteady  motion  of  the 
lifting  surface  near  the  interface  of  fluids  with  different 
densities  can  also  be  thoroughly  studied  by  using  the  me- 
thods developed  in  this  book.  From  the  general  formulas 
one  may  obtain  the  expression  for  the  potentials  e and  9, 
and  then  proceed  to  the  general  integral  equations  and 
various  approximations. 
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